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ABSTRACT. The Brunn-Minkowski inequality states that the volume of
compact sets K, L C R" satisfies vol(K + L)'/™ > vol(K)Y™ +4vol(L)'/™.
In this paper we obtain two discrete analogs of it for the cardinality of
finite subsets of the integer lattice Z". On one hand we prove that if
A,B C Z" are finite, then |A + B’l/n > |A]Y™ 4+ |B|Y/™, where A is an
extension of A which is constructed by adding some new integer points
in a particular way; on the other hand, removing points of A, say, an
equivalent inequality of the form |A 4+ B|Y/™ > ’r(A)|1/n + |B]*™ can
be obtained, where r(A) is the reduced set of A. Both inequalities are
sharp, and it can be seen that the number of additional points in A
cannot be too large, and depends only on A. Finally we also prove
that the classical Brunn-Minkowski inequality for compact sets can be
obtained as a consequence of these new discrete versions.

1. INTRODUCTION AND NOTATION

As usual, we write R™ to represent the n-dimensional Euclidean space,
and we denote by e; the i-th canonical unit vector. The n-dimensional
volume of a compact set K C R"”, i.e., its n-dimensional Lebesgue measure, is
denoted by vol(K), and as a discrete counterpart, we use | A| to represent the
cardinality of a finite subset A C R™. We write 7, ., 1 <1,...,0 < n,
to denote the orthogonal projection onto the k-dimensional coordinate plane
Re;, + --- 4+ Re;,. For the sake of brevity we just write H; = Re; + --- +
Re;—1 + Rejr1 + - - - + Re,, to represent the i-th coordinate hyperplane and
@) = T1,..i-1i+1,...n for the corresponding orthogonal projection onto H;.

Let Z™ be the integer lattice, i.e., the lattice of all points with integer
coordinates in R", and let Z" = {1: ez”  x; > O}. Special sets that will
appear throughout the paper are the lattice sets: a finite set A C Z" is a
(convex) lattice set if A = (conv A)NZ"™, where conv A represent the convex
hull of A. In particular, we denote by C', r € Z~q, the lattice cube

Cr =rl0,1]" nzZ",
with r + 1 integer points in its edges.
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Relating the volume with the Minkowski addition of compact sets, one is
led to the famous Brunn-Minkowski inequality. One form of it states that if
K,L C R"™ are compact, then

(1.1) vol(K 4 L)/™ > vol(K)Y™ + vol(L)Y/™,

with equality, if vol(K)vol(L) > 0, if and only if K and L are homothetic
compact convex sets. Here + is used for the Minkowski (vectorial) sum, i.e.,

A+B={a+b:ac Abec B}

for any A, B C R™. The Brunn-Minkowski inequality is one of the most pow-
erful results in Convex Geometry and beyond: for instance, its equivalent
analytic version (the Prékopa-Leindler inequality, see e.g. [8, Theorem 8.14))
and the fact that the convexity/compactness assumption can be weakened
to Lebesgue measurability (see [9]), have allowed it to move to much wider
fields. It implies very important inequalities such as the isoperimetric and
Urysohn inequalities (see e.g. [16, page 382]), and it has been the starting
point for new developments like the L,-Brunn-Minkowski theory (see e.g.
[10, 11]), or a reverse Brunn-Minkowski inequality (see e.g. [13]), among
many others. It would not be possible to collect here all references regard-
ing versions, applications and/or generalizations of the Brunn-Minkowski
inequality. For extensive and beautiful surveys on them we refer to [1 5].

Next we move to the discrete setting, i.e., we consider finite sets of (inte-
ger) points which are not necessarily full-dimensional unless indicated oth-
erwise. It can easily be seen that one cannot expect to obtain a Brunn-
Minkowski inequality for the cardinality in the classical form. Indeed, simply
taking A = {0} to be the origin and any finite set B C Z", then

‘A—l—B‘l/n < ‘A|1/n + |B‘1/n

Therefore, a discrete Brunn-Minkowski type inequality should either have a
different structure or involve modifications of the sets.

In [6], Gardner and Gronchi obtained a beautiful and powerful discrete
Brunn-Minkowski inequality: they proved that if A, B are finite subsets of
the integer lattice Z", with dimension dim B = n, then

B B
(1.2) |A+ B| > |Di}y + D[ |-

Here D|],34|7 Dﬁg| are B-initial segments: for any m € N, DB is the set of the
first m points of Z"} in the so-called “B-order”, which is a particular order
defined on Z7 which depends only on the cardinality of B. For a proper
definition and a deep study of it we refer the reader to [6]. As consequences
of (1.2) they also get two additional nice discrete Brunn-Minkowski type
inequalities:

(=)

(1.3) |A+ BV =AY +
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and, if |B| < |A|, then

n(n—l).
2

These inequalities improve previous results obtained by Ruzsa in [14, [15].

|A+ B| > [A|+ (n— 1)|B| + (JA] = n) " /" (1B = n) /" -

2. HOwW TO TRANSFORM A DISCRETE SET. THE MAIN RESULTS

An alternative way to get a “classical” Brunn-Minkowski type inequality
might be to transform (one of) the sets involved in the problem, either by
adding or removing some points. Then the question arises as to how many
points one should add /remove to ensure the reliability of a Brunn-Minkowski
inequality.

2.1. Transforming one set by adding extra points. In order to guess
how many points one should add, we consider two lattice cubes C7:, and C}. :
it is clear that C}! + C; = C}! and therefore,

r1+r2?

ICP 4+ CP | =(ri4ro4+1)" < (r1+7r+2)" = (ICZLQIV" + !CZ;!”") -

1 2

n

So, in order to reverse the above inequality we must add to Cp,

suitable amount of points, such that the new set (_377}1 satisfies

say, a

(2.1) ICP +Ch| = (ri+r2+2)™
In this spirit, in Section [4' we prove the following theorem.

Theorem 2.1. Let A, B C Z" be finite, A, B # (). Then

1/n

(2.2) |A+ B|"/" > |A]Y" + |B)Yn,

and equality holds when both A and B are lattice cubes.

Here A is an extension of A obtained by adding new integer points, by
means of a recursive procedure, as follows. If A C Z¥ (finite), k € {1,...,n},
for each m € Z", r € {1,...,k — 1}, we write A(m) to represent the section
of A at m orthogonal to the coordinate plane Reg_,11 + - - - + Reg, i.e.,

Am)={pe ZF" (p,m) € A}

Next, for r = 1, let my € m(A) be such that ’A(m0)| = max,,|A(m)|.
Certainly the integer mg providing the maximum section is not necessarily
unique. In that case, one can choose arbitrarily any of the possibilities. In
order to establish a criterion for the construction we set

mo = max {m' € mp(A) - ’A(m')} = maX’A(m)’} .
m
Finally, we define the function

o) - {A C ZF : A finite} — {A C ZF : A finite}
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given by
AU {max A + 1} ifk=1,
ok(A) = { AU (A(mo) x {max{m(A)} + 1}) it k> 1;

i.e., o acts on A just adding the maximum section A(mg) to the set in
the position max{m(A)} + 1. As before this choice is irrelevant, and the
maximum section A(mg) can be placed at any m & mi(A).

We are now ready to recursively define A for our original set A C Z". In a
first step, we construct a new set A7 by means of its sections: A] = 0,,(A)
(see Figure [1)).

FIGURE 1. A discrete set A (left) and the set A (right).

In the second one we take (see Figure 2))
A= U (ona(afom) x {m}).
memn (A7)
In the k-th step, k > 2, we have
At = U (o ke (A (m)) x {m}).
METp_k+2,..., n(Ag_l)

Then we define A = A,

FIGURE 2. The sets A5 (left) and A = A7 (right) for the
discrete set A in Figure (1.

In the case of a lattice cube we have C! = CZ, ;. Therefore C}, +CI\, =
C} .41, and thus (2.1) holds with equality.
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We note the recursive nature of the construction of A4, in which the action
of adding the maximum section to the given set is repeatedly used onto
every successive section of the original set A. Therefore, the following two
properties are evident:

(2.3) i) 0 (A) = mp (A7) and ii) A(m) = Af (m).

In Section /5l we will show that the number of additional points in |A|
is somehow controlled. Moreover, upper and lower bounds for the ratio
}fl! /|A| and the difference ‘fl! — | A can be provided. In the first case only
the dimension will play a role, whereas for the difference it will depend on
the structure and the cardinality of A. We prove the following proposition:

Proposition 2.1. Letn > 1 and let A C Z™ be finite and non-empty. Then

(2.4) 1< :j—; < 2"

and

(2.5) 2~ 1< |A] - 4] < [T (Imi(a)] +1) = T m(A)].
i=1 =1

In general these bounds cannot be improved.

Remark 2.1. The set A can be different (both its structure and cardinality)
when either the role of the coordinate axes is interchanged in its construc-
tion, or if we use a different criterion for the choice of mg, or even if we
add as a “doubled” maximum section an arbitrary point set with the same
cardinality. In any case, the number of additional points is controlled (see
Proposition 2.1). Moreover, the above choices for the construction of A are
not relevant for the proofs of the results. Thus, in order to bound from
above |A|'/™ +|B|*/" in Theorem 2.1, one can choose in the definition of A
the options (for mg and the axis order) making ’fl + B‘ minimum, which
surely will depend on the original sets A and B.

We also note that although the cardinality of A is obviously enlarged, in

many cases the difference between ’/_1 + B ‘ and |A+ B| may be not too big;
see Example 3.2, where indeed one has ‘fl + B‘ = |A+ B|.

2.2. Transforming one set by removing points. Similarly, instead of
adding points to the original (finite) set A C Z™, A # (), we may reduce it
to define a new set r(A) in such a way that

(2.6) r(4) = A
To this aim, first we define the function
Op i {A C ZF : A finite} — {A C ZF : A finite}

iven b
° ' 5 (A A\ {maxA} if k=1,
KA =940 (A(mo) X {m0}> it k> 1;
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i.e., 0 acts on A just removing the maximum section A(myg) from the set.
To complete the picture we set dx(0) = (. In this way, dj is the left inverse
function of oy,.

Now, for 1 < k < n, we write

A= U (A m) x {m}),

with A, = A (see Figure 3). Then we define
r(A) = 0n(4, )

FIGURE 3. Transforming a discrete set A (left) into r(A) (right).

We note on the one hand that, from the definition of r(A4), (2.6) holds
because Jj, (ak(A)) =Aforall k =1,...,n. On the other hand, since there

are different ways to construct r(A), (cf. Remark 2.1), it is possible to add
every successive maximum section in such a way that

(2.7) r(A) C A.

Remark 2.2. We observe that r(A) might be the empty set. Actually,
r(A) # 0 necessarily implies that |A| > 2". Indeed, A, ; must contain at
least two points to assure that r(A) # ); this yields that at least four points
belong to A, _, and, recursively, that |A| > 2".

Using this technique, in Section 4] we prove the following theorem.
Theorem 2.2. Let A, B C Z" be finite, A, B # (). Then
(2.8) A+ BV > [r(A)V" + BV
and equality holds when both A and B are lattice cubes.

In fact we prove that the discrete inequalities (2.2)) and (2.8) are equivalent
(see Proposition 4.1)).

In [12], Matolcsi and Ruzsa consider the sum set A+kB = A+B+ % +B,
and provide a lower bound for its cardinality when dimB = n and A C
conv B. In [2], Boroczky, Santos and Serra characterize the sets A and B for
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which equality holds. As a direct consequence of Theorem 2.2 another bound
for the cardinality |A + kB| can be obtained, without additional conditions
on the sets A and B:

Corollary 2.1. Let A, B C Z" be finite, A, B # (). Then
|A—|— k,B|1/n > |A|1/n +k‘r(3)‘l/n.
Equality holds when A and B are lattice cubes.

In Section |6l we also show that the classical Brunn-Minkowski inequality
(L.1) for compact sets can be obtained as a consequence of the discrete
version (2.8):

Theorem 2.3. The discrete Brunn-Minkowski inequality (2.8) implies the
classical Brunn-Minkowski inequality (1.1).

We note that it is not possible to directly obtain any of the above dis-
crete Brunn-Minkowski inequalities from the classical one (1.1) by using the
method of replacing the points by suitable compact sets. As pointed out by
Gardner and Gronchi in [6, pp. 3996-3997],
it is worth remarking that the obvious idea of replacing the points in
the two finite sets by small congruent balls and applying the classical
Brunn-Minkowski inequality to the resulting compact sets s doomed
to failure. The fact that the sum of two congruent balls is a ball of
twice the radius introduces an extra factor of 1/2 that renders the
resulting bound weaker than even the trivial bound (11) below.

We clarify that (11) in [6] coincides with (4.1) of the present paper.

3. ON THE DIFFERENT BRUNN-MINKOWSKI TYPE INEQUALITIES

Before starting the proofs of our main theorems, we observe that inequal-
ities (2.2) and (1.2) (or even (1.3)) are not comparable. For instance, if
A = B ={0,e1,e2}, then D|]134| = A and D‘%‘ = B, and obviously equality
holds in (1.2), but we have a strict inequality in (2.2). Therefore (1.2) pro-
vides a stronger bound than (2.2). However, if A = B = C3 then A+ B = C3
and, moreover, Df‘ll = D{%' is the lattice simplex conv{0, 7e1, ea} N Z2 (we

refer the reader to [6, Section 5] for the construction, see Figure 4).

FIGURE 4. D[}, for A= B = C3 (left) and Df} + Dy, (right).

Hence
B B
|A+ B|=25> ’D|A| +D|B|’ — 2,
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whereas we have equality in (2.2)). In this case, the bound provided by (2.2)
is stronger than (1.2) (or (1.3)).

It can also be easily seen, by just considering the corresponding extremal
sets, that the bound of Matolcsi and Ruzsa in [12] for |A + kB| and the one
provided by Corollary 2.1/ are not comparable.

As mentioned in the introduction, in most cases the classical Brunn-
Minkowski inequality for the cardinality is not satisfied. Also lattice cubes
or elongated simplices do not verify it. There are however particular sets or
families of sets for which the inequality keeps its usual form, and so (2.2)
would give a weaker bound. Nevertheless, as Example 3.2/ will show, (2.2)
may turn out to be a useful tool in order to prove the classical Brunn-
Minkowski inequality for certain sets. This section is also devoted to study-
ing the few examples we could find at this respect.

Example 3.1. For finite A, B C Z", the relation
|A+ B| < |A[|B]

trivially holds (see e.g. [17, Chapter 2]), and it is easy to check that equality
holds if and only if any point of A+ B has a unique expression as a sum of a
point of A and a point of B. Under this assumption, i.e., if |A+ B| = |A| | B,
and furthermore, if |A|,|B| > 2" (they are large enough), then A, B satisfy
a classical Brunn-Minkowski type inequality:

A+ BV = A BV > max {21417, 2| B > A1V 4B,

Example 3.2. We recall that a compact convex set K C R" is called un-
conditional if for any (z1,...,z,) € K then (e121,...,ep2y) € K forall g; €
{=1,1},i=1,...,n. We consider the following sets. Given an unconditional
compact convex set K C R", let A = (K\J;; H;) N Z". Furthermore, let
B C Z™ (finite) satisfy the following condition: if (z1,...,z,) € B, there ex-
iste; € {-1,41},i=1,...,n,such that (z1,...,2i—1, i+, Tigy1,...,Tn) €
Bforalli=1,...,n (see Figure ).

FIGURE 5. An example of a set B in the above construction.

As mentioned in Remark 2.1, there are different ways of constructing A.
In the case of A = (K\ U}, H;) N Z", we place the successive maximum
sections on the coordinates hyperplanes. In this way we even have

A+ B=A+ B.
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Indeed, given z = (x1,...,7,) € A\ Aand b = (by,...,b,) € Blet I C
{1,...,n} be such that z; = 0 if i € I and z; # 0 otherwise. On one hand,
there exist ¢; € {—1,0,4+1},7 =1,...,n, such that (by+¢1,...,bp,+e,) € B,
and so that ¢; = 0 if and only if ¢ ¢ I. On the other hand, and denoting
by € = (e1,...,€n), we have that x — ¢ € A because K is unconditional.
Then x +b= (v —¢) + (b+¢) € A+ B, which shows that, A+ B C A+ B.
The reverse inclusion in obvious. Therefore, although we are adding points
in the construction of A, the cardinality of A+ B does not increase (with
respect to that of A+ B). Hence, Theorem 2.1/ yields

We also note that for the constructed set A, the above inequality does not
hold for arbitrary B.

4. PROOFS OF THE DISCRETE BRUNN-MINKOWSKI INEQUALITIES

We start this section by recalling the simple inequality
(4.1) |A+ B| > |A|+|B| -1,

for finite subsets A, B in Z" (see e.g. [17, Chapter 2]). Since the cardinality
| - | is translation invariant, we can assume that both the maximum point
of A and the minimum point of B in the lexicographical order are at the
origin of coordinates. Then it is clear that A + B D AU B, and hence
|A+ B|>|AUB|=|A|+|B| - 1.

We observe that (4.1) provides, in particular, a 1-dimensional discrete
Brunn-Minkowski inequality.

Before the proof of Theorem 2.1 we state two auxiliary results. The first
one may be regarded as a discrete counterpart of the layer cake formula.

Lemma 4.1. Let Q2 C Z be finite and let f : Q@ — Z>¢. Then

maxq f
Z flm) = Z ‘{m eQ: f(m)> t}‘
meQ t=1
Proof. Let N = maxyecq f(m), and we consider variables z;, i = 1,..., N.

Then we have the relation

N
Z (x1+x2+...+xf(m)) :th‘{meﬁ:f(m) zt}

me t=1

)

because the variable x; appears in the left-hand side expression if and only
if f(m) > t. Then, setting z; = --- = zy = 1, we get the result. ([

Lemma 4.2. Let Q C Z be finite and let f : Q — Z>o. Then, for any

r, N € Z~q, we have
{mEQ:f(m)ZtH.

ré‘{mé@:f(m)zt}‘: Z N




10 MARIA A. HERNANDEZ CIFRE, DAVID IGLESIAS, AND JESUS YEPES NICOLAS

Proof. First we rewrite

f(m) f(m)
: > = : >
E {m cQ N 2 t E m € Q N 2 t
t=-1L 2 1 p=L L
rN’rN»Y TNON
f(m)
— >
+ E {m e N 2 t
="t 2
f(m)
=" >
+- E '{m e N 2 t
_(N=Dr+1
- rN
We note that, for each of the above sums, i.e., for all i =0,..., N — 1,

D

{meQ:f(m)Zt}

= Z ’{mEQ:f(m)Zt}‘

pmirtl il N pmirtl
N N PR
= Z ‘{mGQ:f(m)Zz—f-l}‘
t=itd, . it1

)

:r‘{mGQ:f(m)zi—i-l}

and thus we can conclude that

> {meQ:fgvmzt}’:rfz;){meﬁzf(m)zwl}’.

—1 2
=Nl

This proves the result. O
Now we are in a position to prove our main result.

Proof of Theorem 2.1. We will show (2.2) by (finite) induction on the di-
mension n. The case n =1 is a direct consequence of (4.1):

|A+B| > |A|+|B| —1=|A| +|B|.

So, we will suppose that the inequality is true for n — 1. We first observe
that for all mq,mo € Z, it is clear that

(A+ B) (m1 4+ m2) D A(mq) + B(ma).
Then, taking mi € m,(A) = my(A]) (cf. (2.3) 1)) and my € m,(B), and
applying induction hypothesis (i.e., (2.2) in Z""1), we get (see also (2.3) ii))

(4.2) ‘([1 + B) (m1 + m2)‘ > |A(m1) + B(mz)‘ — ‘m+ B(mg)‘
| = (’Af(ml)}l/(n_l) + |B(m2)}1/("—1))n71.

For the sake of brevity we denote by

cqA = maX|A(m)‘ > 0, cg = max|B(m)| > 0,
meZ mez
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and let
1/(n-1)

_(Y@m-1) | 1/m-1)\"! _ cp
c= (CA +cpg ) and 0= o) A € (0,1).
A B

We observe that ¢ A = CA- Furthermore, let p, ¢ € N satisfying
(4.3) Pe Q satisfy P <ec.
q q

Finally, for M = A, A, B or A + B, we denote by f,, : Z — Qs the
functions given by

m +m m
famy = ALy ATy 1B

cA Aq CA CB
(m) = % ‘(AJrB)(m)‘.

fA+B
Using (4.2)) we get

(A 3) )| = (|45 )] 77 5 o) 070)

cl/(”—l) A]L cl/(n_l)

Cl/(n—l) Cl/(n_l) n—1
—c| A —7F (m)Y"D 4 B £, (my) Y/ (n=1)

n—1
=c <(1 — 9>fA+ (ml)l/(n_l) +6f, (mZ)l/(n—1)>

1
. p_.
>c mln{fAi" (m1)7 fB (m2)} > g mln{fAi"‘ (m1)7 fB(mZ)}

Thus, we have obtained the functional inequality
(4.4) fA+B (mq + mg) > min{fAIr (m1), fs (mg)}
Now we observe, on one hand, that the super-level sets

{meZ:f(m)>t}, {meZ: fA{r(m) >t}, {meZ: f,(m)>t}
are non-empty for all ¢ € [0, 1] and, moreover, the definition of Af yields

’{m €ZL: fA{r(m) > t}’ = ‘{m €Z: f,(m)> t}‘ + 1.
On the other hand, (4.4) implies that
{mEZ:fA+B(m) >t} D {mEZ:fA+(m) >t} +{meZ: f,(m)>t},
1
and then, using (4.1) for n = 1 and the above identity, we get
’{m €EL: f;, ,(m)> t}’

{mGZ:fA (m)Zt}‘—i—‘{meZ:fB(m)Zt}’—l

(4.5) > .\
(

—[{mez: f,m) =t} + [{mezZ: f(m) = }].
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We also observe that the cardinality of ’f_l + B‘ can be expressed as
A+ B]= 32| (A+B) (m)] = 307 iy (m
MEZL mGZ
where we write the sum over Z for the sake of brevity. Analogously,
Al =Y caf,(m) and [B|=>cpf,(m).
meZL mez

Lemma 4.1/ applied to the (integer) function f(m) = p f; ,(m) leads to

p maxy, fA+B

‘A+B‘ prA+B = Z

mEZ t=1
m) > 1 by (4.4), we get

{mEZ:prB(m)

and since maxmez, f,, , (M

P
|A+ B| > 22‘{m€Z:pfA+B(m) Zt}‘.
t=1

Let ¢ = pcacp. Applying Lemma 4.2/ to the above sum for N = p and
r = cacp, and then using (4.5), we obtain

(4.6)
- 1 1
}AJFB‘ZQCACBLI”Z, 71‘{m€Z‘fA+B( >t}’
1 1
2L Y [z ez e [imezs om =

(4.7) =l

=pes Z cafy(m) =peplAl,
meZ

and analogously (now N = c¢p and 7 = pcy in Lemma [4.2),

(4.8) 3 ‘{mEZ:fB(m)Zt}‘:pcA]BL

t==,.1
Then, (4.6), (4.7) and (4.8) together, give
- 1 1 A B
(4.9) |A+B‘Z(pCB|A|—|—pcA|B|>:p<H+H).
q CACB qg \ ca CB

Since (4.9) holds for any rational number p/q < ¢ (cf. (4.3)), by a limit pro-
cedure we also get inequality (4.9) for the real positive number ¢. And then,
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applying the (reverse) Holder inequality (see e.g. [3, Theorem 1, p. 178])
with parameters 1/n and —1/(n — 1), we conclude that

|A+B|>c <‘A| + W) > <\A|l/” + |Byl/n)".
CA CB

Finally we prove that the inequality is sharp. Indeed, let A, B be the
lattice cubes A = C7,, and B = Cj,,. Then A = CJ, ,;, and hence A+ B =
Gy tmgr1- Therefore,

|A+ B| = (m1 +mp+2)" = <|A|1/”+|B|1/”>n. 0

The following corollary is a direct consequence of Theorem 2.1.

Corollary 4.1. Let A, B be finite subsets of Z™, A, B # (. Then
A+ B| > (|A]" + | BI")" - ‘(A +B)\(A + B)).

We observe that our approach involves not only finite sets of Z", but can
be extended to general (finite) sets of R” by suitably defining A. Therefore,
Theorem 2.1] can be stated for any finite (non-empty) set of R™.

We conclude this section by proving the second version of the discrete
Brunn-Minkowski inequality.

Proof of Theorem [2.2. Tf r(A) = () then the inequality |A + B|'/" > |B|'/"
trivially holds. So we assume that r(A) # (. In this case, Theorem 2.1
applied to the sets r(A) and B, together with (2.7) yields

’A+B’1/n > ’I‘(A) +B|1/n > ‘I"(A)ll/n—f‘ |B|1/n
The equality case is a consequence of the equality case in Theorem 2.1. [J

Moreover, it is easy to see that (2.2) and (2.8) are equivalent:

Proposition 4.1. Let A, B C Z" be finite, A, B # 0. Then (2.2) and (2.8)
are equivalent.

Proof. In the proof of Theorem 2.2/ we have already proved that (2.2) implies
(2.8). In order to prove the converse we just have to note that the operator
r(-) has been defined in such a way that r(A) = A for any A # 0 (cf. (2.6)).

Therefore, applying (2.8) to A and B we get
A B 2 [e(A)[" B = A g B 0

5. BOUNDING THE CARDINALITY OF THE SET A

Let A C Z" be finite and non-empty. In this section we will show that
the number of additional points in A cannot be too large, and depends only
on (the structure of) A and on the dimension.
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If we intend to control the number of points that we add to A, first we have
to determine how many new points we have in the first step Af. Clearly,

| | |m(4)] fori=1,...,n—1,
(5.1) ‘WI(AT)‘ o { }Wn(A)} +1 fori=n.

Proposition 5.1. Letn > 2 and let A C Z" be finite and non-empty. Then
n—1
(5.2) At - 4] < [] w4
i=1
Proof. Since A C Af, then |Af| — |A] = |[A\A| = maxyez|A(m)|, so it
suffices to prove that for all m € Z,

n—1
(5.3) |A(m)| < ] |mi(A
=1

which follows from the (discrete) Loomis-Whitney inequality: it can be seen
by replacing each point in A(m) by a small cube with edges parallel to the
coordinate lines Re;, i = 1,...,n, that

(see e.g. [T, Section 5] and the references within). This shows (5.3)). O

< []|m(A(m)

In order to establish the announced upper bounds for the cardinality of A,
we also need the following general identity for natural numbers. For the sake
of brevity we set the meaningless products to be 1. We use this convention
here and throughout the rest of the paper.

Lemma 5.1. Let aq,...,a, € N. Then

Z(Ha H aﬁl)) :lfl(ai+1)—ﬁai.

k=1 i=n—k+2

Proof. A recursive procedure shows that

(1 1)

=1 i=n—k-+2

_Haz+Ha,+zn:<Haz H az+1)>

= i=n—k+2

a;(an + 1) —i—Haz an +1) —i—ié(l_[aZ H a2+1)>

1= = i=n—k+2

n—2 n n n
= H a; H a;+1) +Z (H a; H (a;+1 ) :H(aiJrl).D
i=1 i=n—

i=1 i=n—k+2 i=1

n—1
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We are now ready to provide the bounds for the cardinality of A: we
prove Proposition 2.1l

Proof of Proposition2.1. First we prove (2.4). It is clear that |A]| < 2|A],
and equality holds if and only if |m,(A)| = 1. Moreover, |A7, | < 2|A]| for
all i =1,...,n—1, with equality if and only if |m,_;(4; (m))| =1 for every
m € 7Tn_7;+]_7”.7n(A2»). Then we get |A’/|A| < 2™, and equality holds if and
only if A is a singleton.

Finally we observe that the ratio }fl’ /|A| may be, nevertheless, arbitrarily
small, as it is shown by considering A = C7', » € N. In this case,

A o] < 1 >n
sl =1+ ,
|A| 1Cr| r+1

which tends to 1 when r — oo. This shows the lower bound in (2.4) as well
as its tightness.

Next we prove (2.5). The lower bound is trivial, and equality holds if and
only if A is a singleton. For the upper bound, if n = 1 then ‘/_1| =|A| +1,
and (2.5) trivially holds. Therefore we assume that n > 2.

We observe that, in order to construct A, we first add the new points
corresponding to Af, then the new points of an_l(Af(m)) for each m €
7 (AT), and so on. Therefore:

1st step: By (5.2) we add, at most, H?;ll‘m(A)’ points.

2nd step: Using again (5.2), we can assure that we add ‘ﬂn(Af)| =
| (A)| + 1 times (cf. (5.1)), at most, [["-7|m;(A)| points.

kth step: In short, for k =1,...,n we are adding, at most,

n—k n
(5.4) [Tim@] II (Im]+1)

i=n—k+2

new points.
Altogether, and using Lemma 5.1, we conclude that

n

n—=k n
<3 (Tl 1T (o)
k=1 =1

i=n—k+2

= ﬁ(\m‘(AM - 1) - ﬁ\m(A)‘-
i=1 =1

In order to show that the upper bound in (2.5) may be attained it is enough
to consider a lattice orthogonal box A (see Figure [6)). O

6. FROM THE DISCRETE VERSION TO THE CONTINUOUS ONE

For each k € N, we consider the family of all (closed) cubes of edge-
length 27%, with vertices in the lattice 27%Z". This family tessellates the
whole space, i.e., covers R™ and its elements have disjoint interiors.
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FIGURE 6. The upper bound in (2.5) is sharp: a lattice box
A (left), A{ (middle) and A (right).

Definition 6.1. Let K C R"™ be a compact set. The k-discretization of K,
k €N, is defined as

K = {a; SPRLVAR <a:—i— [O,Q*k]n) NK # @}.

Given a compact set K C R"”, a standard straightforward computation

shows that .
K = () (K +[0,277").

k=1
This, together with the fact that

vol ( ;ﬁ (Kk n [o,g—k]”)> = lim vol (Kk 4 [0,2—k]n>

because {Kk + [O,Q_k]n}k is a decreasing sequence (see e.g. [4, Proposi-
tion 1.2.5 (b)]), allows to deduce the following result:

Lemma 6.1. Let K C R" be a non-empty compact set. Then

K
vol(K) = lim | K|

k—oo an '

We conclude the paper by proving that the classical Brunn-Minkowski
inequality for compact sets can be obtained as a consequence of Theorem 2.1.

Proof of Theorem 2.5. For each k € N, let K}, L be the k-discretizations of
K, L, respectively. Since K and L are compact, both Ky, L; are finite sets
and we can use (2.8) to deduce that, for any k£ € N, we have

1
K + Lyl ™ > [r(Kp) [+ | Ly 7.

Therefore

n 1/n 1/n
: Ky + Li| \ Y . r(Kp)| . | Li|
3 (2 i\ o | o)

Now, for k € N, we define the set
B = (K +[0.27)") + (Le + [0,27").
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It is clear that F; D F> D ... and, moreover,

[o¢]
K+L= ﬂ Fy..
k=1
Hence

vol(K + L) = vol (ﬂ Fk> = lim vol(F})
k=1 e
(see e.g. [4, Proposition 1.2.5 (b)]) and then, from

Fy =Ky + L, + [0,27"1]" 5 Ky, + Ly + [0,27%]"

we obtain

vol(K 4 L)/" = Jim vol(Fj)Y/™ > Jim ('”’“‘) .

Soo \| 2kn

Now, using (6.1) and Lemma 6.1 we immediately get

’r(K )‘ 1/n ’L ‘ 1/n
1 . k . k
vol(K + L)Y/™ > khm < o ) + klirrolo < okn )

1/n
) r(Ky) n
= khjgo <‘ okn ‘) + vol(L)'/™.
Thus, in order to finish the proof, it suffices to show that
o |r(Ky)
(6.2) kll_{lolo ‘ on ‘ = vol(K).

For the sake of brevity we denote by Kj; = (Ky),_\(Kk);, i =1,...,n,
i.e., the set of all points removed from K}, in the i-th step of the construction

of r(Kj). Then it is clear that

vol (K + [0,274]") = vol (g (Kxi) + [0,27]")

and hence
|Kk,i| —k1n _k1n
ok = vol (Kk,i + [0,2 k] > = vol (ﬂ(l)(Kkﬂ) -+ [O,Q k] )
Cp T ()|
Since K is compact, (m(;)(K)), = 7(;)(Kx), and then Lemma 6.1 yields
‘(W(i>(K>)k’ |70y (K) | | K.il
. . (@) (K . kyi
0= ol () = Jim =g = . e 2 e
which implies that
i kil _
1m = 0.

k—o0 2kn
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With Lemma [6.1] again, this shows that

lim r(Kp)| — lim | K| — | Ki\r(Ky)| — lim |Ki| — >0
koo  2kn k—o00 an k—o00 okn

_klﬂoo an Z’H)o o :vol(K).

This proves (6.2) and concludes the proof.

Acknowledgement. We thank the referees for many helpful suggestions and
remarks. We also thank Prof. J. L. Torrea for bringing to our attention the
question on how to get the classical Brunn-Minkowski inequality from the

discrete one.

REFERENCES

[1] F. BARTHE, Autour de l'inégalité de Brunn-Minkowski, Ann. Fac. Sci. Toulouse Math.

6° ser. 12 (2) (2003), pp. 127-178.

[2] K. BOROCZKY, F. SANTOS, O. SERRA, On sumsets and convez hull, Discrete Comput.

Geom. 52 (4) (2014), pp. 705-729.

[3] P. S. BULLEN, Handbook of means and their inequalities, Mathematics and its Appli-
cations vol. 560, Revised from the 1988 original, Kluwer Academic Publishers Group,

Dordrecht, 2003.

[4] D. L. ConN, Measure theory, Birkhauser/Springer, New York, 2nd revised edition,

2013.

[5] R. J. GARDNER, The Brunn-Minkowski inequality, Bull. Amer. Math. Soc. 39 (3)

(2002), pp. 355-405.

[6] R. J. GARDNER, P. GRONCHI, A Brunn-Minkowski inequality for the integer lattice,

Trans. Amer. Math. Soc. 353 (10) (2001), pp. 3995-4024.

[7] R. J. GARDNER, P. GRONCHI, C. ZONG, Sums, projections, and sections of lattice
sets, and the discrete covariogram, Discrete Comput. Geom. 34 (3) (2005), pp. 391—

409.

[8] P. M. GRUBER, Convez and Discrete Geometry, Springer, Berlin Heidelberg, 2007.
[9] L. A. LUSTERNIK, Die Brunn-Minkowskische Ungleichung fir beliebige messbare

Mengen, C. R. (Dokl.) Acad. Sci. URSS 8 (1935), pp. 55-58.

[10] E. Lutwak, The Brunn-Minkowski-Firey theory I, J. Differential Geom. 38 (1)

(1993), pp. 131-150.

[11] E. LutwaAK, The Brunn-Minkowski-Firey theory II, Adv. Math. 118 (2) (1996), pp

244-294.

[12] M. MaToLcsl, I. Z. Ruzsa, Sumsets and the convex hull, in Additive Number Theory,
D. Chudnovsky and G. Chudnovsky eds., Festschrift in Honor of the Sixtieth Birthday

of Melvyn B. Nathanson, Springer, New York, 2010, pp. 221-227.

[13] V. D. MILMAN, Inégalité de Brunn-Minkowski inverse et applications & la théorie
locale des espaces normés (An inverse form of the Brunn-Minkowski inequality, with
applications to the local theory of normed spaces), C. R. Acad. Sci. Paris Ser. I Math.

302 (1) (1986), pp. 25-28.

[14] 1. Z. RuzsA, Sum of sets in several dimensions, Combinatorica 14 (1994), pp. 485

490.

[15] 1. Z. RuzsaA, Sets of sums and commutative graphs, Studia Sci. Math. Hungar. 30

(1995), pp. 127-148.

[16] R. SCHNEIDER, Convex bodies: The Brunn-Minkowski theory, Cambridge University

Press, Cambridge, 2nd expanded edition, 2014.



ON A DISCRETE BRUNN-MINKOWSKI TYPE INEQUALITY 19

[17] T. TAo, V. Vu, Additive combinatorics, Cambridge Studies in Advanced Mathemat-
ics vol. 105, Cambridge University Press, Cambridge, 2006.

DEPARTAMENTO DE MATEMATICAS, UNIVERSIDAD DE MURCIA, CAMPUS DE ESPINAR-
DO, 30100-MURCIA, SPAIN

E-mail address: mhcifre@um.es

E-mail address: david.iglesias@um.es

DEPARTAMENTO DE MATEMATICAS, UNIVERSIDAD DE LEON, CAMPUS DE VEGAZANA,
24071-LEON, SPAIN
E-mail address: jyepn@unileon.es



