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ABSTRACT. As a substraction counterpart of the well-known p-sum of
convex bodies, we introduce the notion of p-difference. We prove several
properties of the p-difference, introducing also the notion of p-(inner)
parallel bodies. We prove an analog of the concavity of the family of
classical parallel bodies for the p-parallel ones, as well as the continuity
of this new family, in its definition parameter. Further results on inner
parallel bodies are extended to p-inner ones; for instance, we show that
tangential bodies are characterized as the only convex bodies such that
their p-inner parallel bodies are homothetic copies of them.

1. PRELIMINARIES

Let K" be the set of all convex bodies, i.e., non-empty compact convex
sets in the Euclidean space R", endowed with the standard scalar product
(-,-) and the Euclidean norm |- |, and let KCff be the subset of K™ consisting
of all convex bodies containing the origin. Let B,, be the n-dimensional unit
ball and {eq,...,e,} the canonical basis in R".

We will denote by h(K,u) = max{(z,u) : « € K} the support function
of K € K™ in the direction u of the (n — 1)-dimensional unit sphere S*~!
in R™. For a set M C R", let bd M, cl M, int M and relint M denote its
boundary, closure, interior and relative interior. The convex hull and the
positive hull of M are represented by conv M and pos M. The dimension
of M, i.e., the dimension of its affine hull, is denoted by dim M. If M is
measurable, we write vol(M) to denote its volume, that is, its n-dimensional
Lebesgue measure. Finally, for u,v € R", the notation [u,v] stands for the
convex hull of {u, v}, i.e., the line segment with end points u, v.

The vectorial or Minkowski addition of non-empty sets in R™ is defined as

A+B={a+b:ac Abec B}.
We refer the reader to the books [5] [I1] for a detailed study of the same.

2010 Mathematics Subject Classification. Primary 52A20; Secondary 52A99.
Key words and phrases. p-difference, p-inner parallel body, Minkowski difference, rela-
tive inradius, (p-)kernel, (+5-)concave family, tangential body.
First and third authors are supported by MINECO-FEDER project MTM2012-34037.
Third author is also supported by MINECO Severo Ochoa project SEV-2011-0087.
1



2 A. R. MARTINEZ FERNANDEZ, E. SAORIN GOMEZ, AND J. YEPES NICOLAS

Minkowski difference (though it was not introduced by Minkowski) can
be regarded as the substraction counterpart of the Minkowski sum: for two
sets A, B C R", the Minkowski difference of A and B is defined by

A~B={zeR":B+x C A},

this is, A ~ B is the largest set such that (A ~ B)+ B C A (if B #0). If
B = (), then we set A ~ B = R".

In 1962 Firey introduced the following generalization of the classical
Minkowski addition (see []). For p > 1 and K,E € Kj the p-sum (or
L, sum) of K and E is the convex body K +, E € Kj whose support
function is given by

1/p
(1.1) h(EK +, B, u) = (h(K, WP + h(E, u)p> ,
for all v in S"~!. When p = 1, the latter defines the usual Minkowski sum
whereas for p = 0o, h(K ++ E,u) = max{h(K, u), h(E,u)}, ie.,
(1.2) K 4o E =conv(K UE)

(see Figure M. We notice also that when combining the p-sum with the
scalar multiplication pK = {ux : = € K}, the following fact holds:

(1.3) pK +p pE = (K +p E),
for all K, F € Kfj, it >0 and p > 1.

FIGURE 1. [—2ey,2e1] +p Bg, where p =1, 1.5, 10.

Moreover, in [4, Theorem 1] it is shown that
(1.4) K+,ECK+,Eforalll<p<q.

We would like to observe a straightforward geometrically important differ-
ence between the Minkowski sum and the p-sum: the loss of the translation
invariance.
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As we shall see later, Minkowski difference gives rise to the notion of in-
ner parallel bodies, a notion which has many applications in the geometry
of convex bodies: according to [II], Section 7.5] “some of the deeper investi-
gations of inequalities for mixed volumes make essential use of the method
of inner parallel bodies”; we refer the reader to [I1Il Note 2 for Section 7.5]
for further applications of inner parallel bodies.

The works [8 0] of Lutwak, where a systematic study of means of con-
vex bodies is taken up, constitute the outstanding rising of the nowadays
known as Brunn-Minkowski-Firey theory. In the last years many important
developments of this theory have come out; for further details, as well as
detailed bibliography on the topic we refer the reader to [I1, Chapter 9] and
the references therein.

Our aim in this work is to introduce a new operation, the p-difference of
convex bodies, which emulates the Minkowski difference in the framework of
the L,-Brunn-Minkowski theory: for K, F € Kfj, E C K, we will define the
p-difference of K and E as the largest convex body K ~, E € Kj such that
(K ~, E)+, E C K. Then, in Section ] we will show that the following
equality of sets holds, providing two different expressions for the p-difference
of K and E:

Koy U M= () {re® @) < Ky —hEap) ")
MeFE o uesn—1

where Fr. . ={M €K} : M +,EC K}.

Next we prove suitable extensions of properties of the Minkowski sub-
straction for the p-difference. That is the content of Section 2l

Later, in Section [Bl we discuss the necessity of introducing a subfamily of
K§ where to work with the p-difference. We prove that the natural notion
of kernel (see Section 2l for details) of a convex body in the context of the p-
difference satisfies appropriate “p-versions” of the classical properties. More
precisely we prove that the p-kernel of K with respect to F¥ may be larger
than the classical one, but remains always lower dimensional, i.e., contained
in a hyperplane. Finally, in the last section we introduce the notion of
p-inner parallel body, showing, among others, a concavity property of the
family of p-parallel bodies and the characterization of sets for which their
p-inner parallel bodies are homothetic copies of them.

2. p-DIFFERENCE OF CONVEX BODIES. DEFINITION AND FIRST
PROPERTIES

There are several equivalent definitions of Minkowski difference, all of
which turn out to be equivalent (see [II], p. 146]). Next we provide the two
of them, which, in our investigation, settle down the basis for the definition
of p-difference of convex bodies.
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On the one hand, as mentioned already in the introduction, the Minkowski
difference of two sets A, B € R" can be defined by

(2.1) A~B={zeR":B+x C A}

On the other hand, if ¢ : S"~1 — [0, 00) is a non-negative continuous func-
tion, the Wulff-shape or Aleksandrov body of 1) is the set

WS@) = (] {zeR": (z,u) <(u)}.
ueSn—1
For further details about Wulff-shapes we refer the reader to [I1] Section 7.5]
and the references therein.

Remark 2.1. It is easy to see ([11l, Section 7.5]) that for any such v, WS(v))
1s a convex body containing the origin, and moreover,

h(WS(),-) < ().

Thus, for convex bodies K,E € K, the Minkowski difference can be
defined as the Wulff-shape of the function ¢ (u) = h(K,u) — h(E,u):

(2.2) K~E= ()] {z€R":(z,u) <h(K,u)— h(E,u)}.
ueSn—1
Unlike what happens with the Minkowski sum and the p-sum, the support
function of the Minkowski difference of K, E cannot be given, in general, by
an easy combination of the support functions of K and E. Nevertheless,
Remark 2] provides a bound for the support function of the Minkowski
difference, namely,

WK ~ E,u) < h(K,u) — h(E,u) for allu € S""!.

We would like to point out that, in general, there is no equality in the above
inequality relating support functions (cf. Lemma [ZT]ii)).

Next lemma collects some useful rules which relate Minkowski addition
and substraction.

Lemma 2.1 ([I1] p. 147]). Let A,B,C CR"™. Then
i) (A+B)~BDA. If A,B € K", then there is equality.
ii) (A~B)+BCA,if B#0. If A, B € K", equality holds if and only
if B is a summand of A, i.e., if there exists D € K" with A = D+ B.
ili) (A~B)+CC (A+C)~ B.
iv)] ( A~B)~C=A~ (B+0C).
v) A+ BC Cifand only if AC C ~ B.

We have seen two equivalent geometric constructions giving rise to the
Minkowski difference, namely, equations ([2I]) and ([2:2]). The first definition
makes use of the natural connection of the substraction with the Minkowski
sum: K ~ E should be mazimal among all convex bodies which (Minkowski)
added to E keep the result within K. The second definition takes advan-
tage of the connection of the Minkowski sum with the support function via
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a Wulff-shape, since differences of support functions need not be support
functions.

These two constructions settle down the basis for describing the p-differen-
ce of convex bodies. As mentioned in the introduction we define this oper-
ation in the following way.

Definition 2.1. Let K, FE € KIl, E C K, and let p > 1. The p-difference of
K and E is the largest convex body K ~, E € Ky such that

(2.3) (K~, E)+, ECK.
On the one hand, it is clear from the above definition that
(2.4) Kn~, E= U M,
MeFf. g
where

FL = {Meicgz M+pEgK},
because UME]:f(;E M is a convex body. Indeed, if K1, Ky € F%;E then also
conv(K; UKy) € ]-'%E, i.e., the above union is a convex set. Now given a
sequence of points (z,,), C UMGF}';,E M with lim,,_,o @, = x, there exists a
sequence (M,,),, C Fr . with x,, € M,. By Blaschke Selection Theorem (see
e.g. [I1, Theorem 1.8.6]) we can choose (M), to be convergent to a convex
body M, and it is clear that M € ]—"}'},E. Therefore, x € M C UMEF{}.E M.

Taking (L2]) into account, it is easy to check that K ~,, E' = K, and for
p = 1 we obviously obtain the classical Minkowski difference of K and F.

On the other hand, and looking back to (Z2]), one expects that such a kind
of expression also works for the p-difference, in order to use the powerful
Waulff-shape structure and its connection with the support function. The
following theorem shows that this is the case. First we will assume that
1 < p < 00. The case p = oo will be treated later.

Theorem 2.1. Let 1 <p < oo and let K, F € K with E C K. Then,
(2.5) K~, F= ﬂ {x eR": (z,u) < (h(K7 w)P — h(E,u)p)l/p}.

ueSn—1
Proof. We show (2.3]) using the already known expression (24]) for K ~, E.
Let
L= N {x ER: (z,u) < (h(K,u)’ — h(E,u)p)l/p} .
uesn—1

Remark 2Tl ensures that h(L,u) < (h(K,u)? — h(E, u)p)l/p and so we have
h(L,u)? + h(E,u)P < h(K,u)P for all u € S* 1. It yields L C K ~,, E.

Conversely, if z € K ~, E, then there exists M € FJ. ., such that € M,
and from the definition of F7- .., we obtain that

h(M,u)? + h(E,u)? < h(K,u)? forall ue S" L



6  A.R. MARTINEZ FERNANDEZ, E. SAORIN GOMEZ, AND J. YEPES NICOLAS

It implies that (z,u) < (h(K,u)? — h(E,u)p)l/p for all u € S*" 1 ie., v € L,
which shows the reverse inclusion and concludes the proof. U

We observe that by Remark 21 K ~, E is a convex body whose support
function satisfies
(2.6) WK ~, E,u) < (h(K,u)? — h(E,u)?)"/".

For p = oo, the right-hand side in the defining inequality in ([Z3]) shall
be seen as the limit when p goes to infinity. Then, the case p = oo is not
achieved in the above result as the following example shows.

Example 2.1. Denoting by C,, = [—1,1]|" the n-dimensional cube of edge-
length 2 centered at the origin, we have

ﬂ {x ER": (z,u) < lim (h(Cp,u)? — h(Bn,u)p)l/p} = {0},

p~>oo
ueSn—1

whereas Cy, ~oo By, = Cy, using [2.4]).

The problem relies on the fact that h(K,u) = h(E,u) for some u € S*~!
provokes a devastating geometrical effect on the intersection expression in
([Z3), whereas it is almost unseen by the union used in (Z4). Indeed, if
h(K,u) = h(E,u) holds for some u € S"~! then

: P _ P 1/p::
plgglo(h(K, u)? — h(E,u)P) 0.

However, if bd K Nbd E = (), as F C int K, we have
lim (h(K,u)? — h(E,u)?)"" = h(K,u)

p—00
obtaining that
ﬂ {x €R": (z,u) < lim (h(K,u)? — h(E,u)p)l/p} =K.

p—00
uesSn—1
Remark 2.2. From now on, we set
(h(K,u)P — h(E,u)p)l/p = h(K,u) for p= o0,
which is the limit when p — oo except if h(K,u) = h(E,u) # 0. With this
convention, Theorem [21 remains true for p = oo too.

Next we state the p-analogue of Lemma 2.1 whose proof is a direct ap-
plication of (Z3]) and (LT]). Item i) of Lemma [ZI] will be included in Propo-
sition 211

Lemma 2.2. Let K,E,M € Kij and p > 1. Then, assuming the suitable
inclusions among the sets,
i) (K ~p, E)+,E C K. Equality holds if and only if E is a p-summand
of K, i.e., if there exists L € K{j with K = L +, E.
i) (K~p E)4+p, M C (K+,M)~,E.
iii) (K ~p E) ~p M = K ~, (E+, M).
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iv) K4+, EC M if and only if K C M ~, E.

Further properties of the p-difference are collected in the following.
Proposition 2.1. Let K,E € K. Then, for 1 < p < oo,
(2.7) (K 4, E) ~p E = K.
Forallp>1and 0 <e <1,
(2.8) K ~,eK = (1-e")/PK.
If E C K then, for allp>1 and A > 0,
(2.9) MK ~p E) = (AK) ~p (AE).
Proof. Since h((K +p E) ~p E,u)” < h(K,u)? for all u € S"71 (cf. (2)),
we obtain that (K +, F) ~, E C K. Now, Lemma 22iv) for M = K +, E
yields K C (K 4+, E) ~, E, and thus, K = (K +, E) ~, E.

In order to prove (2.8]), we first notice that the definition of p-sum (LII)
implies that (1 —?)!/PK 4, K = K. Then, by (1) we get the result.

Now we show (29]). Taking support functions and using (26]), it is im-
mediate to see that (A(K ~, E)) +, AE C AK, which yields the inclusion

MK ~y E) € (\K) ~, (AE).
Then, applying this relation to AK, AE and 1/, we finally get

K~y EC H(AK) ~ (\E)| C K ~, E. O

The following lemma is an easy consequence of (L)) and (2.4)).
Lemma 2.3. Let K. F € KI', EC K, andlet 1 <p <gq <oo. Then
(2.10) K~y ECK ~y E.

Remark 2.3. We observe that the inclusion (ZIQ) may be strict, as relation
@38) shows, because the map t — (1—e)V/t, 0 < e < 1, is strictly increasing.

Finally we deal with the continuity of this new operation in Kf. It is
known (see [LI, Remark 3.1.12]) that Minkowski substraction is not contin-
uous with respect to the Hausdorff metric dp (see [I1, Section 1.8] for the
definition). Next we prove that the same holds for the p-difference of convex
bodies, for any 1 < p < co. For p = oo, the continuity holds trivially.

Proposition 2.2. Let 1 < p < co. The p-difference is not continuous with
respect to the Hausdorff metric.

Proof. We consider the convex bodies
K= Conv(BQ {217, (2 —1)T}>,
K; = conv (B U{(2,1)7, (2, -1+ 1/¢)T}), ieN.

Clearly, K; converges to K with respect to the Hausdorff metric in KZ.
Indeed, it can be seen that oy (K;, K) < 1/i.
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On the one hand, we have (see (ZI0)) K ~, By O K ~ By = [0, e4] for
all p > 1. On the other hand, we claim that K; ~, By = {0} for every
t € N and all p > 1, and hence we could conclude that K; ~, By does not
converge to K ~,, Bs, as required.

In order to prove the claim, let ¢+ € N and suppose, by contradiction, that
there exists u = (a,b)T € K; ~, B, u # 0, which yields [0,u] 4+, By C K;.
If b # 0 then

h([0,u] +p By, tea) = (14 ") /P > 1 = h(K;, e2),

where the sign for e is chosen accordingly to the sign of b. Clearly it is not
possible, and therefore b = 0, i.e., u = aey;. Now, if a < 0 then

h([O,ael] +p Bs, —61) = (1 + ‘a’p)l/p >1= h(KZ —61),

again a contradiction. Hence, a > 0.

Let u; = (cos;,sin ;)T € S! be the unit normal vector to K; at the “in-
clined bottom edge”, i.e., the unique vector on S' with coordinates cos 6; > 0,
sin@; < 0 (see Figure ).

FIGURE 2. The p-difference is not continuous.

Then we have

h([0, ae1] +p Ba, u;) = (1 + a” cos” 0:)Y? > 1 = h(By, u;) = h(K;, u;),
which is impossible. Therefore, K; ~, By = {0}. O

We conclude the section with a brief observation on a Brunn-Minkowski
type inequality. The famous Brunn-Minkowski inequality states that for
K, FE e K",

vol(K + E)Y™ > vol(K)Y™ + vol(E)"/™.

Using the monotonicity of the volume together with basic properties relating
the Minkowski sum and difference (see Lemma 2] ii)) one obtains the
following Brunn-Minkowski inequality for the Minkowski difference:
(2.11) vol(K ~ E)Y/™ < vol(K)Y™ — vol(E)'/™.

In the setting of the Brunn-Minkowski-Firey theory, the p-Brunn-Minkowski
inequality, i.e., a Brunn-Minkowski type inequality for the p-sum, establishes
that if K, E € K, 1 <p < oo, then

(2.12) Vol(K +, E)"™ > vol(K)P/™ + vol(E)P/™
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(see e.g. [1IL Theorem 9.1.3]). Taking into account ([2I2]), the inclusion ([2:3])
provides, in a straightforward manner, a Brunn-Minkowski type inequality
for the p-difference of two convex bodies (cf. ([2.I1))):

Proposition 2.3. Let K, E € K with E C K and let 1 <p < oo. Then
vol(K ~, E)P/™ < vol(K)P/™ — vol(E)P/™.
Proof. Combining (2.3)) with the monotonicity of the volume, we obtain that
VOl((K ~p E) +p E)P" < vol(K)P/™.
Now ([2.12) together with (L3]) yields
VOl((K ~p E) 4+ E)"™ > vol(K ~, E)""™ + vol(E)P/",
Joining both inequalities we finally obtain that
Vol(K ~, EYP/™ < vol(K)P/™ — vol(E)P/™. O

The case p = oo leads to a trivial inequality.

3. p-INRADIUS AND p-KERNEL

From now on we shall always assume that p # co.

When dealing with the Minkowski difference, the notions of inradius and
kernel play a prominent role (see e.g. [2, [6, [10] and the references therein).
For two convex bodies K, E € K", the relative inradius v(K; E) of K with
respect to F is defined by

r(K;E) = max{r >0:2+rE C K for some z € R"},

whereas ker(K; F) = K ~ r(K; E)E is the set of relative incenters of K,
usually called kernel of K with respect to E. The dimension of ker(K; E) is
strictly less than n (see [3, p. 59]). Moreover, the (relative) inradius at the
origin (cf. [1]) is defined as

p(K;E) =max{p >0:pE C K}.

Regarding (any of) the definitions of p-difference, one would be tempted
to introduce, for K, E € K, E C K, an analogue of the relative inradius,
i.e., a p-inradius of K relative to E as

max{r >0:M+,rE C K for some M € ICBL}.

However, it is immediate to see that the above number, for p > 1, coincides
with the (relative) inradius at the origin p(K; E). Indeed, if there exists
M € K such that M +, pE C K, then

pE ={0} +, pE C M +, pE C K,

as claimed.

We observe that since the “naturally defined” p-inradius does not depend
on p, and since, in general, r(K; E) # p(K; E), in order to develop a struc-
tured and systematic study of the p-difference, also valid for p = 1, we have
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the heuristic necessity of introducing a subfamily of Kfj where also the trivial
cases are avoided.

Thus, for £ € K}, we define the subfamily, strongly depending on the
geometry of the body E € K, given by

n(E) = {K € K} : 1(K; E) = p(K; E)}
={K eKj:0€ker(K;E)}.

The last equality of sets follows easily: if 0 € ker(K; E) then r(K; E)E C K,
and thus r(K; E) < p(K;FE), being the reverse inequality a direct conse-
quence of the definition of inradius; conversely, if r(K; E) = p(K; E) then
r(K; E)E C K, which implies that 0 € ker(K; E).
For K € K{jy(E) we define the p-kernel of K with respect to E as
ker,(K;E) = K ~, 1(K; E)E.
Then, using (210) it follows that, for 1 < p < ¢ < oo,

(3.1)

(3.2) ker,(K; E) C kery(K; E).
As in the case of the usual kernel, for which
(3.3) dim (ker(K; E)) <n—1

(B, p. 59])), the following result shows that for any value of 1 < p < oo, the
p-kernel of K € K{jy(E) is always a degenerated convex body.
Proposition 3.1. Let K € K§y(E). Then, for any 1 <p < oo,
dim (ker,(K; E)) <n— 1.
Proof. Without loss of generality, we may assume that r(K;E) = 1. Then
U={ueS"':hK,u)=h(E,u)} #0. We observe that if we show that
(3.4) dimﬂ{xéR”:(m,u)ﬁO} <n-1,
uelU

then, using (23] we would get that

K ~,EC ﬂ{xéR”:(m,u)ﬁO},

uelU
which would finish the proof. Therefore, we have to prove (B.4]).
Thus we assume, by contradiction, that

dimﬂ{xeR”:(m,u>§0}:n.

uelU
Let v1,...,v, € R™ be n linearly independent vectors so that
A =pos{vy,...,v,} Cint ﬂ {z e R": (z,u) <0},
uclU
and let ui,...,u, € S ! be n unit vectors such that

ﬂ {z eR": (z,u) <0} = ﬂ {z e R": (z,u) <0} = A.

ue{ut,...,;un} u€pos{ui,...,un}
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Denoting by U = pos{uy,...,u,}, we clearly have that U C relint U. Thus,
€ = min {h(K, u) —h(E,u): u € CI(S”_I\ﬁ)}

is a positive real number and hence,

ANeB, = ﬂ{xER":xu< ﬂ {xER”:xu <5}
uel uesn—1

= ﬂ{xER”:xug} N ﬂ {xeR”:xu <€}

uel weSn—1\U
c N {xéR”:( < WK, u) — )}:KNE.
uesSn—1
This implies that K ~ E has interior points (cf. ([B3])), a contradiction. It
shows (B.4]) and hence the proposition. O

But moreover, for a given K € K{j,(E), the dimension of the p-kernel
depends on the parameter p. Before stating in a precise way this property,
we need the following result, which allows to determine directly the inradius
and the p-kernel in a special situation.

Lemma 3.1. For E € K, let K € Kio(E). If K = L+, E with L € K,

dim L < dim(L + E), then r(K;E) =1 and ker,(K; E) = L.

Proof. Since E C L 4+, E = K, then r(K;FE) > 1. Moreover, by (L4)

we have that L +, E C L + E, and since dimL < dim(L + E), we get

1<r(K;FE)<r(L+E;FE)=1,ie, r(K;FE)=1. Finally, by 27,
kery(K:E) = K ~pt(K;E)E =K ~y E= (L+pE) ~y E=L. O

Proposition 3.2. For E € Kj, let K € Kjy(E) and 1 <p < q < co. Then

dim (ker,(K; E)) < dim(kery(K; E)).
The inequality may be strict.

Proof. The statement is an immediate consequence of ([3:2). The following
example shows that the inequality may be strict.

Let 1 < p < ¢ < oo and we take the convex body K = [—e1,e1] +4 By.
Then, Lemma B.1] ensures that kery(K; By,) = K ~; B,, = [—e1, e1], and we
claim that ker,(K; B,) = K ~,, B;,, = {0}, which would show the statement.

Since K ~j, B, C K ~4 B,, = [—e1, e1] (see Lemma [23)), we suppose, by
contradiction, that there exists Aey € K ~, B,, with 0 < A < 1. It implies
that [0, \e1] C K ~) By, i.e., [0, \e1] +, B, C K, and then

h([0,Xe1] 4+p Bn,u)” < h(K,u)’ = h([—e1,e1] +¢ Bn,u)”
for all u € S*~!. In particular, taking
u = ()\p/(q—p)’ (1- )\219/(11—10))1/2’07 . ’0>T c st
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the above inequality becomes A\P%/(2=P) 41 < ()\W/ (@-p) 4 1)p/ ! which is a
contradiction because p < g and A > 0.

Due to the symmetry, the same argument shows that for all —1 < A\ < 0,
Xe1 € K ~, B,,. Therefore, K ~, B, = {0}, as claimed. O

4. p-INNER PARALLEL BODIES

For two convex bodies K, E € K", and a non-negative real number A the
outer parallel body of K (relative to E) at distance X is the Minkowski sum
K + \E. For —r(K; E) < X <0 the inner parallel body of K (relative to E)
at distance |A| is the Minkowski difference K ~ |\| E. Inner parallel bodies
and their properties have been studied in [2| [6l 0], among others.

Joining outer and inner parallel bodies, for a fixed F € K", the full system
of relative parallel bodies of K is defined as

K~\E if —r(K;E)<\<0,
AT K+AE it 0< A< oo.

Obviously Ko = K and K_,(k.p) = ker(K; E). Moreover, for K,L € K"
and arbitrary p > —r(K; E), 0 > —r(L; E), the rule

(4.1) Ky+Lo C(K+L)yto

is valid (see [I1], (3.20)]). As a consequence, a very useful property of the full
system of relative parallel bodies of a convex set is obtained: the full system
p— I, is concave with respect to inclusion (see [I1, Lemma 3.1.13]), i.e.,

(1 — )‘)KM =+ )\KJ - K(l—k)u—l—)\tf'

In this section we define a full system of p-parallel bodies of K for 1 < p < oo
and prove, in the above spirit, several properties of such a system. Since
we will work with convex bodies lying in Kfj;(E), the lower bound for the
parameters will be always (minus) the classical relative inradius (cf. (3])).

Let E € Kj and K € K§y(E). We define the full system of p-parallel
bodies of K relative to E, 1 < p < oo, as follows.

Definition 4.1. Let K € K{,(E). Then, for any 1 < p < oo,
[ K~y NE if —1(K;E)<A<0,
A K+, \E  if 0< A< oo

We will refer to Kf\? as the p-inner (respectively, p-outer) parallel body of K
at distance |\| relative to E.

4.1. On the continuity and the concavity of the family of p-parallel
bodies. Next we show that, similarly as in the case p = 1, the full system
p — K} is, say, +,-concave, with respect to set inclusion. First we intro-
duce some notation for the p-sum of two real numbers, which will play an
important role in the following. Since negative real numbers are allowed,
this definition extends (up to a constant) the classical p-mean of positive
real numbers (see [7]).
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Let 4+, : R x R — R denote the binary operation defined by
sgny(a,b) (|af? + [bfP) " if ab > 0,

4.2 +,b=
@2 atob=1 ) (max{|a|,|b|}p—min{|a|,|b|}p)1/p if ab < 0,

being sgn, : R x R — R the function given by
sgn(a) = sgn(b) if ab > 0,
sgny(a,b) = < sgn(a) if ab < 0 and |a| > |b],
sgn(b) if ab < 0 and |a| < |b),

where, as usual, sgn denotes the sign function.

We notice that for ab > 0, this definition corresponds, up to maybe a
signed constant, to the classical p-mean ([7, Chapter II]) and does not cor-
respond to any of the more general ¢-means considered in [7, Chapter III].

We point out two (easily proved) facts about this operation, which will
be used throughout the rest of the section without further special mention:

i) a+pb=0+paforall a,beR,ie., +, is commutative.
i) (a+pb)+pc=a+p(b+pc) =(a+pc)+pbforall a,b,ceR, ie., +,
is associative.

In the setting of the Brunn-Minkowski-Firey theory, given a convex body
K € K, a p-scalar multiplication is usually defined by

AN-K=\/PK  forA>0

(see e.g. [IIl p. 490]). We use the analogous notation to the above one in
order to define, for A > 0 and a € R, the numbers product

A-a=\/Pq,

With the above notation, the following result on the p-sum of (arbitrary)
real numbers shows that its behavior fits in the context of convexity.

Lemma 4.1. Let a,b € R, a <b and A € [0,1]. Then, for all p > 1,
(I=X)-a+pX-bea,b].
Proof. First, if ab > 0 then
(1=X)-at+pr-b= [(1 - A)l/pa] +, [Al/pb}
= sgny (1= 0)"7a, A7) (1= N)lal? + Alpl?) ”
= sn(a)((L = N)lal” + A7) ",
and thus, in both cases a > 0 and a < 0, we get, from the above identity,
a<(I—=X-a+pX-b<b,

as required.
So, we assume ab < 0, i.e., a < 0 < b, and we distinguish two cases.
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o If (1 — \)Y/Pla] > AV/P|b|, then
sgny ((1 —\)VPq, Al/pb) = sgn ((1 - A)l/pa) =—1,
and therefore (see (d2)),
(1= ) a+pA-b=sgn, (( AP, Al/pb) (1= N)lal? = Ajp[) "/

= (1= Nlal” = AP <0< b
and
(1= A)-atp b= =((1=N]a")" = (1= X)"[a] > ~|a| = a.
o If (1 — \)Y/Pla] < AV/PJb|, then
sgn, ((1 — )P, Al/pb> — sen (Al/pb) —1
which yields
(1= -a+pA-b= (AP — (1= N)al?)"” < A\V/?[b] < [b] = b.
Obviously we also have (1 —A)-a+, A-b>0> a. O
The defined p-sum of real numbers ([4.2) turns out to be the right opera-
tion in order to describe the behavior of the system of p-parallel bodies, as
the following proposition shows. The proof is analogous to the proof of ([Z.1])
(see [I1l, pp. 148-149]), just interchanging the Minkowski sum and difference

of convex bodies by the p-sum and p-difference, and the usual sum of real
numbers by the p-sum defined in (£.2]).

Proposition 4.1. For E € Ky, let K,L € K{jy(E), —r(K; E) < p < oo and
—1(L; E) < 0 < o0. Then, for all1 < p < oo, we have

(4.3) KL 4, L8 C (K +, L), .

As we already noticed when dealing with the p-difference, its combination
with the p-sum is not necessarily commutative if the difference is taken first
(cf. Lemma and ([27)). Next result shows how this fact is translated
into the setting of p-parallel bodies.

Proposition 4.2. For E € Ky, let K € K{,(E), and let \,;x > 0. The
following relations hold for any 1 < p < oco:

i) (Kp) K§+ I
i) (K2,)), € K{ )y, if A <t(K;E).
i) (K?,)" —Kf N (=) z'f)\P+MP<r(K-E)P.
iv) (K ) K/\Jr zfu<r(KE)+p)\
v) AKE = ()\K) f07" all —=r(K; F) <0 < .
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Proof. For p = 1, i.e., for the usual relative parallel bodies, these relations
can be found in [6].

Items i), ii) and iii) follow directly from the definition of p-sum, relation
#3) with L = {0} and Lemma [22] iii), respectively, taking into account
that AE +, pE = (A +p, p)E.

To prove iv) we notice first that if A > p then, by i),

p _ P
K3 o B = K = B3
and using (7)) we obtain K/\er(_u) = (K})”,
Now if X < p, ii) yields
P 4 _ P
Kypomy To PE S Ky i = B

and again from (7)) we deduce that K}
Lemma [22ii) and (2.7)), we obtain
(K2 ptp A+ () |E = (KX ~p BE) +p |A +p (—p)|E
C (KX +p A +p ()| E) ~p pE
= Ky () e HE
— K%~y uE = K,

e © (KX)Z,,- Moreover, using

which shows the opposite inclusion (K})” , € K¥ ()"
Finally, v) is straightforward from the definition of p-sum if o > 0, and a
direct consequence of [2.9]) if o < 0. O

From (43]) and Proposition [£2] v) we obtain the following result (cf. [11J,
Lemma 3.1.13]).

Theorem 4.1. For E € K, let K € Kijy(E). The full system of p-parallel
sets of K relative to 2, 1 < p < 00, is +,-concave with respect to inclusion,
i.e., for A € 10,1] and p,o € [fr(K; E),oo),

(L=X)- K +pA- KpCKl(Dl A)-pApro”

Proof. We notice that, by LemmalT] (1—-X)-pu+, -0 > —r(K; E). Then
(1-X\) K+, \ KD = ( 1/17[(19) ()\1/pr)
= [(1 o A)l/pK]I(?k,\)l/pu +p [)‘ /pK} A\/pg
P
= K(1 A ptp Ao’ -

Next we show that the full system of p-parallel bodies is continuous in
the parameter A with respect to the Hausdorff metric (cf. Proposition 2.2]).

Proposition 4.3. For E € K{, let K € Kjy(E) and let 1 < p < co. Then
the function ® : [—r(K; E),00) — K§ given by ®(\) = K} is continuous
with respect to the Hausdorff metric in Kf.
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Proof. Let {\;}2, C [—r(K;E),oo) be such that lim;_,oc \; = X\. We have
to prove that lim; o, ®(\;) = ®(A). We notice first that

D(N\) = Kf\?i = WS(e»,),

D(\) = K} = WS(pn),

where ¢, : S"71 — [0, 00) is the (continuous) function given by

() = (C ) + s (2, uyr)

From the continuity of the functions ¢y, ¢, and the compactness of S*!
we deduce that there exist constants My,, My > 0, i € N, such that

PN (Sn_l) - [07 MAi]? '\ (Sn_l) - [07 M/\]
Since lim;_,o0 A; = A, the sequence {\;}?°, is bounded, and then there exists
a constant M > 0 such that M > My and M > M,,, 1 € N.
If A # 0, then sgn(A;) = sgn(A) for ¢ large enough, whereas if A = 0, then
@X. — vb = sgn(Ni)|\iPh(E, -)P. Therefore we have, in both cases, that

€%, — Al = Hsgn()\i)(])\i\p AP R(E, .)pH

for i large enough, and thus, liml-%ongpﬁi - goﬁHoo =0.

== e,

Since the function [0, M] — R given by ¢t — t'/?, is uniformly continuous,
then lim; o0 [, —@alloo = 0. Now, [I1}, Lemma 7.5.2] for Q = S”~! implies
that lim; oo WS(py,) = WS(py), as desired. O

4.2. p-inner parallel bodies for special families of sets. As it occurs
when dealing with the p- and the Minkowski sums, for which the first one
happens to be more difficult to visualize, the p-difference is, in general, also
more difficult to deal with than the Minkowski difference. However, there
are particular cases in which the p-difference is easy to determine. In this
subsection we deal with special families of convex bodies, for which p-parallel
bodies can be explicitly determined.

Tangential bodies can be defined in several equivalent ways; here we will
use the following one: a convex body K € K" containing a convex body
E € K™, is called a tangential body of E, if through each boundary point
of K there exists a support hyperplane to K that also supports E. We
notice that if K is a tangential body of E, then r(K;FE) = 1. The n-
dimensional cube is an example of this type of bodies for £ = B,,. For an
exhaustive study of the more general defined p-tangential bodies we refer to
[11L Section 2.2 and p. 149].

The p-inner parallel bodies of a tangential body can be easily obtained

(see Figure 3] cf. [2.3)).

Proposition 4.4. Let E € K and let K € K be a tangential body of E.
Then, for all 1 < p < oo and any A € [0, 1],

(4.4) K?, = (1 - \P)YPK.
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Cy

Cy ~y (1/2)By

FIGURE 3. 1 and 2-difference of the square C and the ball (1/2)Bs.

Proof. Let U C S"~! be the set of those outer normal vectors for which the
support hyperplane to K also supports E. Clearly, h(K,u) = h(E,u) for all
u €U and
K= ({z €eR": {x,u) < h(K,u)}.
uel
Therefore we get, on the one hand,

Kg)\ =K~ A\E = m {x eR": (z,u) < (h(K,u)P _ )\ph(E’u)p)l/p}
UES’"’71
C N {oe®: @ < (- W)Ph(E0)} = (1- WK,
uel
On the other hand, since £ C K, then

h((l — )\p)l/pK, u)p = (1 - M)h(K,u)’ <h(K,u)? — NPh(E,u)P
for all w € S, and hence

K= () {re®s ()< (kwp - n(E0p) )

ueSn—1

2 ﬂ {x ER": (z,u) < h((1- AP u)} = (1-\)/PK.
ueSn—1

It concludes the proof. O

Moreover, tangential bodies can be characterized by (@), i.e., as the
only convex bodies such that their p-inner parallel bodies are homothetic
copies of them (see Figure [B]). The case p = 1 was proved by Schneider,
see [I1, Lemma 3.1.14]. In order to prove it we need the following auxiliary
result, which shows that p-inner parallel bodies are strongly related to the
classical inner ones when dealing with dilations. For the sake of brevity we
will assume that r(K; E) = 1.

Proposition 4.5. Let K,E € K with E C K and r(K;FE) = 1. Let 1 <
p<ooand A€ [0,1]. If KP, = 0K for some 0 € [0,1], then § = (1 — \P)/P
and K_(1_g) = 0K.
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Proof. First we prove that

(4.5) if KP, =0K for 0<A<1, then 6= (1 - \P)Y/P,

Indeed, since (1 — NP)'/PK 4, \E C (1 — \)'/PK 4, A\K = K, then we get
(1-MW)/PK C K ~, A\E = 0K, which yields 8 > (1 — X\*)'/P. Moreover,

since r(K; E) = 1, there exists u € S"~! such that h(K,u) = h(E,u) > 0
(see [3 p. 59]). Therefore,

Oh(K,u) = h(0K,u) = h(K ~p AE,u) < (h(K,u)P — )\ph(E’u)p)l/p
= (1 W) Ph(K ),

and since h(K,u) > 0, we get 6 < (1 — X\?)!/P_ which shows (&H).
Now we prove the proposition.
First we observe that 0K + (1 —0)E C 0K + (1 —0)K = K, which yields

K CK ~(1-0)E=FK__g,

and we assume, by contradiction, that there exists z € (K ~ (1 —0)E)\0K.
In particular, z ¢ 0K = K” ,, and so (cf. (1)) there is u, € S™~1 such that

(4.6) (@,u0) > (W(K, up)? — Nh(E, u,)?) /"

Moreover, since z + (1 — §)E C K, taking support functions we get
(4.7) (x,uy) + (1 = O)h(E, uy) < h(K,uy),

and joining both inequalities (£.6]) and (&7, we obtain

(4.8) (h(K,uz )P — )\ph(E,uz)p)l/p < h(K,uz) — (1 —0)h(E, uy).

We notice that h(K,u,) > 0 (cf. (£G), since h(K,u,) > (z,u;) > 0), and
thus, writing o = h(E,uy)/h(K,u,) € [0, 1], inequality (@8] becomes

(4.9) (1—=Xa?)P <1 (1-6)a

In order to get the contradiction, let f(a) = (1 — APaP)'/P defined on [0, 1].
It can be checked that f”(a) <0, i.e., f is a concave function, with f(0) =1
and f(1) = (1—=A)/P = @ (cf. @F)), which implies that f(a) > 1—(1—60)«
for all & € [0,1]. It contradicts (£9)), and shows the result. O

Remark 4.1. Proposition [[.5 says that there is a bijection between p-inner
parallel bodies and the inner parallel bodies of K, when they all are homo-
thetic to K, given by

KPy = K_11(q_xe)/e-

Theorem 4.2. Let K,E € K, int E # 0, with E C K and r(K; E) = 1.
Let 1 <p < oo and A € [0,1]. Then K is a tangential body of E if and only
if Kf/\ 18 homothetic to K.
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Proof. If K is a tangential body of E, then K” |, = (1—M\P)/PK is homothetic
to K (see Proposition ). Conversely, if K”, = 0K for some 6 € [0,1], then
by Proposition we get K_(1_g) = 0K with 6 = (1 — NYL/P - Schneider’s
result [11, Lemma 3.1.14] shows that K is a tangential body of E. O

Other convex bodies for which their p-inner parallel bodies can be easily
determined are those which are obtained as p-outer parallel bodies of a lower
dimensional set.

Proposition 4.6. For E € K, let K € K{y(E) be given by K = L +, uE,
with L € Kff, dim L < dim(L + E), and pn > 0. Then

K =L+p(n+p MNE,
for all A € [—u, oo).

Proof. For A > 0 the result follows directly from the definitions of p-sums
of convex bodies and numbers.

If —pp < XA <0 and since r(L; E) = 0, we can use Proposition [£2]iv) in
order to obtain that

K=K ~p \E = (L +p pE) ~p \E = L+, (1t +p N E. O

We notice moreover that in this case ker,(K;E) = L and r(K; E) = p
(see Lemma[3]]). Besides, if we remove the assumption dim L < dim(L+E),
then the result also holds, but in the appropriate range of A.

Proposition indicates that for some convex bodies, the whole family
of p-parallel bodies is made of only p-outer parallel bodies. We ask again
whether it is possible to characterize the convex bodies satisfying such a
property, i.e., whether a converse for the proposition is also true. This
question will be answered in Theorem

When p = 1, this fact was studied by Sangwine-Yager, who introduced,
for a given convex body K and the particular case F = B, the set

S = {T € [—r(K;Bn),oo) K+ (AN—=1)B, = K, for all A > T},

proving in [I0, Lemma 1.5] that it is always a left-hand closed interval,
namely, that there exists o € [—r(K ; Bp), O] such that S = [0, ).

The natural extension of S to the case p > 1 is considered in the next.
For E € Ky, let K € Kjy(E) and let 1 < p < co. We define the set

Sp = {T € [-r(K;E),00) : KP +, (A4, (=7)) E = K¥, for all A > T}.

Although S, strongly depends on the convex bodies K, F, we shall write
just S, for short. We observe that when £/ = B,, and p = 1 we recover S.
We also notice that, in general, S, # S, if p # ¢ and thus, in particular,
Sp # S for all p > 1. Indeed, for K = [—ey,e1] +4 By, Proposition
yields Sy, = [—1, 00); however, for p < g, since ker,(K; B,,) = {0} (cf. proof
of Proposition B2), if S, = S, it would be K = ker,(K; B,) +p B, = By,
which is not possible.
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The following result shows, as it happened in Sangwine-Yager’s result
([0, Lemma 1.5]), that S, is also a left-hand closed interval for all p > 1.

Lemma 4.2. For E € K, let K € Kiy(E) and let 1 < p < co. Then there
exists o € [—1(K; E),0] such that S, = [0,00).
Proof. First, we prove that [0,00) C S,. Clearly
KE 4, (A +p (—0))E = K +, A\E = K¥  for all A > 0,
and 50 0 € S,. Now let 7 > 0 and A > 7. Since A, (—7) = (\W? —7P)1/P > 0,
Proposition 2 1) ensures that
EP+ (A tp (-7)E=KZ, =K}

Hence, 7 € S, for all 7 > 0 and thus, [0,00) C S), as required.
Next we see that if 7 € S,, 7 < 0, then [7,0) C S,,. Indeed, for such a
value 7 € Sp, let p € (7,0) and A > p. Clearly, both numbers

1
pAp (=7) = (| =7 = [u")"" >0 and
W+ =) ? >0 ifA>0,
Atp (—p) = 1/p .
(I =ulP =AP)"" >0 ifa<o,
and thus, since 7 € S, and A > p > 7, we get, from Proposition .2 1) and
the commutativity and associativity of the 4, operation, that

KL 4 (At (—0) B = [K2 4 (114 (=7) | 4 (A (—p) E

= K7 +p [(N +p (_7')) +p ()‘ +p (_N))}E
= K24, (At (7)) E = K3
for all A > . Hence, p € S).

At this point, we have shown that if 7 € S, then [7,00) C S,. Finally,
let 0 = inf S, which clearly satisfies —r(K; E) < o < 0. We have to prove
that o € S,. For A > o let {r;}32, C S, be a decreasing sequence with
lim; oo 7 = 0 and 7 < A. Since 7; € S, for all ¢ € N we have

K2 +p (A +p (-7)) E = KY,
and taking limits when ¢ — oo, the continuity of the full system of p-parallel
bodies (Proposition [£3]) ensures that

K§ +p (A +p (—0)) E = K
for all A > o, i.e., 0 € S,. It concludes the proof. O

Lemma and Proposition allow to determine the convex bodies for
which S}, is maximal.

Theorem 4.3. For E € K let K € Kiy(E), and let 1 < p < oo. Then
K = kerp(K; E) +, t(K; E)E if and only if S, = [—x(K; E), ).



p-DIFFERENCE OF CONVEX BODIES 21

Acknowledgement. The authors would like to sincerely thank M. A. Hernan-
dez Cifre for enlightening discussions.

(1]

2]

8]

REFERENCES

I. Barany, On the minimal ring containing the boundary of a convex body, Acta Sci.
Math. (Szeged) 52 (1988), 93-100.

G. Bol, Beweis einer Vermutung von H. Minkowski, Abh. Math. Sem. Univ. Hamburg
15 (1943), 37-56.

T. Bonnesen and W. Fenchel, Theorie der konvexen Kérper. Springer, Berlin, 1934,
1974. English translation: Theory of convez bodies. Edited by L. Boron, C. Christen-
son and B. Smith. BCS Associates, Moscow, ID, 1987.

W. J. Firey, p-means of convez bodies, Math. Scand. 10 (1962), 17-24.

P. M. Gruber, Convex and Discrete Geometry. Springer, Berlin Heidelberg, 2007.

H. Hadwiger, Altes und Neues tber konvere Korper. Birkhduser Verlag, Basel und
Stuttgart, 1955.

G. H. Hardy, J. E. Littlewood, G. Pdlya, Inequalities. Second Edition. Cambridge
University Press, Cambridge, 1952.

E. Lutwak, The Brunn-Minkowski-Firey theory, I, J. Differential Geom. 38 (1) (1993),
131-150.

E. Lutwak, The Brunn-Minkowski-Firey theory, II, Adv. Math. 118 (2) (1996), 244-
294.

J. R. Sangwine-Yager, Inner Parallel Bodies and Geometric Inequalities. Ph.D. Thesis
Dissertation, University of California Davis, 1978.

R. Schneider, Convex Bodies: The Brunn-Minkowski Theory. Second expanded edi-
tion. Cambridge University Press, Cambridge, 2014.

DEPARTAMENTO DE MATEMATICAS, UNIVERSIDAD DE MURCIA, CAMPUS DE ESPINAR-
DO, 30100-MURCIA, SPAIN
E-mail address: antonioroberto.martinez@um.es

INSTITUT FUR ALGEBRA UND GEOMETRIE, OTTO-VON-GUERICKE UNIVERSITAT MAG-
DEBURG, UNIVERSITATSPLATZ 2, DE-39106 MAGDEBURG, GERMANY
E-mail address: eugenia.saorin@ovgu.de

INSTITUTO DE CIENCIAS MATEMATICAS, C/ NicOLAS CABRERA, 13-15, CAMPUS DE
CANTOBLANCO UAM, 28049 MADRID, SPAIN
E-mail address: jesus.yepes@icmat.es



	1. Preliminaries
	2. p-difference of convex bodies. Definition and first properties
	3. p-inradius and p-kernel
	4. p-inner parallel bodies
	4.1. On the continuity and the concavity of the family of p-parallel bodies.
	4.2. p-inner parallel bodies for special families of sets.

	References

