ON DISCRETE BORELL-BRASCAMP-LIEB INEQUALITIES

DAVID IGLESIAS AND JESUS YEPES NICOLAS

ABsTrRACT. If f,g,h : R™ — R are non-negative measurable func-
tions such that h(z + y) is greater than or equal to the p-sum of f(z)
and g(y), where —1/n < p < oo, p # 0, then the Borell-Brascamp-Lieb
inequality asserts that the integral of h is not smaller than the g-sum of
the integrals of f and g, for ¢ = p/(np + 1).

In this paper we obtain a discrete analog for the sum over finite sub-
sets of the integer lattice Z™: under the same assumption as before, for
ABCZ, then Y0, ph > (X, o) D+ (55 9)77, where p(A) is
obtained by removing points from A in a particular way, and depending
on f. We also prove that the classical Borell-Brascamp-Lieb inequality
for Riemann integrable functions can be obtained as a consequence of
this new discrete version.

1. INTRODUCTION

As usual, we write R™ to represent the n-dimensional Euclidean space.
The n-dimensional volume of a compact set K C R", i.e., its n-dimensional
Lebesgue measure, is denoted by vol(K) (when integrating, as usual, dz will
stand for dvol(z)), and as a discrete counterpart, we use |A| to represent
the cardinality of a finite subset A C R™.

We write 7, .4, 1 <i1,...,% < n, to denote the orthogonal projection
onto the k-dimensional coordinate plane Re;, + --- + Re;, , and also write
T() = T1,...i—1,i+1,..n tO T€present the corresponding orthogonal projection
onto the i-th coordinate hyperplane Rey + -+ - + Re;—1 + Re;1 + - - - + Re,,.

Let Z" be the integer lattice, i.e., the lattice of all points with integer
coordinates in R", and let Z%, = {x el z; > 0}.

Relating the volume with the Minkowski addition of compact sets, one is
led to the famous Brunn-Minkowski inequality. One form of it states that if
K, L C R™ are compact and non-empty, then

(1.1) vol(K 4 L)/™ > vol(K)Y™ + vol(L)'/",
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with equality, if vol(K)vol(L) > 0, if and only if K and L are homothetic
compact convex sets. Here + is used for the Minkowski (vectorial) sum, i.e.,

A+B={a+b:ac Abe B}

for any A, B C R™. The Brunn-Minkowski inequality is one of the most pow-
erful theorems in Convex Geometry and beyond: it implies, among others,
strong results such as the isoperimetric and Urysohn inequalities (see e.g. [14,
s. 7.2]) or even the Aleksandrov-Fenchel inequality (see e.g. [14, s. 7.3]). It
would not be possible to collect here all references regarding versions, appli-
cations and/or generalizations of the Brunn-Minkowski inequality. So, for
extensive and beautiful surveys on them, we refer the reader to [1, 5, 10].

Regarding an analytical counterpart for functions of the Brunn-Minkowski
inequality, one is naturally led to the so-called Borell-Brascamp-Lieb inequal-
ity, originally proved in [2] and [3]. In order to introduce it, we first recall
the definition of the p-sum of two non-negative numbers, where p # 0 is
a parameter varying in R U {+oo} (for a general reference for p-sums of
non-negative numbers, we refer the reader to the classic text of Hardy, Lit-
tlewood, and Pélya [7] and to the handbook [4]). We consider first the case
p € R, with p # 0: given a,b > 0 we set

S, (a,b) = (aP + bP)V/P.

To complete the picture, for p = oo we set Sy (a,b) = max{a,b} and
S_oo (z,y) = min{a,b}. Finally, if ab = 0, we define S, (a,b) = 0 for all
p € RU {£o0}, p # 0. Note that S, (a,b) = 0, if ab = 0, is redundant for
all p < 0, however it is relevant for p > 0. The reason to modify in this
way the definition of p-sum given in [7] is due to the classical statement
of the Borell-Brascamp-Lieb inequality, which is collected below. In fact,
without such a modification, the thesis of the latter result would not have
mathematical interest.

The following theorem (see also [5] for a detailed presentation), as previ-
ously stated, can be regarded as the functional counterpart of the Brunn-
Minkowski inequality. In fact, a straightforward proof of (1.1) can be ob-
tained by applying (1.2) to the characteristic functions f = x,, g = x, and
h = Xy, With p=oo.

Theorem A (The Borell-Brascamp-Lieb inequality). Let —1/n < p < oo,
p # 0, and let f,g,h : R" — R>q be non-negative measurable functions
such that

Wz +y) = 8 (f(x),9(y))
for all x,y € R™. Then

(1.2) / hz)de > S_p < [ @ dx,/ng(x) dx) .

Next we move to the discrete setting, i.e., we consider finite subsets of
Z". Note that one cannot expect to obtain a discrete analog of the Borell-
Brascamp-Lieb inequality just by replacing integrals by sums since it is not
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even possible to get a Brunn-Minkowski inequality in its classical form for
the cardinality. Indeed, simply taking A = {0} to be the origin and any
finite set B C Z", then

|A + BIY™ < |A]Y™ | BV,

Therefore, discrete counterparts for both the Brunn-Minkowski inequality
and the Borell-Brascamp-Lieb inequality should either have a different struc-
ture or involve modifications of the sets.

In [6], Gardner and Gronchi obtained a beautiful and powerful discrete
Brunn-Minkowski inequality: they proved that if A, B are finite subsets of
the integer lattice Z", with dimension dim B = n, then

(1.3) |A+ B| > \D|A| |B|\

Here D‘JZPD‘%‘ are B-initial segments: for any m € N, DB is the set of
the first m points of Z2, in the so-called “B-order”, which is a particular
order defined on Z2, depending only on the cardinality of B. For a proper
definition and a degp study of it we refer the reader to [6]. As consequences
of (1.3) they also get two additional nice discrete Brunn-Minkowski type
inequalities which improve previous results obtained by Ruzsa [12, 13].

2. BACKGROUND AND MAIN RESULTS

An alternative to getting a “classical” Brunn-Minkowski type inequality
might be to transform (one of) the sets involved in the problem, either
by adding or removing some points. In this spirit, two (equivalent) new
discrete Brunn-Minkowski type inequalities are obtained in [8]. Similarly,
by removing points from the original set A C Z", A # (), we may define a
new set ry(A) to reduce it according to a particular function f.

To this aim, we need the following notation. If A C ZF is finite, k €
{1,...,n}, for each m € Z we write A(m) to represent the section of A at
m orthogonal to the (last) coordinate line Rey, i.e.,

A(m) ={peZ" " : (p,m) € A}.

Next, given a non-negative function f : A — R>g (which will be often
referred to as a weight function), let mg = mg(A, f) € m(A) be such that
2ozeh(m) /(@ mo) =maxXp 3 cpny f(x,m). Certainly the integer mg pro-
viding the “maximum section” with respect to the weight function f does
not necessarily have to be unique. In that case, we define

(2.1) mo=max{ m' € m(A Z f(z,m) = max Z f(z,m)

xeA(m’) xzeA(m)
Now we define the function

pr : {A C Z* : A finite} — {A C Z* : A finite}
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given by
AN {mo} if k=1,
PRV = { A\ <A(m0) X {m0}> if k> 1;

ie., pr acts on A by just removing the “maximum section” A(mg), with
respect to the weight function f, from the set. To complete the picture we

set pi(0) = 0.

Then, for 1 < k < n, we write
A= U (oA m) < (mh),

METy, ..., k+1(A};_1)

with A, = A. Then we define

(4) = pu(A7_y).

In other words, r¢(A) is given by

(2.2) 17(A) = U (s (A(m)) x {m}).
memn(A)\{mo(A,_;,f)}

Using this technique, in [8, Theorem 2.2] the following result is shown,
where ¢ : Z" — R is the constant weight function given by ¢(z) =1 for
all z € Z".

Theorem B. Let A, B C Z" be finite, A, B # (). Then
(2.3) A+ BIY™ > [, (A))"" + B|V".
The inequality is sharp.
Equality holds in (2.3) when both A and B are lattice cubes. By a lattice
cube we mean (up to a translation) the intersection of a cube 7[0,1]", r € N,

with the lattice Z".
In [8] it is shown that inequalities (1.3) and (2.3) are not comparable.
The main goal of this paper is to obtain a discrete analog of Theorem A,
in the spirit of Theorem B. This is the content of the following result.

Theorem 2.1. Let A, B C Z" be finite sets. Let —1/n < p < 0o, p # 0,
and let f,g,h : R" — R>q be non-negative functions such that

Wz +y) > Sp (f(x),9(y))
forallx € A, y € B. Then

(2.4) Yoo zS e | Y @)Y g)

2€A+B x€rp(A) yeB

We note that, as in the case of Theorem B in [8], the above result holds
for finite subsets A, B C R", via a suitable construction of the set ry(A4). We
state and prove Theorem 2.1 in the case of Z™ for the sake of simplicity.



ON DISCRETE BORELL-BRASCAMP-LIEB INEQUALITIES 5

As in the continuous setting, inequality (2.4) can be seen as a functional
extension of the discrete Brunn-Minkowski inequality (2.3), just by consid-
ering the characteristic functions f = x,, g = x; and h = x, 5, and taking
P = 0.

Moreover, we also show that the classical Borell-Brascamp-Lieb inequality
(1.2) can be obtained from the discrete version (2.4) under the mild (but
necessary) assumption that the functions f, g are Riemann integrable:

Theorem 2.2. The discrete Borell-Brascamp-Lieb inequality (2.4) implies
the classical Borell-Brascamp-Lieb inequality (1.2), provided that the func-
tions f,g are Riemann integrable.

We finish this section by recalling the simple inequality
(2.5) |A+ B| > |A|+ |B| -1

for finite subsets A, B in Z" (see e.g. [15, Chapter 2]), which provides, in
particular, a 1-dimensional discrete Brunn-Minkowski inequality.

3. PROOFS OF THE MAIN RESULTS

Before the proof of Theorem 2.1 we state some auxiliary results. The
following lemma can be regarded as a discrete analog of the well-known
Cavalieri Principle.

Lemma 3.1. Let Q C Z" be finite, let f : Q@ — R>g and set f(2) C
{ko,k1,...,kr} where 0 =kog < k1 <--- < k.. Then

S fla) = 3 (ke D|{zeq: f@) 2
=1

e

:/Oo‘{xeﬂzf(x) > 1} ar.
0

Proof. The second equality is immediate and, hence, we will show the first
one. To this aim, let z € Q and consider ks = f(z) for some s € {1,...,r}
(we may assume, without loss of generality, that f(z) > 0). Then, with

s 2 {1 T 2k
it = 0 otherwise,

we have
S T

fla) = (ki —kim1) =Y (ki — ki-1)di(x),

i=1 i=1
and thus we can conclude that

Zf(x):ZZ(k‘z’—kiq)csi( ) = Zk — ki1 25

e er i=1 z€Q

—Z kio)|{w € Qs f(2)
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We note that, under the conditions of the above result, on one hand we
may ensure that for any k" € (k;_1, k;),

(ki = ki) o € Q2 f(@) = kY| = (ks = &)

{ze: f(z) > ki}

+ (K — /ﬂ_l)‘{x €0 f(z)> k)

On the other hand, for every k' > k,, = max,cq f(x), we clearly have
}{x eQ: f(x) > k’}‘ = 0. Hence, the set {ko, k1,...,kr} is not relevant.

The following result essentially yields the case n = 1 of Theorem 2.1
and will be used to derive (2.4). Note, however, that it holds not only for
1-dimensional sets but also for n-dimensional sets, in contrast to the case
n = 1 of the classical Borell-Brascamp-Lieb inequality.

Lemma 3.2. Let 2,09 C Z™ be finite sets. Let —1 < p < oo, p# 0, and
let f,g,h : R® — R>q be non-negative functions such that

Wz +y) = Sp (f(x),9(y))
forall z € Qq, y € Qo. Then

Yo 2SS | D> f@) ) 9w,

2€M+Q2 z€Q1\{zo} YyEN2

where xo € Q) is such that f(xo) = max,ecq, f(z).

Proof. Clearly, we may assume that erﬂl\{xo} f(@), > eq, 9(y) > 0. We
consider the non-negative functions F, G, H : R" — R given by

_ f@) _9(y) _ h(2)
F(:U> - A ’ G(y) - B I H(Z) - Cp )
where
A=max f(z) >0, B=maxg(y) >0 and Cp,=S,(4,B)>0.
zeEM YEQNQ
Then
F(x) = G(y) = 1.
max F(z) max (v)
First, we show that, for any x € 1, y € 2, we have
(3.1) H(z+1y) > min{F(x), G)}.

To this aim, it is enough to consider z € Q;, y € Qs with f(z)g(y) > 0. For
p # 0o, and writing § = B?/Ch € (0,1), we get

h(z +y) > (f(@)P + g(y)")"/?

. (Flapar 4 Gy B\ VP
—%< cx >
= Cy((1 = O)F () + 6G(y))
> C,min{F(z),G(y)}.
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For p = oo, h(z 4+ y) = max{f(z),g(y)} > Coc min{F(z), G(y)} clearly
holds. Therefore, we have shown (3.1).
The definition of F' and G now implies that the level sets

{r e :F(z)>t}, {yeQ:G(y) >t}
are non-empty for any ¢ € [0,1]. Moreover, from (3.1) we deduce that
{zeM+Q Hz) >t} D{z e F(z) >t} +{y € Q:Gy) >t}

and thus, by (2.5) together with the fact that f(z¢) = maxgeq, f(z), we
have

{z€§21+Q2:H(z)2t}‘2’{erl:F(m)zt}’—k‘{yng:G(y)zt}‘—l

= [{w € Q\{wo} : F(2) = t}| + [{y € %2 : Gly) 2 1}
for all ¢ € [0, 1].
Finally, set {ko, ki, .. .,k‘r} D F(Ql) U G(QQ) U H(Ql + Qg), with 0 =
ko < k1 < --- < k, where, for some s € {1,...,7}, ks = maxyecq, G(y) =
1 > max,eq,\{z,} £'(z). Then, by the above inequality, and using Lemma
3.1, we get

ST oh = Y GH(z) = cpi(ki - ki,l)){z €0+ Qo H(z) > k)
=1

2€Q1+Q9 z2€0Q142

> szs:(kiz — ]{31'71)‘{2 €N+ Q9 H(Z) > kz}
=1

> cpZ(k,» _ ki_1)<’{x e O\ [z} : Fle) > k;}

)

+ ‘{y € Qo :Gy) > ki}

G| Y. Fl)+) G

IEQl\{mo} y€Q2
1 1
=G|y D w5 X W],
€ \{zo} y€o

>SS | D fl@), ) 9

€1 \{zo} yeQo

For p # oo, the last inequality follows from the reverse Holder inequality [4,
Theorem 1, p. 178],

arby +ashy > (ar” +ay") (0] +8)",

where ¢ = p/(p + 1) is the Holder conjugate of (—p) < 1, just by taking
a1 = 1/A7 az = 1/B7 by = erfh\{xo} f(ﬂi‘) and by = Zy€Q2 g(y)
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The case p = oo is immediate. ([

Now we are in a position to prove our main result. The main idea of
the proof we present here is exploiting the above result (for n = 1) via an
inductive procedure, and it goes back to the classical proof of the Borell-
Brascamp-Lieb inequality (see e.g. [2, 3, 9, 11]). We present it here for the
sake of completeness.

Proof of Theorem 2.1. We may assume, without loss of generality, that both

ZxErf(A) f(.fU) >0 and ZyEB g(y) > 0.
If n = 1, the result follows immediately from Lemma 3.2 with Q; =

A, Qo = B and noticing that rp(A) = A\ {mo}; recall that f(mg) =
maxm,ea f(m), cf. (2.1).

Now suppose that n > 1 and assume that the theorem holds for dimension
n—1. Let ma € m,(A), mp € mo(B), let Q = A(ma) C Z"71, Qy =
B(mp) C Z" ! and consider the functions fi,g1,h; : R*! — R>q given
by

file) = flz,ma), gi1(z) =g(@,mp), hi(x) = h(z,ma+mp),

for any x € R™~1. Since for all € Q1, y € Q3 we have

hi(z+y) = h(z+y, matmp) = Sp (f(x,ma), 9(y, mp)) = Sp (f1(x), 91(y)) ,

we may assert that

Z hl(z)sz Z fi(z), Z 91(y)

z€A(ma)+B(mp) zErp(A(ma)) yEB(mp)
This, together with the fact that
(A+ B)(ma +mp) D A(ma) + B(mp),
yields, in terms of f, g and h,
(3.2)
Z h(z,m4 +mp)

2€(A4+B)(ma+mp)

>S | D fma), Y gly.ms)

z€rp(A(ma)) yEB(mp)
Now, let fa, g2, ho : Z — R>q be the functions defined by
famy= > flem), g2lm)= > g(y,m), and

z€rp(A(m)) yEB(m)

ha(m)= > h(z,m).

z€(A+B)(m)
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Let mg = mo(A,,_4, f) € mp(A) be the value for which
y(A)= U (s(Am) x {m})
memn (A)\{mo}
holds (see (2.2)). Then we clearly have fa(mo) = max,,ex, (a) fa(m).
Hence, (3.2) yields, in terms of fa, go and ha,
ho(ma+mp) > S__p__ (fo(ma), g2(mp))

(n—1)p+1
for any mag € m,(A), mp € m,(B), and thus we may use Lemma 3.2 with
O =m(A), Q2 = m,(B) and the functions fa2, g2 and hy to obtain

Z ha(m) =2 S_r_ Z fa(ma), Z g2(mp)

memn (A)+7mn(B) ma€mn(A)\{mo} mp€Emn(B)

This, together with the relations

Yo hem= Y K@), Yo hma)= Y fa),

memy (A)+mn(B) 2€A+B ma€mn(A)\{mo} zers(A)
> galmp) =) 9(v),
mp€Emy(B) yEB
finishes the proof. O

As a straightforward consequence of the above result we get the follow-
ing Brunn-Minkowski type inequality for discrete measures associated to
p-additive functions, in the spirit of (2.3). Indeed, it is enough to apply
Theorem 2.1 to the functions f = x,¢, g = xz¢ and h = x,, ;.

Corollary 3.1. Let —1/n <p < o0, p # 0, and let ¢ : Z" — R>q be a
non-negative function such that

¢(x +y) = Sp (9(2), 6(y))

for any x,y € Z™. Let i be the discrete measure on 7 with mass function
¢, t.e., such that

w(M) =Y é(x)
xeM
for any finite set M C Z", and let A, B C Z" be finite. Then

WA+ B) > S_o (u(w(4)).u(B)).

We conclude the paper by proving Theorem 2.2. To this aim, we need
the following definition.

Definition 3.1. Let K C R" be a compact set. The k-discretization of K,
k € N, is defined as

Ky = {x cokzn . (x +[o, 2*’“)”) Nint K # V)} ,

where, by int K, we denote the interior of K.
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Proof of Theorem 2.2. Let m € N and let K = [—m, m]". For each k € N,
let K}, be the k-discretization of K.
We define the functions fj, g : K — R given by

fre()="inf  f(z), g(x)= inf g(z2),
z€x+[0,27F)" z€x+[0,2—k)n
and let hy : Ki + K — R>o be the function defined by
hi(z) = inf h(z).
z€x+[0,27 k)"

Note that for any z,y € Kj, we have

hi(z +y) = inf h(z)
z€x+y+[0,27F)n
> inf h(z)
zE€x+[0,27F)n+y+[0,27 k)"
— inf h(z1 +
21Gz+[0,27k)}}7122€y+[0,27k)n (Z]_ 22)
> inf Sp (f(21),9(22))

z1€x+[0,27F)", zp€y+[0,27F)"
>S inf 21), inf z
- (Zl€w+[072"“)”f( 2 20€y+[0,27F)n al 2>>

=8, (fr(x), ge (),

and thus, since K}, is a finite set, we can use Theorem 2.1 to deduce that,
for any k£ € N, we have

33) 27 N h(x) >SS [277 YT fu@).27 Y aly)

np+1
zeKp+Ky xz€rs(Ky,) yEKy

First, we clearly have
(3.4) / hz)de > ) 27Fhy(2).
" 2€Kp+Kp,

Now, using (3.4), (3.3) and taking into account that ¢ is Riemann inte-
grable we immediately get

(3.5)

/ h(x)dr > lim S_p 27 N fi(@), 27 Y g(y)

k—oo nptl
z€rs (Ky) yEK}

_ : —kn : —kn
=S_p | lim 275 Y T fi(), lim 275 Y gi(y)

np+l |\ k—oo
TErf (Kk) yeK

=S » im 27k T z)dx
=S | Jim 2 Y ). [ st

np+l \ k—oo
a:Erf(Kk)
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because 275 > yer,, 9k(y) is a lower sum of g for the partition Kj+[0, 2 k)n
of K.
In the following, we show that

: kn
(36) Jim 27 S fula) = [ ft@)
TErYf Kk
Since the function f is Riemann integrable and non-negative, it is bounded
and then there exists a constant ¢ € R>g such that f(z) < ¢ for all x € R",
which implies that fx(z) < ¢ for any = € K. For the sake of brevity let

Kii = (Kk);_ \(Kg);,i=1,...,n, ie., the set of all points removed from
K}, in the i-th step of the construction of rf(Kj}). Then it is clear that

| K| = |7y (Kii)| < |7y (Ke)|,

and since K is compact, (7 (K)), = m(;)(Kx). So we have

k:
0= dz = lim 27" > lim 27"
[ et 5 ez imat 3
i $€(7T(Z)(K))k .TGKk,Z'

which implies that
lim 2% )" =
s fi(@)

xGK;w‘
This shows that

Jim 2750 8T f@) = lim (27 Y7 fu@) 27 YT (o)

acErf(Kk) €Ky xeKk\rf(Kk)
n
= I —kn _ o9—kn
Jm |2 > fulz) =2 Z > filx)
zEK} =1 :BEKki
- 1 —kn —kn
i 2 5 o)~ S 2 Y it
z€K IeKkz

= /Kf(a?) dz

This proves (3.6) and then, by (3.5),

/nh(:c) do>8 5 (/K f(2) da:,/Kg(a:) dx).

Since this is true for K = [—m,m]", for every m € N, the proof is now
concluded because

lim o(x)dx = o(x)dz

m—o0 [_m7m] n Rn

for every non-negative measurable function ¢ : R — R>. O
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Note that the assumption that the functions f and ¢ are Riemann in-
tegrable in Theorem 2.2 seems to be necessary. Indeed, in order to derive
the classical Borell-Brascamp-Lieb inequality (1.2) from the discrete version
(2.4), one needs to consider some functions to which one may apply (2.4),
and then the corresponding finite sums should approximate in some sense
the integrals of f and g. The point is that, while these sums may be seen
as Riemann sums over uniform partitions, there seems to be no natural way
to involve integrals of arbitrary (measurable) simple functions.

Acknowledgements. We thank the referees for very valuable suggestions and
remarks which have allowed us to improve the presentation of our work. We
also thank Prof. M. A. Herndndez Cifre for carefully reading the manuscript
and her very helpful advice and suggestions during the preparation of it.

REFERENCES

[1] F. Barthe, Autour de 'inégalité de Brunn-Minkowski, Ann. Fac. Sci. Toulouse Math.
Ser. 612 (2) (2003), 127-178.
[2] C. Borell, Convex set functions in d-space, Period. Math. Hungar. 6 (1975), 111-136.
[3] H. J. Brascamp, E. H. Lieb, On extensions of the Brunn-Minkowski and Prékopa-
Leindler theorems, including inequalities for log concave functions and with an ap-
plication to the diffusion equation, J. Functional Analysis 22 (4) (1976), 366-389.
[4] P. S. Bullen, Handbook of means and their inequalities. Mathematics and its Appli-
cations 560, Revised from the 1988 original, Kluwer Academic Publishers Group,
Dordrecht, 2003.
[5] R. J. Gardner, The Brunn-Minkowski inequality, Bull. Amer. Math. Soc. 39 (3)
(2002), 355-405.
[6] R. J. Gardner, P. Gronchi, A Brunn-Minkowski inequality for the integer lattice,
Trans. Amer. Math. Soc. 353 (10) (2001), 3995-4024.
[7] G. H. Hardy, J. E. Littlewood, G. Pdlya, Inequalities. Cambridge Mathematical Li-
brary, Reprint of the 1952 edition, Cambridge University Press, Cambridge, 1988.
[8] M. A. Hernéndez Cifre, D. Iglesias, J. Yepes Nicolds, On a discrete Brunn-Minkowski
type inequality, STAM J. Discrete Math. 32 (2018), 1840-1856.
[9] L. Leindler, On certain converse of Holder’s inequality II, Acta Math. Sci. (Szeged)
33 (1972), 217-223.
[10] B. Maurey, Inégalité de Brunn-Minkowski-Lusternik, et autres inégalités géomé-
triques et fonctionnelles, Astérisque 299 (2005), 95-113.
[11] A. Prékopa, Logarithmic concave measures with application to stochastic program-
ming, Acta Math. Sci. (Szeged) 32 (1971), 301-315.
[12] I. Z. Ruzsa, Sum of sets in several dimensions, Combinatorica 14 (1994), 485-490.
[13] I. Z. Ruzsa, Sets of sums and commutative graphs, Studia Sci. Math. Hungar. 30
(1995), 127-148.
[14] R. Schneider, Convex bodies: the Brunn-Minkowski theory. Second edition. Cam-
bridge University Press, Cambridge, 2014.
[15] T. Tao, V. Vu, Additive combinatorics. Cambridge Studies in Advanced Mathematics
vol. 105, Cambridge University Press, Cambridge, 2006.

DEPARTAMENTO DE MATEMATICAS, UNIVERSIDAD DE MURCIA, CAMPUS DE ESPINAR-
DO, 30100-MURCIA, SPAIN

Email address: david.iglesiasQum.es

Email address: jesus.yepes@um.es



	1. Introduction
	2. Background and main results
	3. Proofs of the main results
	References

