BRUNN-MINKOWSKI TYPE INEQUALITIES FOR THE
LATTICE POINT ENUMERATOR

DAVID IGLESIAS, JESUS YEPES NICOLAS, AND ARTEM ZVAVITCH

ABSTRACT. Geometric and functional Brunn-Minkowski type inequali-
ties for the lattice point enumerator G, (-) are provided. In particular,
we show that

Gn((1 = AN)K + AL+ (=1,1)™)Y™ > (1 = N)Gn(E)Y™ + AGn (L)Y

for any non-empty bounded sets K, L C R™ and all X € (0,1).
We also show that these new discrete versions imply the classical
results, and discuss some links with other related inequalities.

1. INTRODUCTION AND NOTATION

As usual, we write R™ to represent the n-dimensional Euclidean space, and
we denote by e; the i-th canonical unit vector. We set (z,y) for the open
segment with endpoints =,y € R™. The n-dimensional volume of a compact
set K C R™, i.e., its n-dimensional Lebesgue measure, is denoted by vol(K),
and as a discrete counterpart, we use |A| to represent the cardinality of a
finite subset A C R™.

Let Z™ be the integer lattice, i.e., the lattice of all points with integral
coordinates in R™. We will denote by G,,(+) the lattice point enumerator for
the integer lattice Z", i.e., G,(M) = |[M NZ"|. By |z| we denote the floor
function of the real number z, i.e., the greatest integer less than or equal
to x. Similarly, [z] represents the ceiling function of x, namely, the least
integer greater than or equal to .

Finally, given a set M C R", x,, represents the characteristic function of
M and, moreover, we denote by int M, bd M and cl M its interior, boundary
and closure, respectively. Furthermore, given r > 0, rM stands for the set
{rm: me M}.
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Relating the volume of the Minkowski addition of two sets in terms of
their volumes, one is led to the famous Brunn-Minkowski inequality (for
extensive survey articles on this and related inequalities we refer the reader
to [1L5]). One form of it asserts that if A € (0,1) and K and L are non-empty
compact subsets of R™ then

(1.1) vol((1 = MK + AL)Y™ > (1 = A)vol(K)Y/™ 4 Avol(L) /™.

Here + is used for the Minkowski sum, i.e., A+ B={a+b: a€ A, be B}
for any non-empty sets A, B C R™. Moreover, from the homogeneity of the
volume, (|1.1]) is equivalent to

(1.2) vol(K + L) > vol ()™ + vol(L) /™.

Next we move to the discrete setting, i.e., we consider finite sets of (inte-
ger) points which are not necessarily full-dimensional unless indicated oth-
erwise. It can easily be seen that one cannot expect to obtain a Brunn-
Minkowski type inequality for the cardinality in the classical form. Indeed,
simply taking A = {0} to be the origin and any finite set B C Z", we get

Therefore, a discrete Brunn-Minkowski type inequality should either have
a different structure or involve modifications of the sets. A first example is
the simple inequality

(1.3) |A+ Bl > |A[ +[B| - 1,

for finite A, B C Z" (see e.g. [17, Chapter 2]).

In [6], Gardner and Gronchi obtained an engaging discrete Brunn-Min-
kowski inequality: they proved that if A, B are finite subsets of the integer
lattice Z", with dimension dim B = n, then

(1.4) |A+B| > |Dfj + Dy

Here Dﬁ‘, Dﬁ3| are B-initial segments: for m € N, D2 is the set of the first
m points of Z'} in the so-called “B-order”, which is a particular order defined
on Z' depending only on the cardinality of B. For a proper definition and
a deep study of it we refer the reader to [6]. As consequences of they
also get two additional nice discrete Brunn-Minkowski type inequalities:

1

n n 1/n
At B AN+ s (1Bl =)

and, if | B| < |A|, then

i/n _n(n—1)
—
These inequalities improve previous results obtained by Ruzsa in [14 [15].

|A+ B| > |A|+ (n— 1)|B| + (|4 = n) """ (1B] = n)

An alternative to getting a “classical” Brunn-Minkowski type inequality
might be to transform (one of) the sets involved in the problem. In this
regard, in [10] an extension A of A, is defined for any non-empty and finite
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set A C Z" (for n =1 then A = AU {max(A) + 1}, whereas for n > 1 the
set A is obtained by first adding the maximal cardinality section of A, and
then applying the corresponding extension to every section of the latter new
set; we refer to Section 2.1 in [I0] for its precise definition and properties).
Using this technique the following discrete counterpart for was shown:

Theorem A ([10]). Let A, B C Z™ be finite, A, B # (. Then

1/n

(1.5) |A+ B|" > | AV | BIV™.

The inequality is sharp.

Aiming to get a discrete version of (|1.1)), it is worth noting the following:
for any pair of non-empty finite sets A, B C R", by (1.3) (and using that
|Al,|B| > 1), one has

[(1=NA+AB| > |(1=NA|+ |AB|-1=|A]+|B| -1
> (1= A)A|+AIB| > ((1 = N]A]Y™ + AB[Y™)",

where the last inequality follows from the convexity of the function ¢ — t",
for ¢ > 0. Nevertheless this inequality is meaningless from a geometric point
of view: the point is that while the quantities |Al,|B| on the right-hand
side are reduced by the factors (1 — \) and A, the sets (1 — A)A and AB on
the left-hand side have the same cardinality as A and B, respectively. A
possible solution would be to involve a more natural way to “count points”
according to dilatations, namely, using the lattice point enumerator G,, (for
compact subsets of R™) instead of the cardinality | - | (for finite subsets of
R™).

Again, one cannot expect to obtain a Brunn-Minkowski type inequality
for G, in the classical form (which, as we have mentioned before, would
be a similar situation to what happens for |- | regarding a discrete version of
(L.2)). Indeed, just by taking A = 1/2, K = [0,m—¢]" and L = [0, m+¢/2]",
with m € N and 0 < e < 1, one gets

(1.6)

K+ 1/n 1 nKl/n nLl/n
(55" - a0

Thus, as in (1.5, an alternative to get such an inequality for the lattice
point enumerator would be to consider a certain extension of (1 —A)K + AL.
So, we pose the following question:

Question 1.1. Given compact sets K, L C R"™ containing points from 7",
what is the “best” way to define a set My such that (1 — \)K + AL C M)
and

(M) = (1= )G (K)/" + MG ()7
holds for a given X € (0,1)?
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2. MAIN RESULTS

Here we give an answer to Question [I.1} which we view as a discrete

counterpart of ([1.1]):

Theorem 2.1. Let A € (0,1) and let K, L C R™ be non-empty bounded sets.
Then

(2.1) Gn((1 = MK + AL+ (=1,1)") ™ > (1 = )G (K) /™ + AG (L) /™.
The inequality is sharp.

We point out the following: when dealing with arbitrary non-empty sub-
sets K, L C R” (i.e., not necessarily bounded), from (2.1)) we immediately
get that

G (M + (=1, 1)) " > sup G (1= N Koy + ALy + (=1, 1)) "
me
> sup ((1 NG (K)o )\Gn(Lm)l/”)
meN

= (1 = A)Gp ()™ + \Gp (L)

for any A € (0,1), where M) = (1 = \)K + AL, K,;, = K N [—m,m]" and
L,, = LN [—m,m]™. So, for the sake of simplicity, we will present here
the results in the setting of bounded sets, although they also hold in full
generality.

The core ingredient in the proof of Theorem [2.1]is its functional analogue.
To introduce such a result, we present an analytical counterpart for func-
tions of the Brunn-Minkowski inequality, the so-called Borell-Brascamp-Lieb
inequality, originally proved in [2] and [3]. To this end, we first recall the
definition of the p-mean M; (+,+) of two non-negative numbers, where p is
a parameter varying in R U {£oo} (for a general reference for p-means of
non-negative numbers, we refer the reader to the classic text of Hardy, Lit-
tlewood, and Pélya [9] and to the handbook [4]): we consider first the case
p € R, with p # 0: given a,b > 0 we set

M) (a,b) = (1 = N)a? + \0#) /2.
For p = 0, we write M} (a,b) = a'~*b*. To complete the picture, for p =
+o00 we set M2, (a,b) = max{a,b} and M?__ (z,y) = min{a,b}. Finally,
if ab = 0, we define M) (a,b) = 0 for all p € RU {+oo}. Note that
/\/ll); (a,b) =0, if ab = 0, is redundant for all p < 0, however it is relevant for
p > 0. The reason to modify in this way the definition of p-mean given in
[9] is due to the classical statement of the Borell-Brascamp-Lieb inequality,
which is collected below. In fact, without such a modification, the thesis of

the latter result would not have mathematical interest.
The following theorem (see also [5] for a detailed presentation), as previ-
ously stated, can be regarded as the functional counterpart of the Brunn-
Minkowski inequality. In fact, a straightforward proof of for compact
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sets K, L C R" of positive volume can be obtained by applying to the
characteristic functions f = x,, g = x, and h = X(1- 2 K4rL with p = oo.
Moreover, in the literature, the case p = 0 is referred to as the Prékopa-
Leindler inequality, which is a powerful tool, in particular when dealing
with log-concave functions.

Theorem B (The Borell-Brascamp-Lieb inequality). Let A € (0,1). Let
—1/n < p < oo and let f,g,h : R" — R>( be measurable functions such
that

h((1 =Nz + Ay) > M, (f(2), 9(y))
for all x,y € R™. Then

(2.2) / h(z)dz > M*, < f(z) dx,/ g(x) d:c) .
n np+1 Rn n

To state our main result and henceforth, we will need the following no-
tation: for a function ¢ : R — R>(, we denote by ¢° : R® — R>( the
function given by

¢°(z) = sup ¢(z+wu) forall zeR"™
ue(—1,1)"

Such an extension of the function ¢ is nothing but the Asplund product %
(also referred to as the sup-convolution, which can be regarded as the func-
tional analogue of the Minkowski sum in the setting of log-concave functions,
for which we refer the reader to [16], Section 9.5] and the references therein)
of the functions ¢ and x(_11y». Indeed,

¢°(2) = sup  ¢(z+u) = sup ¢(z + u)x (-1, (—v)

ue(~1,1)n ueRn
= iup P(ur)x(—1,1yn (u2) = (¢ * x(—1,1)n) (2)-
ulFus=z

Our main result reads as follows:

Theorem 2.2. Let A € (0,1) and let K, L C R™ be non-empty bounded sets.
Let —1/n <p < oo and let f,g,h : R" — R>q be functions such that

h((1 =N+ dy) > M; (f(2),9(y))
forallz e K,y € L. Then

(2.3) SN ory =M | Y ), Y ey |

np+1
zeMNZ™ zeKNZ™ yeLNz™

where M = (1 — \)K + AL+ (—1,1)™.

Let B = {v;1...,v,} be a basis of an n-dimensional lattice A C R™. Under
the same assumptions of the above result, we may consider the auxiliary
functions fg, g5, hs : R" — R>q defined by

f8(x) = f(e(x)),  g5(x) = g(p(x)) and  hp(z) = h(e(z)),
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for all z € R™, where ¢ : R — R” is the linear (bijective) map given by
o(z) = Y0 v for any x = (x1,...,2,) € R". Thus, as an immediate
consequence of the previous result (applied to the functions fz, g and hp),
we get that

hos(z) > MY, f(2), 9y) |,
ZE%QA R acE;ﬁA yE;ﬁA
where M = (1-A)K+AL+p((—1,1)") and h°5 (2) = sup,cp((—1,1)n) h(z+u)
for all z € R™. So, Theorem [2.2|also holds in the setting of an n-dimensional
lattice A C R™.

We would like to point out that Theorem [B| admits an equivalent version
for p-sums (instead of p-means). In this regard, in [I1] a discrete version of
the Borell-Brascamp-Lieb inequality for p-sums was provided. However, in
contrast to the continuous setting, where one may directly obtain Theorem
from the corresponding version for p-sums (and vice versa) because of the
homogeneity of the volume, one cannot expect to derive in a similar way a
discrete version of Theorem [B| (like Theorem from [11, Theorem 2.1].

In order to prove Theorem we state an auxiliary result that will allow
us to get the one-dimensional case of the above-mentioned Brunn-Minkowski
type inequality for the lattice point enumerator (cf. Question .

Lemma 2.1. Let A € (0,1) and let K,L,M C R be non-empty sets such

that (1 = N)K + XL C M. If M = J;_;[ai, bi] is a finite union of pairwise

disjoint compact intervals then

(2.4) Gl(M) + A(M) > (1 — )\)Gl(K) + )\Gl(L),

where A(M) denotes the number of non-integer extreme points of M, namely
AM)=Ha; ¢Z:1<i<s}H+|N{b;¢Z:1<i<s}.

Proof. We show the result by induction on the number of intervals s of
M. For the case s = 1, i.e., when M = [a1,b1] is a (non-empty) compact
interval, we have on the one hand that Gy(M) = [b1| — [a1] + 1. Moreover,
denoting by a = inf K, b = sup K, ¢ = inf L and d = sup L, we clearly get
G1(K) < Gi([a,b]) = [b] — [a] + 1 and Gy (L) < Ga([e, d]) = [d) — [e] + 1.
On the other hand, the inclusion (1 — A\)K + AL C M implies that

[b1] = b1 — XR\Z(bl) > (1=A)[b] + A LdJ - XR\Z(bl)

and
—la1] = —a1 = X, (1) = —(1 = A) [a] = Afe] = X, (an),
and thus
[b1] = [a1] +1 = (1 = A)([b] = [a] + 1) + A(ld] — [e] +1) = A(M).

This, together with the above upper bounds for the lattice point enumerator
G1 of K and L, yields G1(M) > (1 — N)G1(K) + AG1(L) — A(M), which
shows the case s = 1.
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So, we suppose that the inequality is true for s > 1 and assume that
M = Ufill [ai, b;], where b; < a;41 for all 1 <i <s.

Denoting by M; = [a1, b1] and My = Uf;l [ai, b;], we may assume, without
loss of generality, that M1N((1—A)K+AL) # 0 (otherwise, the result follows
directly from the induction hypothesis applied to the sets K, L and M).
Hence, we may define m = sup(M; N ((1 — A)K + AL)) and then, since K
and L are bounded (because (1 — A\)K + AL C M), there exist k € cl K
and | € clL such that (1 — A\)k + ANl = m. Thus, considering the sets
Klz{xEK:$§k},K2:K\K1,L1:{l'GL:xSl}andLQ:L\Ll,
we clearly have that (1 — A\)K; + AL; € M; and (1 — A\) K2 + ALy C Mo.
Therefore, applying the induction hypothesis (and taking into account that
M, are My are disjoint), we get

Gi1(M) + A(M) = G1 (M) + G1(M2) + A(M) + A(Ma)
> (1= A)(Gi(K1) + G1(K2)) + A(Gi(L1) + Gi(L2))
= (1 = N)G1(K) + AG1 (L),
as desired. O

Remark 2.1. One might think that if (1 — \)K + AL is itself a finite union
of (pairwise disjoint) compact intervals, the set M = (1 — A\)K + AL would
yield a tighter inequality in than other greater sets (with respect to set
inclusion). Nevertheless, this is not true in general: if we consider K =
[—2m, —1] U [1,2m] with m € N, L = {0} and X = 1/2, then for M =
(1 =XN)K + AL = [-m,—1/2] U [1/2,m] we get G1(M) + A(M) = 2m + 2
whereas for M' = [—m,m] we have G1(M') + A(M') = 2m + 1.

We notice that, as shown in (L.6]), the quantity A(M) cannot be (in

general) omitted. However, we can rewrite (2.4) to provide an answer to
Question for n = 1, which is the one-dimensional case of Theorem

Lemma 2.2. Let A\ € (0,1) and let K,L C R be non-empty bounded sets.
Then

(2.5) G1((1=NK 4+ AL+ (=1,1)) > (1 = N)G1(K) + AG1(L).
The inequality is sharp.

Proof. Let M = U,eq—nriazllz] . [z]]. Clearly, M is a finite union of
compact intervals (since K and L are bounded) containing (1 — \)K +
AL. From Lemma [2.1] we then obtain G1(M) + A(M) > (1 — NGy (K) +
AG1(L), which, together with the facts that A(M) = 0 and M NZ =
(1 =XNK + AL+ (—1,1)) NZ, yields ([2.5).

Finally, in order to show that equality may be attained, we consider K =
L = [0,m] with m € N, for which G1((1 = A\)K + AL+ (-1,1)) =m+1=
(1 =XN)G1(K)+ AG1(L) for all A € (0,1). O
Remark 2.2. Since both sides of are invariant under translations by

integers of the sets K and L, we may replace (—1,1) (in (2.5)) by any other
interval (m, m + 2), with m € Z.
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We note however that the solution to Question provided by Lemma
(form=1), via M = (1 =AN)K + AL+ (—1,1), for all A € (0,1), cannot
be in general improved by means of any other interval strictly contained in
(=1,1). Indeed, by considering I = [—a, 1), with —1 < —a < 0, and taking
K =1[-1,0], L =[-2,0] and X € (0,1) such that A +a < 1, we get that

Gl((l —)\)K+)\L+I) = Gl([—l — A—a,l)) =2
<24+ A=(1-XNGi(K)+ NG (L).
The case I = (—1,a], for 0 < a < 1, is completely analogous and thus, no

interval smaller than (—1,1) (with respect to set inclusion) can be taken into
account.

Now we state some auxiliary results. The following lemma can be regarded
as a discrete counterpart of the well-known Cavalieri Principle (see [11,
Lemma 3.1]).

Lemma 2.3 ([11]). Let @ C R™ be a finite set, let f : Q@ — R>g and
suppose f(Q) C {ko,k1,...,k} where 0 =ko <ky <---<k,. Then

> flz) = Z(ki—ki—l)’{x €Q: f(z) > k;}

€N i=1

Corollary 2.1. Let Q@ C R"™ be a bounded set, let f : R" — R>q and
suppose f(QNZ") C {ko,k1,...,k.} where 0 =ko < ky <---<k,. Then

_ /m‘{x €0 f(z)> t}’dt.
0

T

S f@) =D (ki —kis1)Gn({z € Q: f(2) > ki}).

reQNZ™ i=1

The following result yields the case n = 1 of Theorem [2.2)and will be used
to derive (22.3).

Lemma 2.4. Let A € (0,1) and let Q1,9 C R be non-empty bounded sets.
Let -1 <p<oo andlet f,g,h: R — R>q be functions such that

h((1 =Nz + Xy) = Mj (f(2), 9(y))
for allx € Qq, y € Qo. Then

D@ ZMy | DD @), Y W) ).

2€QNZ €Nz YEQNZ
where Q= (1 — A)Q1 + A2 + (—1,1).

Proof. Clearly, we may assume that »> o 7 (%), 20,c0,nz 9(y) > 0. We
consider the functions F, G, H, H® : R — R>( given by

Fay=T9 o) =9 gy =M gey 2 M)

a b Cp Cp




BRUNN-MINKOWSKI INEQUALITIES FOR THE LATTICE POINT ENUMERATOR 9

where

- 0, b= 0 and ¢, =M, (a,b) > 0.
a xgglﬁ){ng(m)>, yé%%’ézg<y)> and ¢, = My (a,b) >

Then

F = G =1.
Jmax Fz) = max G(y)

First, we show that, for any x € 1, y € {29, we have
(2.6) H((1 - Ao+ Ay) = min(F(2), G(y)).

To this aim, it is enough to consider x € Q;, y € Qs with f(x)g(y) > 0. If
p # 0 and p # oo, writing § = A\bP/ch € (0,1), we get

R((1= Nz + Ay) > (1= N (@) + Ag(y)")'/”
(1= N)aPF ()P + NPG(y)P\ P
— (1= O)F (2} + 6G(y)?)' "
> ¢, min{F(z),G(y)}.

For p = 0, we have
h((1 =Nz +Ay) > f(2) gw)* = coF () G (y)* > comin{F(z), G(y)}.

For p = o0, h((1 = M)a + Ay) = max{f(z),9(y)} > coomin{F(z), G(y)}
clearly holds. Therefore, we have shown (2.6]).
Next, note that the definition of F' and G implies that the level sets

{z e :F(z)>t}, {yeQ:G(y) >t}

are non-empty for any ¢t € [0,1]. Moreover, writing Q) = (1 — A\)Q1 + A\Qq,
we deduce from (2.6) that

{zeMW:HRZ) >t} DA - MN{ze:Flz) >t} + My e Q:Gy) >t}
and thus, by Lemma [2.2] we have
Gi({z €M H(z) >t} + (—1,1))
>(1-ANGi({z € :Fz) >t}) + A\G1({y € Q2 : G(y) > t})

for all ¢ € [0, 1].
Note that, since H°(z 4+ u) > H((z +u) —u) = H(z) for all u € (—1,1),
we also have

(2.8) {z€eQ:H(2) >t} D{z€Qy: H(z) >t} + (—1,1).

Finally, set {ko,k1,....k-} D F(WNZ)UG(Q:NZ) UH*(QNZ), with
0=ko <k <--- <k, where, for some s € {1,...,r},

ks = F(x) = Gy) =1.
$ T T = B O

(2.7)
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Then, by Corollary and , we get
Z he(z) = Z cpHC(2) fcpz — ki—1)G1({z € Q: H°(2) > k;})

z€QNZ z€QNZ

>CPZ —kii1)Gi({z € Q: H(2) > ki})

> c,,Z(ki ~ ki) (1= NGi (o € Q1 s F@) 2 ki)

£AGH({y € D Gly) > k)))

=¢ | (1=X) Y Fl@)+x >

zEQNZ YEQNZ

> i@l Y o)

xeN1NZ yeN2NZ

> MYy D0 f@) Y e)

zeQNZ yEQ2NZ

If p #£ 0 and p # oo, the last inequality follows from the reverse Holder
inequality (see e.g. [4, Theorem 1, page 178]),

_ _.\—1/p
a1by + azba > <a1 P+ a, p) (b + bg)l/q ;

where ¢ = p/(p + 1) is the Hélder conjugate of (—p) < 1, just by taking
ap = ((1— A)l/pa)*l, ag = (Al/pb)*l, by = (1 — )\)1/‘1 Zzeﬂmz f(z) and
by = A ZyngﬂZ 9(y).

The case p = 0 follows from the Arithmetic-Geometric mean inequality,
whereas the case p = oo is immediate, since there the (p/(p + 1))-mean
coincides with the 1-mean.

We would like to introduce a few additional notations which will be used
to prove Theorem we write M(t) = {z € R""!: (2,t) € M} for the
(n — 1)-dimensional section at height ¢ € R (in the direction of e,) whereas
7n(M) denotes the orthogonal projection of M onto Re, (regarded as a
subset of R), namely 7, (M) = {t € R: M(t) # 0}.

Proof of Theorem [2.2 If n = 1, the result follows immediately from Lemma
Now suppose that n > 1 and assume that the theorem holds for di-
mension n — 1. Let tx € m,(K), tr € mp(L) and set, for the sake of
brevity, tx = (1 — A\)tx + M. Moreover, we denote by C,, = (—1,1)",
Cpo1 = (=1, 1)" 1 x {0}, My_1 = (1 — N K(tg)+ AL(t) + (=1,1)"" ! and
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My = (1 —=AN)K + AL (thus, M = M) + (—1,1)"). Consider the functions
f1,91,h1 : R — Ry given by

file) = flz.tk), () =g(z,tL),
hi(x) = h(z,ty)
for any o € R™~1. Since for all x € K(tx), y € L(t1) we have
hi((1—=XNax+ Ay) =h((1 = Nz + Ay, (1 — N)tg + Atp)
> M) (f(x,tk),9(y.tn) = My (fi(2), 1(y))

we may assert that

S i) 2 M?WSW Y Al), 91(y)

2€M,,—_1NZ7—1 €K (tg)NZ"—1 yeL(ty)nZn—1
This, together with the fact that
(L=XNK+AL)(1 = Ntx +Xtr) D (1 =N K(tx) + AL(tL),
and hence (M) + Cp—1)(tx) D My_1, yields, in terms of f, g and h,

> ho°(z, 1))

ZG((M)\—FCnfl)(t)\))ﬂZ"*l
(2.9)

2M>(\n+)p+1 Z f(xvtK)a g(y7tL) )
€K (tg)NZn—1 yeL(ty)nzZn—1

where h°® : R" — Rx is the function given by h*°(2) = sup,cc, | h(z+v),
for which we have h®®(xz,t)) = h$(x) for all x € R"~1.
Now, let fa,g2,ha : R — R>( be the functions defined by

fa(t) = Z f(z,t), g2(t) = Z g(y,t), and

zeK(t)nzZn—1 yeL(t)NzZn—1

ho(t) = > ho®(z,1).

2€((Mx+Cp—1)(t))NZ"—1
Hence, ([2.9) yields, in terms of fa, go and ho,

ho((1 — ANtx + Ap) > /Vl?n% (fa(tr), g2(tL))

1)p+1

for any tg € m,(K), tg, € m,(L), and thus we may use Lemma [2.4| with the
sets m, (K), m,(L) and the functions f2, go and ho to obtain

> ns(t) ZMipﬂl Y hltk), D gltu) |,

teQnz tiEmn (K)NZ tp€mn(L)NZ
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where Q = (1 — A\) 7, (K) + Amp (L) + (=1, 1). In the following we prove that
> eonz h5(t) < > carmzn h°(2), and hence the above inequality together

with the relations
S bt = Y @)

L €mn (K)NZ zeKNZ"

Z 92(tr) = Z 9(y),

tr€mn(L)NZ yeLNZ"

shows the result. Indeed, from the fact that (u, —w) € C,, for any (u,
Cp—1and w € (—1,1), we have (M,\—I—Cn_l)(t—i—w) C M(t) for allw € (—
and thus we get

dons(t)y= Y sup ho(t+w)
teQNZ teonz we(=11)

= Z sup Z h<><>(x7 t 4 w)
teqnz WE(=L1) €((Mx+Chp—_1)(t+w))nzn—1

Z Z sup  h*%(z,t + w)

teQNZ zeM(t)nzn—1 WL

= Z Z sup sup  h(z+wv,t+w)

teQNZ weM (£)NZr-1 we(—1,1) ve(—1,1)n—1

= Z sup  h(z+u) Z he(z
zeMnzn ve(=1,1)" 2eMNZ"

0) €
1,1

Y

IN

as claimed. This finishes the proof. ([

Corollary 2.2. Let A € (0,1) and let K,L C R™ be non-empty bounded
sets. Let —1/n < p < co. Then

(Gn(K),Gn(L)) -

(2.10) Gn((1=NK + AL+ (-1, 1)") > M*,

np+1

The inequality is sharp.

Proof. The result is an immediate consequence of Theorem just by tak-
ing f = Xx, 9 =x, and h = X,_, ., for which we clearly have that
h® = X(1—X)K4AL+(—1,1)7 "

Now, in order to show that the equality may be attained, we consider
K =L = [0,m]" with m € N, for which Gy, ((1 — \)K + AL + (-1,1)") =
Gn(K) =Gu(L) = (m+1)" a

We notice that for p = oo yields for bounded sets K, L C R™
with G, (K)Gy(L) > 0. So, to prove Theorem it is enough to deal with
the case in which (only) one of the sets, say L, has no integer points. To
this aim, first we show the following auxiliary result:
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Theorem 2.3. Let K, L C R" be bounded sets such that G, (K)Gy,(L) >0
and let « = m/q and § = p/q with m,p,q € N so that « + 5 < 1. Then

n\ 1/n

(2.11) G, <aK + 8L+ [—qql ‘-’ql] > > G (K) Y™ 4 BGn ()17,

The proof of Theorem is ideologically similar to the proof we have
provided for Corollary So only the sketch of the proof is presented
here. The main step is to prove an analogue of Theorem and apply it
to f =Xk, 9= X, and h = X_y,,,- The main new ingredient in the proof
of such an analogue is the one dimensional case, for which we require an
adaptation of Lemma which is done below in Lemma [2.5)

Lemma 2.5. Let K,L C R be non-empty bounded sets and let o = m/q
and B = p/q with m,p,q € N so that o+ 3 < 1. Then

-1 qg-1
(2.12) G1 (OéK—I—BL-l- [—qq,qq]) ZO&Gl(K)-f—BGl(L).
Proof. First we notice that, for any =,y € R, we have
—1
(2.13) {merpijq JZWL:BJerLyJ_
q q q q
Indeed, given z € R, from the fact that
—1 —1 —1
SO Bt O G Y el S e
q q q q q q

for some ¢,r € Z with 0 < r < g — 1, we get that
V L 9= 1J > L2
q q q

for any z € R. This now implies that

> m|z] +ply]
q q

)

mx -1 mx +
{ererq JZL ry]
q q q

which yields (2.13]).

Next we show the following: if K,L,M C R are non-empty sets with
aK + BL C M and such that M + [—(¢—1)/q, (¢ —1)/q] = U;_;[as, bi] is a
finite union of (pairwise disjoint) compact intervals then

(2.14) Gi(M +[—(¢g—1)/q,(¢—1)/q]) > aG1(K) + SG1(L).

We prove it by induction on the number of intervals s of M +[—(¢—1)/q, (¢—
1)/q]. For s =1, i.e., when M + [—(¢ —1)/q, (¢ — 1)/q] = [a1,b1] is a (non-
empty) compact interval, we have on the one hand that

Gi(M+[-(¢—1)/q,(¢=1)/q]) = [br] — [aa] + 1.
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Moreover, denoting by a = inf K, b = sup K, ¢ = inf L and d = sup L, we
clearly get G1(K) < Gi([a,b]) = |b] — [a] + 1 and Gi(L) < Gi([¢,d]) =
|d] — [e] + 1. On the other hand, the inclusion a K + SL C M implies that

—1 —1
algaa—i—ﬁc—ngab-i—ﬂd—qugbl.

Altogether, and using (2.13]) jointly with the facts that [z] = —|—=z] for
any ¢ € R, and oo + 5 < 1, we obtain

Gy <M+ [—q;lq;lb = [by] — [a1] +1

> {ab—I—Bd—i—qlJ [aa+ﬁc—q;ﬂ +1
o
).

>albl+Bld] —afa]l +8[c] +
> aGi([a,b]) + BG1([c, d])
ZO&Gl( )+5G1(

Thus, we suppose that is true for s > 1 and assume that M +
[—(¢—1)/q,(¢—1)/q] = Uf+1 [a“bz] where b; < a4 for all 1 <i <s.

Denoting by M; and My the subsets of M such that My +[—(¢—1)/q, (¢—
1)/q] = [a1,b1] and Mo + [~(q — 1)/q,(q¢ — 1)/q] = U;Z3as, bi, we may
assume, without loss of generality, that M; N (aK + SL) # 0 (otherwise,
the result follows from the induction hypothesis applied to the sets K, L
and M>s). Hence, we may define m = sup(M1 N (aK + BL)) and then,
since K and L are bounded, there exist £k € cl K and [ € clL such that
ak+pl = m. Thus, considering the sets K1 = {x € K : x < k}, Ko = K\ K1,
Li ={zx € L:x <l}and Ly = L\ L1, and taking into account that
m-+[—(q¢—1)/q,(¢—1)/q] C |a1, b1], we clearly have that a« K1+5L1 C M; and
aKy+ Ly C Ms. Therefore, applying the induction hypothesis (and taking
into account that M +[—(¢—1)/q,(¢—1)/q] and Ma2+[~(¢—1)/q,(¢g—1)/4]
are disjoint), we get

Gi(M +[~(q—1)/q,(qg—1)/q])
=Gi1(Mi+[-(¢—1)/q, (¢ = 1)/q)) + G1 (M + [—(¢ — 1)/q,(q — 1) /q])
> aGi (K1) + BG1(L1) + aG1(K3) + BG1(L2) = aG1(K) + G (L),

which shows (2.14)).

Next we prove (2.12). We observe that we may assume, without loss of
generality, that K and L are compact. Indeed, otherwise, considering the
compact sets K’ = KNZ and L' = LNZ, for which we have G1(K') = G1(K),
G1(L') = G1(L) and, from the monotonicity of G1(-), G1 (K +BL+[—(q—
1)/a,(q—1)/d]) = Gi(aK'+ BL' + (¢ — 1)/q,(q — 1)/q]), we would get

the result. So, (2.12) follows from applying (2.14]) with M = oK + 5L,
because the fact that M is compact implies that there exists a finite sequence
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ma,...,m, such that {mq,...,m,} +[—(¢—1)/q,(¢—=1)/q) = M + [—(¢q —
1)/q,(q — 1)/q]. This concludes the proof. O

We are now in a position to prove Theorem

Proof of Theorem [2.1] For the sake of brevity, we will again denote by M) =
(1= X)K + AL. By Corollary [2.2 for p = 0o, and the monotonicity of Gy(+),
it is enough to show the result in the case in which K = K NZ" (for which,
clearly, G,,(K) > 0) and L = {z} with z = (z1,...,2,) ¢ Z".

First we show the case in which A = p/q, p,q € N, is a rational number.
Then, writing pr = z +y, with z € Z" and y = (y1,...,yn) € [0,1)", and
using Theorem we have

1/n
Go(My + (=1, 1)) = G, ( Py z+H< 1+1+q>)

_1 _1n 1/n
> Go (10K e [

> (1= NG (K)Y™ + ; > (1= A)Gn (K,

as desired.

Next we prove the case of an irrational A € R\ Q. Let I be the (possibly
empty) subset of {1,...,n} defined in the following way: i € I if and only
if ; = a; + b;/ A for some a;,b; € Z. We point out that such a;,b; € Z are
necessarily unique, since A € R\ Q. Hence we may then consider the point
' = (x},...,z),) given by x} = b;/X if i € I and 2 = 0 otherwise, for all

i=1,...,n. First we notice that since Az’ is an 1nteger point, we have
G (My+ (<1, 1)) = G (1 = VK + Ax — o) + A’ + (~1,1)")
=Gn((1 = NK + Az — ')+ (-1,1)").

Next, denoting by xo = x — 2/, we will show that there exists § > 0 such
that

(2.15) Gu((1 = MK + Az + (=1, 1)") > Gu((1 — p)K + pxo + (—1,1)")

for all p with | — A| < 0. Thus, taking a sequence (7,)m C QN (0,1) with
lim, 500 7 = A and |1, — A| < 6 for all m € N, we get, from the previous
case, that

G (1= MK + Azg + (=1,1)") ™ > G (1 = 1) K + rang + (—1, 1))
> (1 - Tm)Gn(K)l/n + 7"mGn({l“O})l/n
> (1 = 7)) G (K)/7

for all m € N, which yields the result.
To show (2.15)) we notice that, since K is finite, (1 — \) K + Azg + [—1,1]"
is a finite union of closed unit cubes and then, for any p, (1 — pu)K + pxo +

1/n
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[—1,1]™ is the union of the corresponding translates of the cubes that consti-
tute (1 — A\)K + A\xg+[—1,1]". Thus, there exists §; > 0 such that if z € Z"
satisfies that z ¢ (1—A\)K +Azg+[—1,1]" then z ¢ (1—p) K +pxo+(—1,1)"
for all |u—A| < 61. Moreover, if (1—X)K +Azxg+(—1,1)" contains no integer
boundary points, we may take § = d; and we are done.

So, we may assume that bd(((1—A)K +Azo+(—1,1)")NZ") # 0. Let z €
Z" be a boundary point of (1 —\)K + Axg+(—1,1)" and let £ € K. On the
one hand, if z is in the boundary of the cube (1 —\)k+ Azg+ (—1,1)", there
exist i € {1,...,n} and € € {—1,1} such that (1 —\)k; + A(z; —2}) +¢ = z;,
where k;, z; € Z are the i-th components of k, z, respectively. This implies
that z; — 2} = k; + (2 — e — k;)/\ and then, from the definition of both
I and 2/, we get that i € I and so a; = k; + (2; — € — k;) /A, which yields
that z; — e — k; = 0 (because X is irrational) and thus z; — 2} = a; = k;.
But then (1 — p)k; + p(x; — 2f) +e = (1 — Nk + Ma; — 2}) + € = 2; for
all p € R, and hence z lies in the affine hull of a facet of the open cube
(1 — )k + pxo + (—1,1)", which implies that z ¢ (1 — p)k + pxo + (—1,1)"
for any pu. On the other hand, if z is not in the boundary of the cube
(I =Xk + Axo+ (—1,1)" (and so not contained in it either), there exists
0.k > 0sothat z ¢ (1 — p)k + pao + (—1,1)" for all p with | — A| < 0, 4.

Since the number of integer points z in the boundary of (1 —A)K + Axg +
(—1,1)™ is finite (and so is K'), we may define do = min, ; ¢, ;. Altogether,

(2.15]) holds for § = min{d1, d2}. O

We conclude this section by showing that the classical Borell-Brascamp-
Lieb inequality (2.2]) can be obtained from the discrete version (2.3) under

some mild assumptions on the functions involved:

Theorem 2.4. The discrete Borell-Brascamp-Lieb type inequality (2.3)) im-
plies the classical Borell-Brascamp-Lieb inequality (2.2), provided that the
functions f,g are Riemann integrable and h is upper semicontinuous.

Before proving this result, we notice that it is not possible to directly
obtain any of the discrete Brunn-Minkowski type inequalities stated so far
in the paper from the classical one , by using the method of replacing
the points by suitable compact sets. As pointed out by Gardner and Gronchi
in [0, pages 3996-3997]:

“1t is worth remarking that the obvious idea of replacing the points in
the two finite sets by small congruent balls and applying the classical
Brunn-Minkowski inequality to the resulting compact sets is doomed
to failure. The fact that the sum of two congruent balls is a ball of
twice the radius introduces an extra factor of 1/2 that renders the
resulting bound weaker than even the trivial bound (11) below”.

We clarify that (11) in [6] coincides with ([1.3)) of the present paper.
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In the following, for a function ¢ : R" — R, we write ¢°* : R" — R
to denote the function given by ¢ (2) = sup,c_o-k 9k ¢(z + u) for all
z € R™

Proof. Consider f, g, h : R" — R>( which satisfy the conditions of Theorem
B} i.e., f, g, h are measurable such that

h((1 = Nz + Ay) > M) (f(2),9(y))

holds for all z,y € R™ and for some fixed A € (0,1) and —1/n < p < co. Let
m € N and let K = [-m,m|". We will first show that

(2.16) /K h(:c)dsz% < /K f(z)dz, /K g(aj)dx),

for which we may assume (multiplying by x, if necessary) that f, g and h
vanish outside K.
For each k € N, we define the functions fy, gi, bt : R™ — R>q given by
fe(@)="inf f(z), g(x)= inf g(2)

z€x+[0,2—F]n z€x+[0,2—F]n

and

hi(z) = inf h(z).
z€x+[0,27F]"

Writing for short Ky = int K, note that for any z,y € Ky we have
hi((L—=XNzx+ \y) = inf h(z
(( ) 2 z€(1=N)z+Ay+[0,2— K] (2)
inf h(z)
z€(1=X)(z+[0,27F]")+X(y+[0,2—%]")
= inf h((l — )\)Zl + )\22)
21€x+[0,27F]" 29€y+[0,27F]"

inf M (f(z1), 9(22))

21 €x+[0,27k]" 29 €y+[0,2— K]

> /\/13 ( inf f(z1) inf 9(22)>

z1€x+[0,27F]n ’z2€y+[072*k]"

= M (fe(@), 9(v)),

and thus, we can use Theorem for 27*Z" to deduce that, for any k € N,
we have

(2.17)

2R Y )R =M (27 3T G2 Y )
zEKN2—k7Zn rEKoN2—k7Zn yEKoN2—kZn

Vv

where, on the left-hand side, we have used that K = [-m,m|", thus
(2’“K0 + (-1, 1)”) NZ"=2*K NZ"

and
<Ko +(—27F, z—k)”) no2-kzr = K n2-kzn,
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The level sets {x € K : h(x) > t} are closed, because h is upper semi-
continuous and K is closed (see [I3, Theorem 1.6]), and then a standard
straightforward computation shows that

o
{ze K :hx)>t) =) ({x € K :h(z) >t + (—2—k,2—k)n) .
k=1
Moreover, since h vanishes outside K, we have {z € K : h(z) > t} +
(—27k 27k 5 {o € K +[0,27K" : k% (x) > t} for all + > 0. Thus, by
Fubini’s theorem and the monotone convergence theorem, we get
(2.18)

/ h(z)dx = /OO vol({z € K : h(z) > t})dt
K 0
= /0 vol (ﬂ ({x e K:h(z)>t}+ (—2_k72_k)n>> dt

k=1

= /0 lim vol ({a: € K:h(x) >t} +(—27F, 2*’“)”) dt

k—o0

= lim OOVol <{a: € K :h(z) >t} +(-27F, 2*’“)"> dt

k—o0 0
> lim vol({z € K +[0,27F]" : h% () > t})dt
—00 J
= lim hk (x)dx.

k—o00 K+[0,2— )"
Now we show that, given z € R™, h(x) > (hy)%*(z) for all z € z +
[0,27%]". Indeed, we have
hk(x) = sup h(z +u) > sup inf  h(z+v+u)
ue(—2-k 2-k)n ue(—2-k 2-k)n ve[0,2—k]n
= sup hi(z 4+ w) = (hg)%*(2).
ug(—2-k2-k)n
This, together with (2.18)) and the fact that K + [0,27%]" = K n27%2" +
[0,27%]", implies that
/ h(z)dz > lim WO (z)de > lim 277 Y " (b)) (2).
K k—o0 K+[0,2-k]n k—o0 reKra—k7n
Furthermore, since f is Riemann integrable and 27%" 3" Kona—kzn k() 18
a lower sum of f-x _, .. for the partition {z 0, 27k c K :x € 27F7Z7)
of K, it is clear that

: —kn _
lim 2 S )= /K F(z)de.
rEKogN2—kzn

Here we observe that it was crucial to work with Ky in order to get a lower
sum of f - X () for the above partition. We also point out the necessity
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of considering the characteristic function X (. 1DStERd of X[ m] ? which

has no influence when computing the above integral: in this way, the function

J* X(_y.mn venishes on the points of the corresponding facets of the cube.
The same holds for the function ¢ and then, taking limits on both sides

of (2.17), we get (2.16]). Since (2.16) is true for K = [-m,m]", for every

m € N, the proof is now concluded because

¢(x)dz = lim ¢(x)dez,
Rn m—0o0 [—m,m}"
for every measurable function ¢ : R" — R>g. O

It is well-known that a function is Riemann integrable if and only if it
is continuous almost everywhere. Since the boundary of a convex set has
null measure (and from the characterization of the upper semicontinuity
in terms of the level sets) we get the following result, as a straightforward
consequence of the previous one.

Corollary 2.3. The discrete Brunn-Minkowski type inequality (2.1)) implies
the classical Brunn-Minkowski inequality (L.1|) for bounded convex sets K
and L.

We notice the necessity of assuming convexity in the latter result: for
any measurable sets K, L C R™ of positive volume, containing no rational
point, one cannot expect to recover the Brunn-Minkowski inequality
with the above method of shrinking the lattice Z™, since K, L have no point
in 27%Z", for any k € N.

3. RELATIONS WITH OTHER INEQUALITIES

The multiplicative version of the Brunn-Minkowski inequality is, among
all its equivalent forms, the one that is naturally connected to the Prékopa-
Leindler inequality (the case p = 0 of Theorem. It asserts that if A € (0,1)
and K and L are non-empty compact subsets of R” then

(3.1) vol((1 — A)K + AL) > vol(K)'*vol(L)*.

In the discrete setting, considering now non-empty bounded sets K, L C
R™, from ([2.10) for p = 0 we get
(3.2) Gn((1 = NEK + AL+ (=1, 1)") > Gu(K) G (D).

Regarding other possible discrete versions of (3.1)), we have the following
engaging and elegant result, shown very recently by Halikias, Klartag and
Slomka in [§] (see also [12]):

Theorem C ([§]). Let A € (0,1) and let f,g,h,k : Z" — R>q be functions
such that

AL =Nz + AyDk([Az + (1 = Nyl) > f(2)g(y)
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for all x,y € Z™, where |z| = (|z1],...,|zn]) and [z] = ([z1],..., [zn]).

Then
(z h<x>) (z km) > (z f(w)) (z g<x>> |
T EL™ T EL™ xEL™ T EL™

As they observed, when applying the above result to the functions f = x,.,

QZXL,hZ)(K+L+ aund/’i‘:XKJrL+ ., one has
2 2

(=1,0]™ [0,1)

G, (K;L + (—1,0]n> G <K;L +o, 1)”> > G (K)Ga (L),

which yields the discrete multiplicative Brunn-Minkowski type inequality

(3.3) G, (K i 11”) > VCn(K)Cn (D).

We notice that the sole difference between and (for A = 1/2) is the
necessity of adding either the closed cube of edge length 1 or the open cube
of edge length 2, respectively. However, they are not comparable. Indeed, let
n=1and let K = L = [—z,z] with € R>¢. On the one hand, for = € Z,
we have G1 (K +L)/2+[0,1]) = 2242 > 2z+1 =G (K+L)/2+(-1,1)).
On the other hand, for z ¢ Z, we get G1((K + L)/2+[0,1]) =2|z] +2 <
2|z +3=Gi((K+L)/2+(-1,1)).

As pointed out in Remark inequality is in general not true (even
for A = 1/2) by just adding the cube [0,1)" to the convex combination

(K + L)/2. However, this can be solved by just considering the closed cube
[0,1]™, i.e., we show that inequality (3.3)) also admits a (1/n)-form:

Theorem 3.1. Let K,L C R™ be bounded sets such that G, (K)G,(L) > 0.
Then

(3.4)

1/n 1/n 1/n

The inequality is sharp.

As in Theorem we just have to prove the corresponding one-dimen-
sional case, collected in Lemma [3.1] Then, the proof of Theorem is
completed in a way similar to the proof of Theorem with the particular
functions f = x,, 9 =x, and h = x ., , and XA = 1/2, replacing there the

2

use of inequality by .

Finally, to show that equality may be attained, we consider K = —L
[0,m]™ with m € N odd, for which we have G, ((K + L)/2 + [0,1]")
Gp(K) =Gp(L) = (m+1)™.

Lemma 3.1. Let K, L C R be non-empty bounded sets. Then

(35) G (K;FL ‘. 1]> N &(K);Gl(L)'
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Proof. The proof is completely analogous to that of Lemma [2.5, and thus
we include here just the slight differences.
First we notice that, for any z,y € R, we have

56 ELENtET)

> | teT
Indeed, if |z] + |y| is even then |[(z+y)/2] = (|z] + |y|)/2 whereas if
[z] + y] is odd we get | (z +y)/2] = ([=] + [y] —1)/2.

Now, we notice that if M D (K + L)/2 is such that M + [0, 1] = [aq, b1]
is a (non-empty) compact interval, we have on the one hand that Gy (M +
[0,1]) = [b1] — [a1] + 1. Moreover, denoting by a = inf K, b = sup K,
¢ =inf L and d = sup L, we clearly get G1(K) < Gi([a,b]) = [b] — [a] +1
and Gi(L) < Gi([e,d]) = [d] — [¢] + 1. On the other hand, the inclusion
(K + L)/2 C M implies that

a+c _b+d
5 < — = <b — 1.

Altogether, and using jointly with the fact that [x] = — |—z] for any
x € R, we obtain

Ga(0 +[0.1) = [on] = for] +12 |4 - [43€] 2

S L]+ 1d]  Jal+[c] Gi(la, b)) +G1([C d])

a1 <

_ 1 =
> = ot
S GiK) +Ga(L)
—_— 2 .
The proof is then completed in a way analogous to the proof of Lemma
2.9) U

We would like to point out that the corresponding version of Theorem
for an arbitrary A € (0, 1) is, in general, not true. Indeed, taking K = [0, 1]",
L = [-5,6]" and A = 1/3 one has that

We include here an open question that arose during our study:

Question 3.1. Regarding the statement of Theorem is the assumption
Gn(K)Gp(L) > 0 necessary?

We conclude the section by proving an inequality similar to but
in the spirit of , namely that one may add another (fixed) set to the
Minkowski sum A+ B instead of considering the extension A of A. We show
that an appropriate set to be taken into account in this respect is the lattice
cube {0,1}", which also fits well with inequality (3.4).
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Theorem 3.2. Let A, B C Z" be finite, A, B # (). Then
(3.7) |A+ B +{0,1}"]"/" > |A]//" + | B|V/".
The inequality is sharp.
The idea of the proof we present here goes back to [7, Lemma 2.4].

Proof. Taking into account the relation
A+ B+{0,1}"+[0,1]" = A+[0,1]" + B+ [0,1]",

jointly with the fact that vol(X [0, 1]") = | X, for any non-empty and finite
set X C Z", the result directly follows from the Brunn-Minkowski inequality
. Finally, to show that the inequality is sharp, we consider the lattice
cubes A ={0,...,m1}" and B = {0,...,ma}", for my, mg € Z>g. O

We conclude the paper by comparing inequalities and ; again,
we refer the reader to Section 2.1 in [10] for the precise definition of the
extension A of a given non-empty finite set A C Z".

Since A+({0}""1x{0, 1}) contains at least the same amount of points that
the union of A and its maximal cardinality section, and taking into account
that {0,1}" = ({0,1}"~! x {0}) + ({0}~ x {0,1}), from the definition of
A is then immediate that ‘fl} < ‘A + {0, 1}”}. However, inequalities
and are not comparable. Indeed, if we consider on the one hand A =
{(0,0), (1,0),(2,0),(1,1)} and B = {0,1}?, we have |A| = 10 = |A+{0,1}?|
(with A # A+{0,1}?) and |A+B| =20 > 18 = |A+{0,1}?+ B| (see Figure
B). On the other hand, for A = {(0,0),(0,1),(1,1),(4,1)} and B = {0,1}?
we obtain [A+ B| =21 <24 =|A+{0,1}* + B|.

FIGURE 1. Left: the sets A (thick points), A (thick and hol-
low points) and A + B. Right: the sets A (thick points),
A +{0,1}? (thick and hollow points) and A + {0,1}? + B.
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