Transmission Lines

We have obtained the following solutions for the steady-state
voltage and current phasors in a transmission line:

Loss-less line Lossy line

V(z)=V*te Bz Ly bB? V(z)=V* e + v &2

|(2)= O(v e IP2 _velf?) |1(2)= O(V o1 _y-er?)

Since V (z) and | (z) are the solutions of second order differential

(wave) equations , we must determine two unknowns , V+ and V
which represent the amplitudes of steady-state voltage waves,
travelling in the positive and in the negative direction, respectively.

Therefore, we need two boundary conditions to determine these

unknowns, by considering the effect of the load and of the
generator connected to the transmission line.
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Transmission Lines

Before we consider the boundary conditions, it is very convenient

to shift the reference of the space coordinate so that the Zero
reference is at the location of the load Instead of the generator.
Since the analysis of the transmission line normally starts from the

load itself, this will simplify considerably the problem later.

New Space Coordinate

We will also change the positive direction of the space coordinate,
so that it increases when moving from load to generator along the
transmission line.
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Transmission Lines

We adopt a new coordinate d = — z, with zero reference at the load
location. The new equations for voltage and current along the lossy
transmission line are

Loss-less line Lossy line
V(d)=V*elPd 4 g iBd V(d)=Vv*ed v erd
(d)= — (v+eJl3d _V7e ”30') I(d)= — (v te¥d _y-e yO')

O O

At the load (d = 0) we have, for both cases,

V(0)=VT +V~
1(,+ « —

1(0)=—(VT -V

= (V")
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Transmission Lines

For a given load impedance Zg, the load boundary condition is
V(0)=2Zr1(0)

Therefore, we have
VFevT =R (Vo)
2

from which we obtain the voltage load reflection coefficient

LV _Ze-Z
R V+ ZR+ZO
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Transmission Lines

We can introduce this result into the transmission line equations as
Loss-less line Lossy line

V(d) =V TelPd (1+FR e"zjﬁd) V(d)=VTed (1+FR e"zyd)

I(d)=V+ZeJ'l3d (1—1"Re_2“3d) |(d)=V+eYd (1—FRe_ZYd)
0

At each line location we define a Generalized Reflection Coefficient

I'(d)=Tg e 2IPd I'(d)=Tg e
and the line equations become
v(d)=v*ePd(1+T(d)) V(d)=V*er(1+T(d))
+ . jBd + yd
|(d)=VZe (1-T(d)) |(d)=VZe
0 0

(1-T'(d))
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Transmission Lines

We define the line impedance as

_ V(@) _ . 1+T(d)
2(d)= 1(d) ZOl—I‘(d)

A simple circuit diagram can illustrate the significance of line
Impedance and generalized reflection coefficient:
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Transmission Lines

If you imagine to cut the line at location d, the input impedance of
the portion of line terminated by the load is the same as the line
Impedance at that location “before the cut” . The behavior of the line

on the left of location d is the same if an equivalent impedance with
value Z(d) replaces the cut out portion. The reflection coefficient of

the new load is equalto  I'(d)
ZReq~ 40
ZReqt 40

If the total length of the line is L, the input impedance is obtained
from the formula for the line impedance as

Vin V(L)

RATT(S B

1_‘Req= I'(d)=

1+T°(L)
1-T°(L)

The input impedance is the equivalent impedance representing the
entire line terminated by the load.
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Transmission Lines

An important practical case is the  low-loss transmission line , where

the reactive elements still dominate but R and G cannot be
neglected as in a loss-less line. We have the following conditions:

olL>R oC>>G

so that

Y =+(joL +R)(joC +G)

= |joL joC 1+_L 1+_i
JoL [0 ®

~ JoVLC 1+_R+_G— EG
JoL JoC @“LC

The last term under the square root can be neglected, because it is
the product of two very small quantities.
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Transmission Lines

What remains of the square root can be expanded into a truncated

Taylor series
j(Dx/LC|:1+ (JR + S H

( fﬁaﬂi@r
=;(R\/§+G\/g) B=avLC

so that
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Transmission Lines

The characteristic impedance of the low-loss line is a real quantity
for all practical purposes and it is approximately the same as in a
corresponding loss-less line

R+ joL L
ZO = : N
G+ joC VC

and the phase velocity associated to the wave propagation is

o 1
B JLC

Vp

BUT NOTE:

In the case of the Ilow-loss line, the equations for voltage and
current retain the same form obtained for general lossy lines.
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Transmission Lines

Again, we obtain the loss-less transmission line  if we assume

This is often acceptable in relatively short transmission lines, where
the overall attenuation is small.

As shown earlier, the characteristic impedance in a loss-less line is
exactly real

L
Zn= |-
07vc

while the propagation constant has no attenuation term

y=+(joL)(jaoC)=joLC =B
The loss-less line does not dissipate power , because a = 0.
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Transmission Lines
For all cases, the line impedance was defined as

_V(d) _ , 1+T(d)
) Y1-r(@)

Z(d)

By including the appropriate generalized reflection coefficient, we
can derive alternative expressions of the line impedance:

A) Loss-less line

_Zde .
Z(d)= Zg 1+I' e _7 Zn+ JZotan(p d)

1-Tre2Bd " jZgtan(d)+Zg

B) Lossy line (including low-loss)
—2vyd
2(d) = Z, 1+I're =2 Zn+ Zgtanh(y d)
1-Tre2rd " Zgtanh(yd)+ Zg
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Transmission Lines

Let's now consider power flow in a transmission line , limiting the
discussion to the time-average power , which accounts for the
active power dissipated by the resistive elements in the circuit.

The time-average power at any transmission line location is

(P 1)) =; Re{V (d)1” (d)

This guantity indicates the time-average power that flows through
the line cross-section at location d. In other words, this is the

power that, given a certain input, is  able to reach location d and
then flows into the remaining portion of the line beyond this point

It is a common mistake to think that the quantity above is the power
dissipated at location d!
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Transmission Lines

The generator , the input impedance , the input voltage and the input
current determine the power injected at the transmission line input.

Generator

Line

© Amanogawa, 2000 — Digital Maestro Series

Vin = VG i
1
lin =V
In = VG Zc+Zin
1 *
(Pin) =, Re{Vn I
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Transmission Lines

The time-average power reaching the load of the transmission line
IS given by

( P(d=0 1)) = ; Re{v O (o}

=;Re<v (+TR) 1(v+(1—1“ ))

\ 2 J

h'd

This represents the power dissipated by the load

The time-average power absorbed by the line is simply the

difference between the input power and the power absorbed by the
load

(Pline>=< Pin)‘( P(d=0, 1))

Remember that the internal impedance of the generator dissipates
part of the total power generated.
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Transmission Lines

The time-average power injected into the input of the transmission
line is maximized when the input impedance of the transmission

line and the internal generator impedance are complex conjugate of
each other.

Ej> Load

Generator

Transmission line

*
Zg = Zjp for maximum power transfer

© Amanogawa, 2000 — Digital Maestro Series 80



Transmission Lines

In a loss-less transmission line  no power is absorbed by the line, so
the input time-average power is the same as the time-average
power absorbed by the load. The characteristic impedance of the
loss-less line is  real and we can express the power flow as

(P(d. 1)) =; Re{V(d) X (d)}
=; Re{VJrejBOI (1+1“Re_j Zﬁd)

1 vy e ibd (1—1“Re‘j2'30I )}

4y
1 2 1 2
_ _v+‘ ——v+‘ g/
275 27,
Incident wav e Reflected wave
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Transmission Lines

In the case of low-loss lines, the characteristic impedance is again
real, and the time-average power flow along the line is given by

(P(d, )=, RefV(d)I" (e}

Re {v+ 0”J'eJBO'(1+1“ReZ“YO')

NIH NIH

—V+ e2d s 1pd (4 _
S Ve P (1-Tge

_ 1
275

/ o
Vo

2 2
V+‘ eZad_Zi\ﬁ g 2o d

2yd) }

2
I'r

Vo

/

Incident wave

Reflec ted wave
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Transmission Lines

Note that in a lossy line the reference for the amplitude of the
Incident voltage wave is at the load and that the amplitude grows
exponentially moving towards the input. The amplitude of the
Incident wave behaves in the following way

vierl & vt d & Vv

. J J . v

input inside the line load

The reflected voltage wave has maximum amplitude at the load, and
It decays exponentially moving back towards the generator. The
amplitude of the reflected wave behaves in the following way

VITRe*t o  VTRe* o VTR

. 7 v . J

input inside the line load
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Transmission Lines

For a general lossy line the characteristic impedance is complex
and the time-average power is

(P(d, )=, Re{V(d)1I" (d)

Re{v*e*?efd( 14T (d)

I\JIH I\JIH

Yo (VF) e g Iid (1—1“(d))*}

2 2
=@‘V+‘ eZOLd_GZOV+ e—2ad‘1—~R‘2

2
+ By \v+\ 29 Im(1(d))
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Transmission Lines

We have introduced for convenience the characteristic admittance
of the line

1 .
Yo=_-=0Cp+ |Bg
20

since a complex characteristic impedance would appear at
denominator in the expression for the power.

Note that for a Ilow-loss transmission line the characteristic
Impedance is approximately real and

BONO

The previous result for the low-loss line can be readily recovered
from the time-average power for the general lossy line.
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Transmission Lines

To completely specify the transmission line problem, we still have
to determine the value of V+ from the input boundary condition .

»The load boundary condition imposes the shape of the
Interference pattern of voltage and current along the line.

» The input boundary condition, linked to the generator, imposes
the scaling _for the interference patterns.

We have
Vin =V(L)=\G -, Zin with  Zin = Zg 1+I(L)
or | in =40 _ZR+ Zotan(BL) loss -lessline
JZrtan(BL) +Z
<
Zin = 4o Zr+ Zotann(yL) lossy line
o Zrtanh(yL) + Z;
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Transmission Lines

For a loss-less transmission line:

V(L) =vTelPLL+r)]= Vvt Pl (1 +T g e12Ph)
Z 1

= V+ =VG . .
Zg+Zin ePl@a+rre Bl

For a lossy transmission line:

VL) =V L+TL)]= Vet (L+TR )

Z 1

= V+=VG
LG+ Zin eVL(1+1"Re_2YL )
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Transmission Lines

In order to have good control on the behavior of a high frequency
circuit, it is very important to realize transmission lines as uniform
as possible along their length, so that the impedance behavior of
the line does not vary and can be easily characterized.

A change in transmission line properties, wanted or unwanted,
entails a change in the characteristic impedance, which causes a
reflection. Example:
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Transmission Lines

Special Cases

Zr = 0 (SHORT CIRCUIT)

The load boundary condition due to the short circuit is V0)=0
=V(d=0)=V*ePO1+ry 6120
=V (14TR)=0

= FR=—1
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Since
r=V”
V+
= V ==Vt

We can write the line voltage phasor as
v(d)=Vv+elPd v g lPd
=VvTelbd _yt+glPd
_vH(elBd _ g iBd)
=2jV™ sin@ d)
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Transmission Lines

For the line current phasor we have
|(d) = Zl(\/+eil3d _y-giBd)
0
=Zl(V+ejBd + Ve iBdy
0

+ : :
=\/_(e”3d + e_JBd)

Zy
_vt
——cos@ d)
2y
The line impedance is given by

V(d)_ 2jV7sin@d)
1(d)  2v™* cosp d)/z,

Z(d) = = jZotan(Bd)
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Transmission Lines

The time-dependent values of voltage and current are obtained as
V(d,t)= Re[V (d)e!® 1=Re[2j V' |&)® sing d)d™ ]
=2|V* |sin@ d)- Re[j el(@+0) ]
=2|V* |sin@ d)- Re[j cospt+0 } sinpt+6 )]
=-2|V™ |sin@ d)sinet+0)

(d,t)=Re] (de!®']=Re[2V* pI° cogp dpl ]z
=2|V* |cosp d) Rep!(@+9) 17,
=2|V™ |cosp d) Re[(cozft+0 J | sinft+0 )2
V+
4y

=2

cos3 d)cospt+0 )
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The time-dependent power is given by

P(d,t)=V(d,1)- 1(d,t)
v+ 2
__alV'

Z sin@@ d) cosp d)sinfpt+06 )cosot+0 )
0
V*

sin(Z2B d)sin (2ot + D )
Z0

and the corresponding time-average power is
1T
<P(d, t)> = ?jo P(d, t) dt

VTP . 1T .
=— sin(2Bd)—-|. sin (ot+ D )= 0
7, Sn@B ) fq sin )
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Zr > (OPEN CIRCUIT)

M

Zo R —> ©

M

The load boundary condition due to the open circuit is | (0)=0

£y
V+
=Y (1-TRr)=0
Zo( R)
= FR=1
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Transmission Lines

Since
ro=V"
V+
= V =V?

We can write the line current phasor as

(d) = = (v *elBd _y-giBd)
2y

L el b
0

+ . o+
=V—(eJBd—e"JBd)= 2V sin( d)
£0 Zo
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Transmission Lines

For the line voltage phasor we have
V(d)=(vTelPd 4 v g Bd)
=(vTelBd 4 v g iBd)
=Vv*(elPd 4+ g1Bd)
=2V ™ cosf d)

The line impedance is given by

V()  2vfcospd) . Z

Z(d) = = =—]
1(d) 2jv*sin@d)/zg tan(Bd)
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Transmission Lines

The time-dependent values of voltage and current are obtained as

V(d,t)=Re]V (d)e/®]=Re[2 V" |€® cos d? ]
=2|V* |cosp d) Ref!(@+9)
=2|V™ |cosp d) Re[(cosbt+0 )} | sinft+6 )]
=2|V™ |cosp d)cosht+0 )

(d,t)=Rel (de!®']1=Re[2j V* ¢!° sinp dp!* 1/2,
=2|V* |sin@ d)- Re[je!(@+9) 1/Z,
=2|V™ |sin@ d)- Re[j cospt+0 ) sinpt+6 )]Z,

V7]

=2

sin@ d) sin(wt+0)
Zg

© Amanogawa, 2000 — Digital Maestro Series 97



The time-dependent power is given by

P(d,t)=V(d,t)-I(d,t)=
v+ 2
__alV'

Z cos@ d)sinp d)cospt+0 )sirpt+0 )
0
V¥

sin(Z2B d)sin (2ot + D )
Zg

and the corresponding time-average power is
1T
<P(d,t)> = ?jo P(d, t) dt

VTP . 1T .
=— sin(2Bd)—-|. sin (dot+ D = 0
7, SN@B A fq sin )
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Transmission Lines

Zr =Zy (MATCHED LOAD)

Zo ZR — Zo

The reflection coefficient for a matched load is
_Zr—4o_Zo—4o_
ZR + Zo ZO + ZO

The line voltage and line current phasors are

V(d)=v+e”3d(1+rR g2iBdy_ \+ dBd

no reflection!

vV B 2iBdy_ V' B
d) Zoe (1-TR € ) Zoé
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Transmission Lines

The line impedance is independent of position and equal to the
characteristic impedance of the line

v(d) _ v*elP
(@) V" ipd

£y

Z(d) =

The time-dependent voltage and current are
V(d,t)=Re[[VT |el® gPd dot ]
=|VT |- Refe)(@HBI0) 1|1 \/F | cospt+PB a0 )
I(d,t)=Re[V*t |e/®elPd dOt 1/ 7

|V+| Re[ej(mt+[3d+9)] | +|

cost+p d+0
2. 7, CoSbL+p d+0)
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Transmission Lines

The time-dependent power is
+
P(d,t) =|V* |coset+p d+6 J\;—l cospt+p &0 )
0

Valz
Ly

cos ot+p d+0)

and the time average power absorbed by the load is

1t [VEP

— cof @t+B d+0)dt
rlo 7, oS Btep d+6)

<Pd)> =

~ |V+ |2
27,
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Transmission Lines

Zr = |X (PURE REACTANCE)

The reflection coefficient for a purely reactive load is
_ZIr—Zy _JX-Zp _
ZR + ZO jX + ZO
: : 2 2
_UX=Zo)(JX =Zg) _X" =25 5 XZo
(IX+Zo)(IX=Zg) Z5+X%  Z{+X?

I'r

© Amanogawa, 2000 — Digital Maestro Series 102



Transmission Lines

In polar form

I'r=TRexp(j0)

where
2 2
2 2 2 2
(X —Zo) 4xzzg (Zo+x )
TR 2 22+ > L2 2 22=1
V(zo+x ) (zo+x ) V(zo+x )
(9=tan"1 22X202
X2 _ 7§

The reflection coefficient has unitary magnitude, as in the case of
short and open circuit load, with zero time average power absorbed
by the load. Both voltage and current are finite at the load, and the
time-dependent power oscillates between positive and negative
values. This means that the load periodically stores and returns
powers to the line without dissipation.
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Transmission Lines

Reactive impedances can be realized with transmission lines
terminated by a short or by an open circuit. The input impedance of

a loss-less transmission line of length L terminated by a short
circuit 1s purely imaginary

Zin = jZptan(BL) = jZgtan (Z;CL)=jZOtan ?L
P

At a specified frequency f, any reactance value can be obtained by

changing the length of the line from 0 to A/2. Since the tangent
function Is periodic, the behavior of the impedance will repeat

identically for each line increment of length ~ A/2.

Note that a similar periodic behavior is obtained when the length of
the transmission line is fixed and the frequency of operation is
changed.
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Shorted transmission line — Fixed frequency

L

\4

L=0 Zin =0
A
O<L<Z Im{zZ,}>0
A
A A
Z<L<§ Im{Zj,} <0
A
A 34
E<L<T Im{Z,n}>O
L=% Zln—)oo
4
%<L<ﬂ Im{Zi,} <O
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capacitance
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Transmission Lines

Impedance of a short circuited transmission line
(fixed frequency, variable length)

a4

= B

8 30

" -

Q 220F

- - N o

Nz 10 inductive inductive inductive

Q B

c 0

CG —

-O -

S 10 |—

g - capacitive cap.

2 20 |

= B

8 -

I -30 —

C_U |

g 40 L | | | | | | | | | |

= 0 100 200 300 400 500 @ [deg]
n/(2B)= \/4 n/B=A2 | 3n/(2B)=3M4 | |2m/P=A 5m/(2B)= 5A/4 L

Line Length L
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Transmission Lines

Impedance of a short circuited transmission line

(fixed length, variable frequency)
40

30

inductive inductive inductive

Normalized Input Impedance Z(L)/Zo=jtan( B)

0
-10 [ )
L capacitive cap.
20 [—
30 [—
40 L [ I [
0 100 200 400 500 @ [deg]
Vp / (4L) Vp / (2L) 3Vp / (4L) Vp /L SVp / (4L) f

Frequency of operation
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Transmission Lines

For a transmission line of length L terminated by an open circuit,
the input impedance is again purely imaginary

Z

Zpn=—j 2 =—] £0 =—] £0
tan(BL) tan(an) tan 2T f L
A Vi

We can use the open circuited line to realize any reactance, but
starting from a capacitive value when the line length is very short.

The reactance varies linearly with frequency in the case of lumped
elements since

X =wlL (inductance) or X =-—— (capacitance )
®C

This is not the case when the reactance is realized with a section of
transmission line.
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Open transmission line — Fixed frequency

L

\4

A

O<L<Z Im{zZ,} <0
A

A A

Z<L<§ Im{Zj,} >0
A

L=E Zin = o

A 34

§<L<T Im{Zj,} <0
34

L=T Z|n=0

%<L<ﬂ Im{Zij,} >0
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Transmission Lines

Impedance of an open circuited transmission line
(fixed frequency, variable length)

& 40
g 30
= B
o B
20 —
I -
Igl s inductive inductive inductive
g B
N _ SR
. -
=
© capacitive capacitive capacitive
©
0]
o
£
=
o
=
©
a L 1| I I I
c_EU 100 200 300 400 500 O [deg]
o) 0 /(2B) = A4 T/ =A2 3n/(2B) =3M4 | | 2m/B =2A 5n/(2B) = 5A/4 L
Z

Line Length L
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Transmission Lines

Impedance of an open circuited transmission line

(fixed length, variable frequency)

& 40
g 30
o B
© -
i 20 —
I B
Igl s inductive inductive inductive
g B
N B B §
. B
=
_cg capacitive capacitive capacitive
0]
o
£
=
o
<
O
GNJ | | | | | | | | | | |
c_Es 100 200 300 | 400 500 O [deg]
o) v, / (4L) v,/ (2L) 3v, /(4L) /L 5v, /(4L)
e 0 p p p p f
Frequency of operation
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Transmission Lines

It iIs possible to realize resonant circuits by using transmission
lines as reactive elements. For instance, consider the circuit below
realized with lines having the same characteristic impedance:

e
L, ! l Lo
short Zo v oo e
Zinl < || > Zin2
Zin1 = jZotan(BL 1) Zin 2= Z dan (BL )
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Transmission Lines

The circuit is resonant if L1 and L, are chosen such that an
Inductance and a capacitance are realized.

A resonance condition Is established when the total input
Impedance of the parallel circuit is  infinite (or, equivalently, when
the input admittance of the parallel circuit is zero)

1 . 1 9
jZotan(BrL1) iZotan(B;L )

or

2
tan| 2Tl |=—tan| 2rL, | with  Br=t=r

Vp Vi Ar o Vp

Since the tangent is a periodic function, there is a multiplicity of

possible resonant angular frequencies  ®, that satisfy the condition
above. The solutions can be found by using a numerical procedure.
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