Applications of Generalized Distorted Distributions

Jorge Navarro!,

Universidad de Murcia, Spain
E-mail: jorgenav@um.es

§] ATILIM ’ : N
=+ UNIVERSITY i 3 s

) = =
IWEL‘_'*:] p " International Workshop on Applied Probability

" Probability: The Measure of Tomorrow

June 16 - 19, 2014
Nervansaray Lara Hotel - Antalya / TURKEY

1Supported by Ministerio de Economia y Competitividad under grant
MTM2012-34023-FEDER and Fundacién Séneca under-grant 08627 /PI/08.

Seventh International Workshop on Applied Probability Jorge Navarro, E-mail: jorgenav@um.es



Outline

© Generalized Distorted Distributions
@ Proportional hazard rate model
@ Order statistics
@ Coherent systems
@ Other examples
@ Preservation results
@ Stochastic orders-DD
@ Stochastic orders-GDD
@ Stochastic aging classes
@ Examples
© Parrondo’s paradox
@ Parrondo’s paradox
@ Randomized GDD.
@ Example
@ References

Seventh International Workshop on Applied Probability Jorge Navarro, E-mail: jorgenav@um.es



Generalized Distorted Distributions Proportional hazard rate model
Order statistics
Coherent systems
Other examples

Definition Distorted Distributions (DD)

@ The distorted distributions were introduced in Yaari's dual
theory of choice under risk (Econometrica 55 (1987):95-115).
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Definition Distorted Distributions (DD)

@ The distorted distributions were introduced in Yaari's dual
theory of choice under risk (Econometrica 55 (1987):95-115).

e The distorted distribution (DD) associated to a distribution
function (DF) F and to an increasing continuous distortion
function q : [0,1] — [0, 1] such that g(0) =0 and g(1) =1, is

Fq(t) = a(F(t)). (1.1)
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Definition Distorted Distributions (DD)

@ The distorted distributions were introduced in Yaari's dual
theory of choice under risk (Econometrica 55 (1987):95-115).

e The distorted distribution (DD) associated to a distribution
function (DF) F and to an increasing continuous distortion
function q : [0,1] — [0, 1] such that g(0) =0 and g(1) =1, is

Fq(t) = a(F(t)). (1.1)

e If g is strictly increasing, then F and F, have the same
support.
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Definition Distorted Distributions (DD)

@ The distorted distributions were introduced in Yaari's dual
theory of choice under risk (Econometrica 55 (1987):95-115).

e The distorted distribution (DD) associated to a distribution
function (DF) F and to an increasing continuous distortion
function q : [0,1] — [0, 1] such that g(0) =0 and g(1) =1, is

Fq(t) = q(F(1)). (1.1)
e If g is strictly increasing, then F and F, have the same
support.
@ For the reliability functions (RF) F=1-F, fq =1-Fg we
have
Fq(t) =q(F(t)), (1.2)

where G(u) = 1 — q(1 — u) is the dual distortion function.
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Generalized Distorted Distributions (GDD)

e The generalized distorted distribution (GDD) associated to n
DF Fi,..., F, and to an increasing continuous multivariate
distortion function Q : [0,1]" — [0, 1] such that
Q(0,...,0)=0and Q(1,...,1)=1,is

Fo(t) = Q(Fi(t),-.., Fa(t)). (1.3)
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Generalized Distorted Distributions (GDD)

e The generalized distorted distribution (GDD) associated to n
DF Fi,..., F, and to an increasing continuous multivariate
distortion function Q : [0,1]" — [0, 1] such that
Q(0,...,0)=0and Q(1,...,1)=1,is

Fo(t) = Q(Fi(t),-.., Fa(t)). (1.3)

e If Q is strictly increasing and Fq,..., F, have the same
support, then Fg also has the same support.
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Generalized Distorted Distributions (GDD)

e The generalized distorted distribution (GDD) associated to n
DF Fi,..., F, and to an increasing continuous multivariate
distortion function Q : [0,1]" — [0, 1] such that
Q(0,...,0)=0and Q(1,...,1)=1,is

Fo(t) = Q(Fi(t),-.., Fa(t)). (1.3)

e If Q is strictly increasing and Fq,..., F, have the same
support, then Fg also has the same support.
@ For the RF we have

Fo(t) = Q(Fu(t), ..., Fa(t)), (1.4)

ﬂherele—l—_, Fo=1- Fg and
Q(ur,...,un)=1—Q(1 —u1,...,1— up) is the multivariate
dual distortion function.
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Proportional hazard rate (PHR) model

@ The PHR (Cox) model associated to a RF F is

Fa(t) = (F(1))" =9 (F(t))

for a > 0. F, a DD with g(u) = u® and q(u) =1 — (1 — u)°.
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Proportional hazard rate (PHR) model

@ The PHR (Cox) model associated to a RF F is

Fa(t) = (F(1))" =9 (F(t))

for a > 0. F, a DD with g(u) = u® and q(u) =1 — (1 — u)°.

@ The hazard
h(t) = f(t)

(failure) rate function is defined by
/F(t) where f is the PDF.

Seventh International Workshop on Applied Probability Jorge Navarro, E-mail: jorgenav@um.es



Generalized Distorted Distributions Proportional hazard rate model
Order statistics
Coherent systems
Other examples

Proportional hazard rate (PHR) model

@ The PHR (Cox) model associated to a RF F is

Fa(t) = (F(1))" =9 (F(t))

for a > 0. F, a DD with g(u) = u® and q(u) =1 — (1 — u)°.
® The hazard (failure) rate function is defined by

h(t) = f(t)/F(t) where f is the PDF.
e Under the PHR model, h,(t) = ah(t).
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Proportional hazard rate (PHR) model

@ The PHR (Cox) model associated to a RF F is

Fa(t) = (F(1))" =9 (F(t))

for « > 0. F, a DD with g(u) = u® and g(u) =1 — (1 — u)*.
® The hazard (failure) rate function is defined by

h(t) = f(t)/F(t) where f is the PDF.
e Under the PHR model, h,(t) = ah(t).
@ The proportional reversed hazard rate (PRHR) model is

for a > 0. F, is a DD with g(u) = u®.
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Order statistics (OS)

e Xi,...,X, lID~ F random variables.

Seventh International Workshop on Applied Pro Jorge Navarro, E-mail: jorgenav@um.es



Generalized Distorted Distributions Proportional hazard rate model
Order statistics
Coherent systems
Other examples

Order statistics (OS)

e Xi,...,X, lID~ F random variables.
@ Xi,..., X, exchangeable (EXC), i.e., for any permutation o

(Xla o 7Xn) =ST (Xa'(l)a <. ’Xo(n))'
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Order statistics (OS)

e Xi,...,X, lID~ F random variables.

@ Xi,..., X, exchangeable (EXC), i.e., for any permutation o

(Xla s 7Xn) =ST (Xa'(l)a s ’Xo(n))'
@ (Xi,...,Xp,) is an arbitrary random vector with

F(x1,...,xn) = Pr(X1 < x1,..., Xy, < xp)

F(x1,...,xn) = Pr(X1 > x1,..., X > xp).

Seventh International Workshop on Applied Probability Jorge Navarro, E-mail: jorgenav@um.es



Generalized Distorted Distributions Proportional hazard rate model
Order statistics
Coherent systems
Other examples

Order statistics (OS)

e Xi,...,X, lID~ F random variables.
@ Xi,..., X, exchangeable (EXC), i.e., for any permutation o

(Xla s 7Xn) =ST (Xa'(l)a s ’Xo(n))'
@ (Xi,...,Xp,) is an arbitrary random vector with

F(x1,...,xn) = Pr(X1 < x1,..., Xy, < xp)

F(x1,...,xn) = Pr(X1 > x1,..., X > xp).

o Let Xi.,..., Xp.n be the associated OS.
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Order statistics (OS)

e Xi,...,X, lID~ F random variables.
@ Xi,..., X, exchangeable (EXC), i.e., for any permutation o

(Xla s 7Xn) =ST (Xa'(l)a s ’Xo(n))'
@ (Xi,...,Xp,) is an arbitrary random vector with

F(x1,...,xn) = Pr(X1 < x1,..., Xy, < xp)

F(x1,...,xn) = Pr(X1 > x1,..., X > xp).

o Let Xi.,..., Xp.n be the associated OS.
o Let Fi.p(t) = Pr(X;., < t) be the DF.
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Order statistics (OS)

e Xi,...,X, lID~ F random variables.
@ Xi,..., X, exchangeable (EXC), i.e., for any permutation o

(Xla s 7Xn) =ST (Xa'(l)a s ’Xo(n))'
@ (Xi,...,Xp,) is an arbitrary random vector with

F(x1,...,xn) = Pr(X1 < x1,..., Xy, < xp)

F(x1,...,xn) = Pr(X1 > x1,..., X > xp).
o Let Xi.,..., Xp.n be the associated OS.
o Let Fi.p(t) = Pr(X;., < t) be the DF.
o Let F;.,(t) = Pr(X;., > t) be the RF.
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Distorted Distribution Representation-lID case

@ In the IID case, we have
b _i(n\(i—1
i) = S () (12 1) B0 = aunl Pl 1.5)
j=i
(see David and Nagaraja 2003, p. 46) where

Fij(t) = Pr(X;j < t) = Pr(max(X, ..., X;) < t) = Fi(t)

Gin(u) = i(—ly"(?) <J/: i) v

j=i

and

is a strictly increasing polinomial in [0, 1].
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Distorted Distribution Representation-lID case

@ In the IID case, we have

Funt) = 197 (7) (1 1) B0 = qnlFl0). (15

j=i

(see David and Nagaraja 2003, p. 46) where

Fij(t) = Pr(X;j < t) = Pr(max(X, ..., X;) < t) = Fi(t)

and .
i(n _/ —1 .
Ginu) = 3 (1Y () ( 1) o
=i I
is a strictly increasing polinomial in [0, 1].
@ Both Fj;; and F;., are DD from F.
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Distorted Distribution Representation-lID case

@ The upper OS X, (lifetime of the parallel system) satisfies
the PRHR model with o = j since

Fis() = Pr(Xy < £) = Pr(max(Xy. ... X)) < 1) = (F(1)) .
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Distorted Distribution Representation-lID case

@ The upper OS X, (lifetime of the parallel system) satisfies
the PRHR model with o = j since

Fis() = Pr(Xy < £) = Pr(max(Xy. ... X)) < 1) = (F(1)) .

@ The lower OS Xi; (lifetime of the series system) satisfies the
PHR model

F1j(t) = Pr(Xe, < t) = Pr(min(Xy, ..., X;) > t) = (F(t))’.
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Distorted Distribution Representation-lID case

@ The upper OS X, (lifetime of the parallel system) satisfies
the PRHR model with o = j since
Fij(t) = Pr(X;; < t) = Pr(max(Xq, ..., X;) < t) = (F(t)) .

@ The lower OS Xi; (lifetime of the series system) satisfies the
PHR model

F1j(t) = Pr(Xe, < t) = Pr(min(Xy, ..., X;) > t) = (F(t))’.

@ Both Fj.; and Fy.j are DD from F.
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Distorted Distribution Representation- EXC case

@ In the EXC case the left hand side of (1.5) holds with
Fi.j(t) = Pr(max(Xy,...,X;) <t)=F(t,. ot t, 00, .. ..,oo).
J n—j
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Distorted Distribution Representation- EXC case

@ In the EXC case the left hand side of (1.5) holds with
Fi.j(t) = Pr(max(Xy,...,X;) <t)=F(t,. ot t, 00, .. ..,oo).
J n—j
@ The copula representation for F is
F(xi,...,xn) = C(F1(x1),- -, Fa(xn)), (1.6)
where F;(t) = Pr(X; < t) and C is the copula.

Seventh International Workshop on Applied Probability Jorge Navarro, E-mail: jorgenav@um.es



Generalized Distorted Distributions Proportional hazard rate model
Order statistics
Coherent systems
Other examples

Distorted Distribution Representation- EXC case

@ In the EXC case the left hand side of (1.5) holds with
Fi.j(t) = Pr(max(Xi,...,X;) <t)=F(t,...,t,00,...,00).

J n—j
@ The copula representation for F is
F(xi,...,xn) = C(F1(x1),- -, Fa(xn)), (1.6)
where Fi(t) = Pr(X; < t) and C is the copula.

@ In the EXC case, F; =---= F, = F and
Fij(t) = C(F(t),...,F(t),1,...,1) = qu(F(t))
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Distorted Distribution Representation- EXC case

@ In the EXC case the left hand side of (1.5) holds with
Fi.j(t) = Pr(max(Xi,...,X;) <t)=F(t,...,t,00,...,00).

J n—j
@ The copula representation for F is
F(xi,...,xn) = C(F1(x1),- -, Fa(xn)), (1.6)
where Fi(t) = Pr(X; < t) and C is the copula.

@ In the EXC case, F; =---= F, = F and
Fij(t) = C(F(t),...,F(t),1,...,1) = qu(F(t))
F _ " 1 j—i n J_ 1 C E _C F
i:n(t) - Z(_ ) j i1 q_/j( (t)) - qi:n( (t))
j=i
@ Both Fj.; and F;., are DD from F.
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Coherent systems

@ A coherent system is

¢ = P(x1,...,xn) : {0,1}" — {0,1},

where x; € {0,1} (it represents the state of the ith
component) and where ¢ (which represents the state of the
system) is increasing in xi, ..., x, and strictly increasing in x;
for at least a point (x1,...,x%,), forall i=1,... n.
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Coherent systems

@ A coherent system is

¢ = P(x1,...,xn) : {0,1}" — {0,1},

where x; € {0,1} (it represents the state of the ith
component) and where ¢ (which represents the state of the
system) is increasing in xi, ..., x, and strictly increasing in x;
for at least a point (x1,...,x%,), forall i=1,... n.

e If Xy,...,X, are the component lifetimes, then there exists 1
such that the system lifetime T = ¢(X1,..., Xy).

Seventh International Workshop on Applied Probability Jorge Navarro, E-mail: jorgenav@um.es



Generalized Distorted Distributions Proportional hazard rate model
Order statistics
Coherent systems
Other examples

Coherent systems

@ A coherent system is

¢ = P(x1,...,xn) : {0,1}" — {0,1},

where x; € {0,1} (it represents the state of the ith
component) and where ¢ (which represents the state of the
system) is increasing in xi, ..., x, and strictly increasing in x;
for at least a point (x1,...,x%,), forall i=1,... n.

e If Xy,...,X, are the component lifetimes, then there exists 1
such that the system lifetime T = ¢(X1,..., Xy).

@ Xi.n,...,Xnp are the lifetimes of k-out-of-n systems.
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Coherent systems

@ A coherent system is

¢ = P(x1,...,xn) : {0,1}" — {0,1},

where x; € {0,1} (it represents the state of the ith
component) and where ¢ (which represents the state of the
system) is increasing in xi, ..., x, and strictly increasing in x;
for at least a point (x1,...,x%,), forall i=1,... n.

e If Xy,...,X, are the component lifetimes, then there exists 1
such that the system lifetime T = ¢(X1,..., Xy).

@ Xi.n,...,Xnp are the lifetimes of k-out-of-n systems.

@ Xi., is the series system lifetime and X,,., is the parallel
system lifetime.
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Coherent systems- 11D and EXC case

e Samaniego (IEEE TR, 1985), IID case:
FT(t) = Zpifi:n(t)a (17)
i=1

where p; = Pr(T = Xj.,).
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Coherent systems- 11D and EXC case

e Samaniego (IEEE TR, 1985), IID case:
p— n p—
Fr(t) = ZPiFi:n(t)a
i=1

where p; = Pr(T = Xj.,).
@ p=(p1,...,Ppn) is the signature of the system.
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Coherent systems- 11D and EXC case

e Samaniego (IEEE TR, 1985), IID case:
FT(t) = Zpifi:n(t)a (17)
i=1

where p; = Pr(T = Xj.,).
@ p=(p1,...,Ppn) is the signature of the system.
@ |ID case: p; only depends on ¢
o ‘{U D O(X15 -y Xn) = Xiin, When x5y < ... < xa(n)}‘

1

" (1.8)
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Coherent systems- 11D and EXC case

e Samaniego (IEEE TR, 1985), IID case:

FT(t) = Zpifi:n(t)ﬂ (1'7)

where p; = Pr(T = Xj.,).
@ p=(p1,...,Ppn) is the signature of the system.
@ |ID case: p; only depends on ¢

— ‘{J : (b(xlv s 7Xn) = Xj:n, when Xo(1) <. < Xa(n)}‘

1

n!
(1.8)
@ Navarro, Samaniego, Balakrishnan and Bhathacharya (NRL,
2008), (1.7) holds for EXC r.v. when p is given by (1.8).
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Coherent systems- 11D and EXC case

e Samaniego (IEEE TR, 1985), IID case:

FT(t) = Zpifi:n(t)ﬂ (1'7)

where p; = Pr(T = Xj.,).
@ p=(p1,...,Ppn) is the signature of the system.
@ |ID case: p; only depends on ¢

— ‘{J : (b(xlv s 7Xn) = Xj:n, when Xo(1) <. < Xa(n)}‘

1

n!
(1.8)
@ Navarro, Samaniego, Balakrishnan and Bhathacharya (NRL,
2008), (1.7) holds for EXC r.v. when p is given by (1.8).
@ In both cases Ft is a DD from F.
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Generalized mixture representations

e Navarro, Ruiz and Sandoval (CSTM, 2007), EXC case:

fT(l’) = Z aifl:i(t)' (19)
i=1
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Generalized mixture representations

e Navarro, Ruiz and Sandoval (CSTM, 2007), EXC case:
Fr(t)=>_aiF1i(t). (1.9)
i=1

e a=(a1,...,an) is the minimal signature of T.
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Generalized mixture representations

e Navarro, Ruiz and Sandoval (CSTM, 2007), EXC case:
Fr(t)=>_aiF1i(t). (1.9)
i=1
@ a=(a1,...,an) is the minimal signature of T.

@ a; only depends on ¢ but can be negative and so (1.9) is
called a generalized mixture.
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Generalized mixture representations

e Navarro, Ruiz and Sandoval (CSTM, 2007), EXC case:
Fr(t)=>_aiF1i(t). (1.9)
i=1

e a=(a1,...,an) is the minimal signature of T.

@ a; only depends on ¢ but can be negative and so (1.9) is
called a generalized mixture.

@ In the IID case:
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Coherent systems-GENERAL case

e A path set of T isaset P C {1,...,n} such that if all the
components in P work, then the system works.
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Coherent systems-GENERAL case

e A path set of T isaset P C {1,...,n} such that if all the
components in P work, then the system works.

@ A minimal path set of T is a path set which does not
contains other path sets.
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Coherent systems-GENERAL case

e A path set of T isaset P C {1,...,n} such that if all the
components in P work, then the system works.

@ A minimal path set of T is a path set which does not
contains other path sets.

@ If P1,..., P, are the minimal path sets of T, then
T = maxJ':Lm,,ij, where Xp = min;cp X; and

Fr(t) =Pr <J_n;?'>.<7rij > t) = Pr (szl{ij > t})

r

=Y Fr(t) =Y Frup(t) +--- £ Fpu.up(t)

i=1 i

where Fp(t) = Pr(Xp > t).
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Coherent systems-GENERAL case

@ The copula representation for the RF of (Xi,...,X,) is

F(xi,...,xn) = K(F1(x1), ..., Fn(xn)),
where F;(t) = Pr(X; > t) and K is the survival copula.
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Coherent systems-GENERAL case

@ The copula representation for the RF of (Xi,...,X,) is

F(x1,...,xn) = K(F1(x1), ..., Fn(xn)),
where F;(t) = Pr(X; > t) and K is the survival copula.
@ Then B B B
Fp(t) = Qpk(F1(t), ..., Fa(t)),

where Qp k(u1,...,us) = K(uf,...,ul) and u,P = u; for

i€Panduf =1forig¢Pr.
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Generalized Distorted Distributions Proportional hazard rate model
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Coherent systems-GENERAL case

@ The copula representation for the RF of (Xi,...,X,) is

F(xi,...,xn) = K(F1(x1), ..., Fn(xn)),
where F;(t) = Pr(X; > t) and K is the survival copula.
@ Then B B B
Fp(t) = Qp,k(Fi(t), ..., Fa(t)),

where Qp k(u1,...,up) = K(uf,...,uf) and uf = u; for
i€Panduf =1forig¢Pr.
@ Therefore, from the minimal path set repres., we get

Fr(t) = Qpi(Fa(t), ..., Fa(t)).
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Generalized Distorted Distributions Proportional hazard rate model
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Other examples

Coherent systems-GENERAL case

@ The copula representation for the RF of (Xi,...,X,) is

F(xi,...,xn) = K(F1(x1), ..., Fn(xn)),
where F;(t) = Pr(X; > t) and K is the survival copula.
@ Then B B B
Fp(t) = Qp,k(Fi(t), ..., Fa(t)),

where Qp k(u1,...,up) = K(uf,...,uf) and uf = u; for
i€Panduf =1forig¢Pr.
@ Therefore, from the minimal path set repres., we get

Fr(t) = Qpi(Fa(t), ..., Fa(t)).
@ In the ID case
Fr(t) = g5k (F(1)). (L11)
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Coherent systems-GENERAL case

@ The copula representation for the RF of (Xi,...,X,) is

F(xi,...,xn) = K(F1(x1), ..., Fn(xn)),
where F;(t) = Pr(X; > t) and K is the survival copula.
@ Then B B B
Fp(t) = Qp,k(Fi(t), ..., Fa(t)),

where Qp k(u1,...,up) = K(uf,...,uf) and uf = u; for
i€Panduf =1forig¢Pr.
@ Therefore, from the minimal path set repres., we get

fT(t) = Q¢7K(f1(t), . ,fn(t)).
@ In the ID case
Fr(t) = qs.k(F(t)). (1.11)
@ The same holds for OS (k-out-of-n systems).
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Example
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Generalized Distorted Distributions Proportional hazard rate model
Order statistics
Coherent systems
Other examples

Example

(1)
D

ORO

Coherent system lifetime T = min( X1, max(Xz, X3)).
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Example

(1)
L

ORO

3! = 6 permutations.
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Example

(1)
N

ORO

X1<X2<X3:>T:X1:X1:3
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(1)
N

ORO

X1<X3<X2:>T:X1:X1:3
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Example

(1)
N

ORO

X2<X1<X3:>T:X1:X2:3
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Example

(1)
N

ORO

X2<X3<X1:>T:X3:X2:3
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Example

(1)
N

ORO

X3<X1<X2:>T:X1:X2:3

Seventh International Workshop on Applied Pro Jorge Navarro, E-mail: jorgenav@um.es



Generalized Distorted Distributions Proportional hazard rate model
Order statistics
Coherent systems
Other examples

Example

(1)
N

ORO

X3<X2<X1:>T:X2:X2:3
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Example

[ID F cont.: p=(2/6,4/6,0) = (1/3,2/3,0).
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Generalized Distorted Distributions Proportional hazard rate model
Order statistics
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Other examples

Example

(1)
N

ONO

IID F cont.: fT(t) = %Flg(t) + %f2:3(t)-
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Generalized Distorted Distributions Proportional hazard rate model
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Example-general case

(1)
D

ORO

Coherent system lifetime T = max(min(X1, X2), min(X1, X3))
Minimal path sets P; = {1,2} and P; = {1,3}.
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Example-general case

(1)
>

ORO

Fr(t) =Pr({Xp3 >t} U{X 2 > t})
= f{1,2}»(7f) + f{1,3}(t) - f{1,2,3}(t)~
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Generalized Distorted Distributions Proportional hazard rate model
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Example-general case

(1)
>

HONO

Friy(t) = F(t,1,0) = K(Fu(t), Fa(t), 1)...
Fr(t) = Qs k(Fi(t), F2(t), F3(t)) where
Q¢7K(U1,U2,U3) K(ul,uz,l) + K(ul,l,U3) K(ul,UQ,U3).
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Example-general case

(1)
N

ORO

|

EXC: FT(t) = 2?1;2(t) *f1;3(t) = q¢’K(
where gy k(u) = 2K (u, u,1) — K(u, u, u).
Minimal signature a = (0,2, —1).

(1)),
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Example-general case

(1)
D

ID: Fr(t) = 2F(t) — F°

where gy (u) = 2u? — 3.

(1) =
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Generalized Distorted Distributions Proporti hazard rate model
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Example-general case

(1)
D

ORO

The minimal signatures for n < 5 can be seen in:
Navarro and Rubio (2010, Comm Stat Simul Comp 39, 68-84).
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Generalized Order Statistics (GOS)

o For an arbitrary DF F, GOS X9 ... XC95 based on F can
be obtained (Kamps, 1995, B. G. Teubner Stuttgart, p.49) via
the quantile transformation

XCOS = F~Y(UC9%), r=1,...,n,

where (U5, ..., Us.,) has the joint PDF

n—1 n—1
g% (uy,. .. up) =k H’yj <H(1— u,-)’"") (1—up)< !
j=1 i—1

for0<ui <...<u,<1,n>2,k>17v,...,7» >0 and
mp =i = Yit1 — L.
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Generalized Order statistics (GOS)

@ If v1,...,vn are pairwise different, then

FEO(t)=1-c 1) % (1= F(£))" = qS95(F ()
with the constants

r r
1 )
Cr—IZH'Yja ai,r:H —— 1<i<r<n
=1 K

IN
IN

i

J#i

where the empty product []; is defined to be 1.
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Generalized Order statistics (GOS)

@ If v1,...,vn are pairwise different, then

FEO(t)=1-c 1) % (1= F(£))" = qS95(F ()
with the constants

r r
1 )
Cr—IZH'Yja ai,r:H —— 1<i<r<n
=1 K

IN
IN

J#
where the empty product []; is defined to be 1.
@ Then the GOS are DD from F.
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Particular cases of GOS

@ The GOS include:

Seventh International Workshop on Applied Probability Jorge Navarro, E-mail: jorgenav@um.es
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Particular cases of GOS

@ The GOS include:
@ OS,IID case (my =---=mp_1 =0and k=1).
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Generalized Distorted Distributions Proporti hazard rate model
Order statistics
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Other examples

Particular cases of GOS

@ The GOS include:
@ OS,IID case (my =---=mp_1 =0and k=1).

@ kRV, k-th record values (m; =---=m,_1 =—1 and
k=1,2...).
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Particular cases of GOS

@ The GOS include:

@ OS,IID case (my =---=mp_1 =0and k=1).

@ kRV, k-th record values (m; =---=m,_1 =—1 and
k=1,2,...).

e RV, record values (my =---=mp,_1 = —1 and k = 1).
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Generalized Distorted Distributions Proportional hazard rate model
Order statistics
Coherent systems
Other examples

Particular cases of GOS

@ The GOS include:

@ OS,IID case (my =---=mp_1 =0and k=1).

@ kRV, k-th record values (m; =---=m,_1 =—1 and
k=1,2...).

e RV, record values (my =---=mp,_1 = —1 and k = 1).

@ SOS, Sequential Order Statistics under the Proportional

Hazard Rate (PHR) model, i.e., with F, = F"" for
r=1,....n(yv=(n—r+1)a, and k = ay).
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Generalized Distorted Distributions Proportional hazard rate model
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Other examples

Particular cases of GOS

@ The GOS include:

@ OS,IID case (my =---=mp_1 =0and k=1).

@ kRV, k-th record values (m; =---=m,_1 =—1 and
k=1,2...).

e RV, record values (my =---=mp,_1 = —1 and k = 1).

@ SOS, Sequential Order Statistics under the Proportional
Hazard Rate (PHR) model, i.e., with F, = F"" for
r=1,....,n(y=(n—r+1)a, and k = a,).

°

The SOS can be seen as OS in EXC models. So they are DD.
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Stochastic orders-DD

Preservation results Stochastic orders-GDD
Stochastic aging classes
Examples

Preservation results

o If g1 and g2 are two DF,
q1(F) <ord g2(F) for all F?
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Stochastic orders-DD

Preservation results Stochastic orders-GDD
Stochastic aging classes
Examples

Preservation results

o If g1 and go are two DF,
q1(F) <org g2(F) for all F?
e If g is a DF,
F <ord G = q(F) <ord 9(G)?
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Stochastic orders-DD

Preservation results Stochastic orders-GDD
Stochastic aging classes
Examples

Preservation results

o If g1 and go are two DF,
q1(F) <org g2(F) for all F?
e If gis a DF,
F <ord G = q(F) <ord 9(G)?
o If @1 and @, are two MDF,
Qu(F1, .-, Fn) <ord Q2(F1,y..., Fn)?
e If Qis a MDF,
Fi<ord Giyi=1,....n,= Q(F1,...,Fn) <ord Q(G1,...,Gp)?
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Stochastic orders-DD

Preservation results Stochastic orders-GDD
Stochastic aging classes
Examples

Preservation results

o If g1 and g2 are two DF,
q1(F) <ord g2(F) for all F?

e If gis a DF,
F <ord G = q(F) <o q(G)?
o If @1 and @, are two MDF,
Qu(F1, .-, Fn) <ord Q2(F1,y..., Fn)?
o If Qis a MDF,

Fi<ord Gi,i=1,...,n,= Q(F1,...,Fn) <ord Q(G1,...,Gp)?

Navarro, del Aguila, Sordo and Sudrez-Llorens (2013, ASMBI)
and (2014, submitted) and Navarro (2014, submitted).
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Stochastic orders-DD

Preservation results Stochastic orders-GDD
Stochastic aging classes
Examples

Main stochastic orderings

o X <s7 Y & Fx(t) < Fy(t), stochastic order.
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Stochastic orders-DD

Preservation results Stochastic orders-GDD
Stochastic aging classes
Examples

Main stochastic orderings

o X <s7 Y & Fx(t) < Fy(t), stochastic order.
o X <yr Y & hx(t) > hy(t), hazard rate order.
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Stochastic orders-DD

Preservation results Stochastic orders-GDD
Stochastic aging classes
Examples

Main stochastic orderings

o X <s7 Y & Fx(t) < Fy(t), stochastic order.
o X <yr Y & hx(t) > hy(t), hazard rate order.
e X<pyr Y& (X—t|X>1t)<st (Y —1t]Y >t) forall t.
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Stochastic orders-DD

Preservation results Stochastic orders-GDD
Stochastic aging classes
Examples

Main stochastic orderings

o X <s7 Y & Fx(t) < Fy(t), stochastic order.

o X <yr Y & hx(t) > hy(t), hazard rate order.

e X <yr Y& (X —t|X>t)<st (Y —1t]Y >t)forall t.
e X <prt Y& E(X =t X >t)<E(Y —t]Y >t)forall t.
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Stochastic orders-DD

Preservation results Stochastic orders-GDD
Stochastic aging classes
Examples

Main stochastic orderings

X <s7 Y & Fx(t) < Fy(t), stochastic order.

X <ur Y < hx(t) > hy(t), hazard rate order.

X<HrY & (X —t|X>1t)<st (Y —t]Y >t)forall t.
X<mrt Y © E(X —t|X>1t)<E(Y—t|]Y >t)forall t.

X <(r Y & fy(t)/fx(t) is nondecreasing, likelihood ratio
order.
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Stochastic orders-DD

Preservation results Stochastic orders-GDD
Stochastic aging classes
Examples

Main stochastic orderings

X <s7 Y & Fx(t) < Fy(t), stochastic order.

X <ur Y < hx(t) > hy(t), hazard rate order.

X<HrY & (X —t|X>1t)<st (Y —t]Y >t)forall t.
X<mrt Y © E(X —t|X>1t)<E(Y—t|]Y >t)forall t.

X <(r Y & fy(t)/fx(t) is nondecreasing, likelihood ratio
order.

X <RrHR Y@(t—X’X< t) >sT (t— Y’Y< t) for all t.
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Stochastic orders-DD

Preservation results Stochastic orders-GDD
Stochastic aging classes
Examples

Main stochastic orderings

X <s7 Y & Fx(t) < Fy(t), stochastic order.

X <ur Y < hx(t) > hy(t), hazard rate order.

X<HrY & (X —t|X>1t)<st (Y —t]Y >t)forall t.
X<mrt Y © E(X —t|X>1t)<E(Y—t|]Y >t)forall t.

X <(r Y & fy(t)/fx(t) is nondecreasing, likelihood ratio
order.

X<gur Y & (t—X’X < t) >sT (t— Y’Y < t) for all t.
Then

X <rur Y X<ure Y = E(X)<E(Y)
f 1) f

X<rRY = X<prY = X<stY
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Stochastic orders-DD

Preservation results Stochastic orders-GDD
Stochastic aging classes
Examples

Preservation of stochastic orders-DD

e If T; has the DD gq;(F(t)), i = 1,2, then:
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Stochastic orders-DD

Preservation results Stochastic orders-GDD
Stochastic aging classes
Examples

Preservation of stochastic orders-DD

e If T; has the DD gq;(F(t)), i = 1,2, then:
@ Ty <g1 T for all Fif and only if g1(u)/qg2(u) > 1in (0,1).
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Stochastic orders-DD

Preservation results Stochastic orders-GDD
Stochastic aging classes
Examples

Preservation of stochastic orders-DD

e If T; has the DD gq;(F(t)), i = 1,2, then:
@ Ty <g1 T for all Fif and only if g1(u)/qg2(u) > 1in (0,1).
e T1 <yg T for all F if and only if g,/q; decreases in (0, 1).
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Stochastic orders-DD

Preservation results Stochastic orders-GDD
Stochastic aging classes
Examples

Preservation of stochastic orders-DD

If T; has the DD q;(F(t)), i = 1,2, then:
T1 <s7 T, for all F if and only if g1(v)/g2(u) > 1in (0,1).
T1 <nr T for all F if and only if §,/q; decreases in (0,1).

T1 <(r T2 (>1g) for all F if and only if qz(qfl(u)) is
concave (convex) in (0, 1).
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Stochastic orders-DD

Preservation results Stochastic orders-GDD
Stochastic aging classes
Examples

Preservation of stochastic orders-DD

If T; has the DD q;(F(t)), i = 1,2, then:
T1 <s7 T, for all F if and only if g1(v)/g2(u) > 1in (0,1).
T1 <nr T for all F if and only if §,/q; decreases in (0,1).

T1 <(r T2 (>1g) for all F if and only if qz(qfl(u)) is
concave (convex) in (0, 1).

T1 <(r T3 for all F if and only if q;(u)/g5(u) decreases.
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Stochastic orders-DD

Preservation results Stochastic orders-GDD
Stochastic aging classes
Examples

Preservation of stochastic orders-DD

If T; has the DD q;(F(t)), i = 1,2, then:

T1 <s7 T, for all F if and only if g1(v)/g2(u) > 1in (0,1).
T1 <nr T for all F if and only if §,/q; decreases in (0,1).
T1 <ir T2 (>1R) for all F if and only if ga(qy 2 (u)) is
concave (convex) in (0, 1).

T1 <(r T3 for all F if and only if q;(u)/g5(u) decreases.
NEW T, <mre T» for all Fif E(Ty) < E(T») and G,/q; is
bathtub in (0, 1).
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Stochastic orders-DD

Preservation results Stochastic orders-GDD
Stochastic aging classes
Examples

Preservation of stochastic orders-DD

o F1 <st F2 = q(F1) <s1 q(F2).
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Stochastic orders-DD

Preservation results Stochastic orders-GDD
Stochastic aging classes
Examples

Preservation of stochastic orders-DD

o F1 <st F2 = q(F1) <st q(F2).
o If a(u) is decreasing in (0, 1), then

Fi <ur F2 = q(F1) <Hr q(F2),

where a(u) = uq'(1 - u)/(1 - q(1 - u)) = uq'(v)/q(v).
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Stochastic orders-DD

Preservation results Stochastic orders-GDD
Stochastic aging classes
Examples

Preservation of stochastic orders-DD

o F1 <st F2 = q(F1) <st q(F2).
o If a(u) is decreasing in (0, 1), then

Fi <ur F2 = q(F1) <Hr q(F2),

where a(u) = uq’(1 — u)/(1 — q(1 — v)) = ug'(v)/q(u).
o If B4(u) is decreasing and nonnegative in (0,1), then

Fi <ir F2 = q(F1) <ir q(F2),

where Gq(u) = —uq”(1 — u)q'(1 — u) = uq"(u)/q (u).
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Stochastic orders-DD

Preservation results Stochastic orders-GDD
Stochastic aging classes
Examples

Preservation of stochastic orders-GD

DNEW

o If GG =Qi(F1,...,Fn), i =1,2, then:
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Stochastic orders-DD

Preservation results Stochastic orders-GDD
Stochastic aging classes
Examples

Preservation of stochastic orders-GD

DNEW

o If G; = Q,'(Fl, Ceey Fn), i=1,2, then:
o Gy <s7 Gyforall Fi,...,F,ifand only if Q1/Q2 > 1in
(0,1)".
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Stochastic orders-DD

Preservation results Stochastic orders-GDD
Stochastic aging classes
Examples

Preservation of stochastic orders-GDDVEW

o If G; = Q,'(Fl, Ceey Fn), i=1,2, then:

o Gy <s7 Gyforall Fi,...,F,ifand only if Q1/Q2 > 1in
(0,1)".

e Gy <pr Gy forall Fy,..., F,if and only if Q2/@1 is
decreasing in (0,1)".
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Stochastic orders-DD

Preservation results Stochastic orders-GDD
Stochastic aging classes
Examples

Preservation of stochastic orders-GDDVEW

o If G; = Q,'(Fl, ceey Fn), i=1,2, then:

o Gy <s7 Gyforall Fi,...,F,ifand only if Q1/Q2 > 1in
(0,1)".

e Gy <pr Gy forall Fy,..., F,if and only if Q2/@1 is
decreasing in (0,1)".

o G <ur Gy forall Fi,...,F,if a® >a%in (0,1)" for
i=1,...,n, where

U,’D,‘q)(U]_, ) un)
¢(u17"'aun)

(2.1)

aP(ur,... up) =

and Di®(u1,...,up) = 8,¢(u1, ey Up).
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Stochastic orders-DD

Preservation results Stochastic orders-GDD
Stochastic aging classes
Examples

Preservation of stochastic orders-GDDVEW

o If G; = Q,'(Fl, ceey Fn), i=1,2, then:

o Gy <s7 Gyforall Fi,...,F,ifand only if Q1/Q2 > 1in
(0,1)".

e Gy <pr Gy forall Fy,..., F,if and only if Q2/@1 is
decreasing in (0,1)".

o G <ur Gy forall Fi,...,F,if a® >a%in (0,1)" for
i=1,...,n, where

U,’D,‘q)(U]_, ) un)
¢(u17"'aun)

aP(ur,... up) = (2.1)
and Di®(u1,...,up) = a%id)(ul, ey Up).

o G <gur G for all Fy,...,F,if and only if Q/Q1 is
increasing in (0,1)".
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DNEW

o If Fo=Q(F1,...,F,) and Gg = Q(Ga, ..., G,), then:
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Stochastic aging classes
Examples

Preservation of stochastic orders-GD

DNEW

o |fFQ:Q(F17>Fn) and GQ:Q(G]J'“’Gn)’ then:
o Fi<st Gifori=1,....,n= Fo <s1 Gg.
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Examples

Preservation of stochastic orders-GDDVEW

o If Fo =Q(F1,...,F,) and Gg = Q(Gu, ..., Gp), then:

o Fi<st Gifori=1,....,n= Fg <s7 Gg.

o If F; <pr Gjfori=1,...,n, then Fo <pr Gq for all MDF Q
such that a? is decreasing in (0,1)" for i=1,...,n.
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Preservation of stochastic orders-GDDVEW

o If Fo =Q(F1,...,F,) and Gg = Q(Gu, ..., Gp), then:

o Fi<st Gifori=1,....,n= Fg <s7 Gg.

o If F; <pr Gjfori=1,...,n, then Fo <pr Gq for all MDF Q
such that a? is decreasing in (0,1)" for i=1,...,n.

o If F; <pr Gjfori=1,...,n, then Fo <pr Gq for all MDF Q

such that -
Q(ulvlv"‘aunvn). (22)

Q(u1, ..., up)

is decreasing in u1,...,u, when 0 < u; <1and 0 < ujv; < 1.
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Preservation of stochastic orders-GD

DNEW

o If Fj <gur Gj fori=1,...,n, then Fg <gnr Gq for all MDF
Q such that a¥ is decreasing in (0,1)" fori=1,...,n.

i
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Preservation of stochastic orders-GDDVEW

o If Fi <pur Gj fori=1,...,n, then Fg <gur Gq for all MDF
Q such that a,Q is decreasing in (0,1)" for i=1,...,n.

o If F; </r G;j and F;is IHR (DHR) for i =1,...,n, then
Fq <ir Ggq for all MDF Q such that

76 _ lelulDla(Ulvlv cey UnVn) + o+ WnZnunDna(Ulvly sy UnVn)
211 D1 Q(ur, ... up) + -+ + Zpun Dp Q(u, . . ., up)

is decreasing in uy, ..., Uy, increasing in vi,..., Vo, Wi, ..., Wy
and increasing (decreasing) in z; in
(0,1)" x (1,00) x (0, 00)?".
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Preservation of stochastic orders-GD

DNEW

o If Fo =Q(F1,F2,...,Fp) and Gg = Q(Gi, Fa, ..., Fp), then:
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Preservation of stochastic orders-GDDVEW

o If Fo=Q(F1,Fa,...,Fy) and Gg = Q(Gy, Fa, ..., Fp,), then:
o If L <pyr Gy and FL >pr F; (SHR) for i = 2,...,n, then
Fo <Hr Gg for all MDF Q such that
59 (Qiulvl,ulv2,...,u1vn) (23)
Q(uy, urva, ..., u1vy)
is decreasing in u; and decreasing (increasing) in v;,
i=1,...,n.
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Preservation of stochastic orders-GDDVEW

o If Fo=Q(F1,Fa,...,Fy) and Gg = Q(Gy, Fa, ..., Fp,), then:
o If L <pyr Gy and FL >pr F; (SHR) for i = 2,...,n, then

Fo <Hr Gg for all MDF Q such that

59 (Qiulvl,ulv2,...,u1vn) (23)
Q(u1, u1va, ..., U1vy)

is decreasing in u; and decreasing (increasing) in v;,

i=1,...,n.
o If 1 <;r Gi and F; <r F; (ZLR) fori=2,...,n, then

Fq <ir Ggq for all MDF Q such that

T wiD1 Q(uivi, ..., u1vn) + - + wpDpQ(urva, . . ., u1vy)
DiQ(ur,u1va, ... u1vp) + -+ DpQ(ur, uzva, ..., u1vy)

is decreasing in ug, increasing in v and increasing
(decreasing) in v; and w; for i =2,... n.

A
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Preservation results of aging classes

o Let C be an aging class.
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Preservation results of aging classes

o Let C be an aging class.

o If g is a distorted function,

FeC= q(F)eC?
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Preservation results of aging classes

o Let C be an aging class.

o If g is a distorted function,
FeC=q(F)ecC?
o If @ is a multivariate distorted function,

FreC,i=1,...,n= Q(Fl,...,Fn)EC?
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Preservation results of aging classes

o Let C be an aging class.

o If g is a distorted function,
FeC=q(F)ecC?
o If @ is a multivariate distorted function,
FieCii=1,....n= Q(Fy,...,F,) €C?

e Navarro, del Aguila, Sordo and Sudrez-Llorens (2013, Appl
Stoch Mod Bus Ind, doi:10.1002/asmb.1985).
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Stochastic aging classes

@ X is Increasing (Decreasing) Hazard Rate IHR (DHR) if h is
increasing (decreasing).
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Stochastic aging classes

@ X is Increasing (Decreasing) Hazard Rate IHR (DHR) if h is
increasing (decreasing).

@ XislHR & (X —s|X >s) >s7 (X —t|X > t) forall s < t.
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Stochastic aging classes

@ X is Increasing (Decreasing) Hazard Rate IHR (DHR) if h is
increasing (decreasing).

@ XislHR & (X —s|X >s) >s7 (X —t|X > t) forall s < t.

e X is New Better (Worse) than Used NBU (NWU) if
X >s1 (X —t|X > t) (<s7) for all t > 0.
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Stochastic aging classes

@ X is Increasing (Decreasing) Hazard Rate IHR (DHR) if h is
increasing (decreasing).

@ XislHR & (X —s|X >s) >s7 (X —t|X > t) forall s < t.

e X is New Better (Worse) than Used NBU (NWU) if
X >s1 (X —t|X > t) (<s7) for all t > 0.

@ X is Increasing (Decreasing) Likelihood Ratio ILR (DLR) if f
is log-concave (log-convex).
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Stochastic aging classes

X is Increasing (Decreasing) Hazard Rate IHR (DHR) if h is
increasing (decreasing).

XisIHR & (X —s|X >s) >s7 (X — t|X > t) for all s < t.
X is New Better (Worse) than Used NBU (NWU) if

X >s1 (X —t|X > t) (<s7) for all t > 0.

X is Increasing (Decreasing) Likelihood Ratio ILR (DLR) if f
is log-concave (log-convex).

XisILR & (X —s|X >s) > g (X —t|X > t) forall s < t.
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Stochastic aging classes

X is Increasing (Decreasing) Hazard Rate IHR (DHR) if h is
increasing (decreasing).

XisIHR & (X —s|X >s) >s7 (X — t|X > t) for all s < t.

X is New Better (Worse) than Used NBU (NWU) if
X >s1 (X —t|X > t) (<s7) for all t > 0.

X is Increasing (Decreasing) Likelihood Ratio ILR (DLR) if f
is log-concave (log-convex).

XislLR& (X —s|X >s) > g (X —t|X >1t) forall s <t
ILR = IHR = NBU.
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Preservation of Stochastic aging classes DD

o Let Fy = q(F) and a(u) = uq'(u)/qG(u). Then:
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Preservation of Stochastic aging classes DD

o Let Fy = q(F) and a(u) = uq'(u)/qG(u). Then:
@ The IHR class is preserved (i.e. Fq is IHR for all F IHR) if and
only if a is decreasing in (0,1).

Seventh International Workshop on Applied Probability Jorge Navarro, E-mail: jorgenav@um.es



Stochastic orders-DD

Preservation results Stochastic orders-GDD
Stochastic aging classes
Examples

Preservation of Stochastic aging classes DD

o Let Fy = q(F) and a(u) = uq'(u)/qG(u). Then:

@ The IHR class is preserved (i.e. Fq is IHR for all F IHR) if and
only if a is decreasing in (0,1).

@ The DHR class is preserved if and only if « is increasing in
(0,1).

Jorge Navarro, E-mail: jorgenav@um.es
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Preservation of Stochastic aging classes DD

o Let Fy = q(F) and a(u) = uq'(u)/qG(u). Then:

@ The IHR class is preserved (i.e. Fq is IHR for all F IHR) if and
only if a is decreasing in (0,1).

@ The DHR class is preserved if and only if « is increasing in
(0,1).

@ The IHR and DHR classes are preserved if and only if the
PHR holds (« is constant).
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Preservation of Stochastic aging classes DD

o Let Fy = q(F) and a(u) = uq'(u)/qG(u). Then:

@ The IHR class is preserved (i.e. Fq is IHR for all F IHR) if and
only if a is decreasing in (0,1).

@ The DHR class is preserved if and only if « is increasing in
(0,1).

@ The IHR and DHR classes are preserved if and only if the
PHR holds (« is constant).

e The NBU (NWU) class is preserved if and only if

g(uv) <q(uv)g(v) (=), 0<u,v<L1. (2.4)
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Preservation of Stochastic aging classes DD

o Let Fy = q(F) and a(u) = uq'(u)/qG(u). Then:

@ The IHR class is preserved (i.e. Fq is IHR for all F IHR) if and
only if a is decreasing in (0,1).

@ The DHR class is preserved if and only if « is increasing in
(0,1).

@ The IHR and DHR classes are preserved if and only if the
PHR holds (« is constant).

e The NBU (NWU) class is preserved if and only if
g(uv) <q(uv)g(v) (=), 0<u,v<L1. (2.4)

e The NBU (NWU) class is preserved if the IHR (DHR) class is
preserved.
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Preservation of Stochastic aging classes

@ In the IID case:
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Preservation of Stochastic aging classes

@ In the IID case:

@ The IHR class and the HR order are preserved for X;., since
aj:n(u) is decreasing (Esary and Proschan 1963, Tech.).
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Preservation of Stochastic aging classes

@ In the IID case:
@ The IHR class and the HR order are preserved for X;., since
aj:n(u) is decreasing (Esary and Proschan 1963, Tech.).

@ The DHR class is not necessarily preserved for X;.,! It is only
preserved for Xi., since a.,(u) is constant.
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Preservation of Stochastic aging classes

@ In the IID case:

@ The IHR class and the HR order are preserved for X;., since
aj:n(u) is decreasing (Esary and Proschan 1963, Tech.).

@ The DHR class is not necessarily preserved for X;.,! It is only
preserved for Xi., since a.,(u) is constant.

@ The IHR and DHR classes are not necessarily preserved under
the formation of coherent systems! It depends on the system
structure.
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Preservation of Stochastic aging classes

@ In the IID case:

@ The IHR class and the HR order are preserved for X;., since
aj:n(u) is decreasing (Esary and Proschan 1963, Tech.).

@ The DHR class is not necessarily preserved for X;.,! It is only
preserved for Xi., since a.,(u) is constant.

@ The IHR and DHR classes are not necessarily preserved under
the formation of coherent systems! It depends on the system
structure.

@ In the ID case the IHR class is not necessarily preserved for
Xi:n! It depends on the copula (dependence).
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Preservation of Stochastic aging classes DD

o Let Fy = g(F) and let

B(u) = ug"(u)/q (u),

and

Bu) = (1 - u)g"(v)/q (v).
Then:
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Preservation of Stochastic aging classes DD

o Let Fy = g(F) and let

B(u) = ug"(u)/q (u),

and

Bu) = (1 - u)g"(v)/q (v).
Then:

o If Fis ILR and there exists a € [0, 1] such that 3 is
non-negative and decreasing in (0, a) and (3 is non-positive
and decreasing in (a,1), then Fy is ILR.
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Preservation of Stochastic aging classes DD

o Let Fy = g(F) and let

B(u) = ug"(u)/q (u),

and

Bu) = (1 - u)g"(v)/q (v).
Then:

o If Fis ILR and there exists a € [0, 1] such that 3 is
non-negative and decreasing in (0, a) and (3 is non-positive
and decreasing in (a,1), then Fy is ILR.

e If F is DLR with support (/,00) (/ > 0), 3 is non-negative and
increasing in (0, 1), then Fg is DLR.
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Then:
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Preservation of Stochastic aging classes GDD

o Let Fo = Q(F1,...,F,) and

aj(ur, ..., up) = —

Then:

@ The IHR (DHR) class is preserved if «; is decreasing
(increasing) in (0,1)" for i=1,...,n.
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Preservation of Stochastic aging classes GDD

o Let Fo = Q(F1,...,F,) and

aj(ug, ... up) = —

Then:

@ The IHR (DHR) class is preserved if «; is decreasing
(increasing) in (0,1)" for i=1,...,n.

e The NBU (NWU) class is preserved if

Q(urvi, ... unvy) < Qur, ..., un)Q(ve,...,vin) ()

forall uy,...,up,va,..., vy, €(0,1),
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Preservation of Stochastic aging classes GDD

o Let Fo = Q(F1,...,F,) and

iDiQ(u1, ..., up
Of,'(Ul,...,Un): U*Q(UI . )

Q(u1,...,un)

Then:

@ The IHR (DHR) class is preserved if «; is decreasing
(increasing) in (0,1)" for i=1,...,n.

e The NBU (NWU) class is preserved if

Q(urvi, ... unvy) < Qur, ..., un)Q(ve,...,via) (>)
forall uy,...,up,va,..., vy, €(0,1),

e The NBU (NWU) class is preserved if the IHR (DHR) class is
preserved.
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e If Xi,...,X, are independent, then:
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Preservation of Stochastic aging classes GDD

e If Xi,...,X, are independent, then:

@ The NBU class is preserved under the formation of coherent
systems (Esary, Marshall and Proschan, 1970, SIAM J Appl

Math).
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Preservation of Stochastic aging classes GDD

e If Xi,...,X, are independent, then:

@ The NBU class is preserved under the formation of coherent
systems (Esary, Marshall and Proschan, 1970, SIAM J Appl
Math).

@ The IHR class is not preserved under the formation of
coherent systems (order statistics) in the independent case.
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Example-system [ID case

&

ORO

Seventh International Workshop on Applied Probability Jorge Navarro, E-mail: jorgenav@um.es



Stochastic orders-DD

Preservation results Stochastic orders-GDD
Stochastic aging classes
Examples

Example-system [ID case

(1)
L

ORO

o Coherent system lifetime T = min( X1, max(Xz, X3)).
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Example-system [ID case

(1)
L

ORO

o Coherent system lifetime T = min( X1, max(Xz, X3)).
e In the IID case: q(u) = u+ u? — uv® and q(u) = 2u? — 303
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Example-system [ID case

(1)
L

ORO

o Coherent system lifetime T = min( X1, max(Xz, X3)).
e In the IID case: q(u) = u+ u? — uv® and q(u) = 2u? — 303

@ Then a(u) = 427_311“ is strictly decreasing.
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Example-system [ID case

(1)
L

ORO

Coherent system lifetime T = min(X1, max(Xz, X3)).

In the 1D case: q(u) = u+ v? — u® and g(u) = 2u? — 3u3.
Then a(u) = 427_311“ is strictly decreasing.

The HR order is preserved.
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Example-system [ID case

(1)
L

ORO

Coherent system lifetime T = min(X1, max(Xz, X3)).

In the 1D case: q(u) = u+ v? — u® and g(u) = 2u? — 3u3.
Then a(u) = 427_311“ is strictly decreasing.

The HR order is preserved.

The IHR class is preserved and the DHR is not always
preserved.
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Example- paradoxical system IID case

(1)
>/

o Coherent system lifetime T = max(X1, min(Xz, X3)).
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(1)
>/

o Coherent system lifetime T = max(X1, min(Xz, X3)).
o In the IID case: q(u) = u+ u? — v® and g(u) = 2u? — 303
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Example- paradoxical system IID case

@
o Coherent system lifetime T = max(X1, min(Xz, X3)).
o In the IID case: q(u) = u+ u? — v® and g(u) = 2u? — 303
@ Then a(u) = %:3;’2 is strictly increasing in (0, up) and
strictly decreasing in (ug, 1), with up = v/5 — 2 = 0.236068.
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Example- paradoxical system IID case

®
o Coherent system lifetime T = max(X1, min(Xz, X3)).
o In the IID case: q(u) = u+ u? — v® and g(u) = 2u? — 303
e Then a(u) = %:3;’2 is strictly increasing in (0, up) and
strictly decreasing in (ug, 1), with up = v/5 — 2 = 0.236068.
@ The HR order is not necessarily preserved.
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Example- paradoxical system IID case

)
—U—
20,08

o Coherent system lifetime T = max(X1, min(Xz, X3)).
o In the IID case: q(u) = u+ u? — v® and g(u) = 2u? — 303
e Then a(u) = %:3;’2 is strictly increasing in (0, up) and

strictly decreasing in (ug, 1), with up = v/5 — 2 = 0.236068.
@ The HR order is not necessarily preserved.
Neither the IHR class nor the DHR are preserved.
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Figure: HR (left) and RF (left) of the residual lifetimes (T — t|T > t) of
the system T = max(Xy, min(Xz, X3)) when X; are 1ID~ Exp(p = 1)
with t = 0,1, 2,3 (black, blue, red, green).
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Figure: HR X; (left) and T = max(Xy, min(Xy, X3)) (right) when X; are
[ID with F(t) =1—(1—e"*)? for t > 0 and a = 2,5 (blue, black).

Seventh International Workshop on Applied Probabili Jorge Navarro, E-mail: jorgenav@um.es



Stochastic orders-DD

Preservation results Stochastic orders-GDD
Stochastic aging classes
Examples

Example-DID case

@ Series system Xi., = min(Xy, ..., X,) with ID components
having a Clayton-Oakes survival copula
n 1/(1-06)
K(ui,...,up) = Zu,-l_e—(n—l) , 60>1.
i=1
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Example-DID case

@ Series system Xi., = min(Xy, ..., X,) with ID components
having a Clayton-Oakes survival copula

n 1/(1-6)
K(ui,...,up) = Zu,-l_e—(n—l) , 60>1.
i=1

@ Then

Seventh International Workshop on Applied Probability Jorge Navarro, E-mail: jorgenav@um.es



Stochastic orders-DD

Preservation results Stochastic orders-GDD
Stochastic aging classes
Examples

Example-DID case

@ Series system Xi., = min(Xy, ..., X,) with ID components
having a Clayton-Oakes survival copula

n 1/(1-0)
K(ui,...,up) = Zu,-l_e—(n—l) , 60>1.
i=1
@ Then
g(u) = K(u,...,u) = (nu*~? — n+1)Y/0-0),
e As a(u) = n_(n_”l)ue,l is a strictly increasing function for all

f > 1, the DHR class is preserved for all n.
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Example-DID case

@ Series system Xi., = min(Xy, ..., X,) with ID components
having a Clayton-Oakes survival copula

n 1/(1-0)
K(ui,...,up) = Zu,-l_e—(n—l) , 60>1.
i=1
@ Then
g(u) = K(u,...,u) = (nu*~? — n+1)Y/0-0),
e As a(u) = n_(n_”l)ue,l is a strictly increasing function for all

f > 1, the DHR class is preserved for all n.

@ However, the IHR class is not necessarily preserved.
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Example-DID case

@ Series system Xi., = min(Xy, ..., X,) with ID components
having a Clayton-Oakes survival copula

n 1/(1-0)
K(ui,...,up) = Zu,-l_e—(n—l) , 60>1.
i=1
@ Then
g(u) = K(u,...,u) = (nu*~? — n+1)Y/0-0),
e As a(u) = n_(n_”l)ue,l is a strictly increasing function for all

f > 1, the DHR class is preserved for all n.
@ However, the IHR class is not necessarily preserved.

@ The HR order is not necessarily preserved.
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System hazard rate
14 18

12

1.0

Figure: HR of T = min(Xy, X2) when (X1, X3) has a C-O survival copula
with 6 =2 and F;(t) = exp(—t?), t >0, i = 1,2 with a = 1 (black,
Exponential), a=1.1,1.2,1.3,1.4 (blue, red, green, purple, IHR Weibull).
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Example-Parallel system IND case

o Parallel system Xs., = max(Xy, X2) with IND components.
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Example-Parallel system IND case

o Parallel system Xs., = max(Xy, X2) with IND components.
@ Then Quo(u1, up) = U1 + up — ugup.
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Example-Parallel system IND case

o Parallel system Xs., = max(Xy, X2) with IND components.

° Thenﬁ@z:g(ul, up) = uy + up — ur L.

o As a?(ul, up) = (u1 — urup)/(ur + up — urup) is increasing in
up and decreasing in wup, then the IHR and DHR classes are
not necessarily preserved.
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Example-Parallel system IND case

o Parallel system Xs., = max(Xy, X2) with IND components.

° Thenﬁ@z:g(ul, up) = uy + up — ur L.

o As a?(ul, up) = (u1 — urup)/(ur + up — urup) is increasing in
up and decreasing in wup, then the IHR and DHR classes are
not necessarily preserved.

e For the series system X1., = min(X1, X2), Q1.2(u) = uyup and

92:2(“17 up) 1 L 15
Qua(ur,u2) U1

is decreasing, then X1.0 <ygr Xo.0.
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Example-Parallel system IND case

Parallel system X, = max(X1, X2) with IND components.
Thenﬁ@z;z(ul, Up) = Uy + Uy — Uy U,
As a?(ul, up) = (u1 — urup)/(ur + up — urup) is increasing in
up and decreasing in wup, then the IHR and DHR classes are
not necessarily preserved.
For the series system Xi.» = min(X1, X2), @1.2(u) = urup and
92:2(“17 up) 1 L 15
Qua(ur,u2) U1
is decreasing, then X1.0 <ygr Xo.0.
X1 and X.o are not always HR-ordered since

Qa2(u1, u2 u

# =14+—=—w
uy uy

is decreasing in up but increasing in up.
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System hazard rate
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Figure: HR of X; (re ) 2 (blue) and X5 (black) when
Xi ~ Exp(p=1/i), i =1,2. X; are IHR and DHR but X, is neither
IHR nor DHR.
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Example-Series system IND case

@ Xi., = min(Xy,..., X,) having DF Fq, Fo, ..., F,.
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Example-Series system IND case

@ Xi., = min(Xy,..., X,) having DF Fq, Fo, ..., F,.
® Yi., =min(Yi,...,Ys) having DF Gy, Fy,. .., Fp,
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Example-Series system IND case

@ Xi., = min(Xy,..., X,) having DF Fq, Fo, ..., F,.
® Yi., =min(Yi,...,Ys) having DF Gy, Fy,. .., Fp,
o F1<ir Gy
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Example-Series system IND case

@ Xi., = min(Xy,..., X,) having DF Fq, Fo, ..., F,.
® Yi., =min(Yi,...,Ys) having DF Gy, Fy,. .., Fp,
o F1<ir Gy

o If F is DHR and F; is IHR for i =2,...,n, then
X1:n <LR Y1
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Example-Series system IND case

Xi:n = min(Xq, ..., X,) having DF Fi, Fa, ..., Fp,.
Yi:n = min(Y1,...,Yy) having DF Gi, Fy,. .., Fp,
F1 <ir G1

If F1 is DHR and F; is IHR for i = 2,...,n, then
X1:n <LR Y1

If Gy is DHR and F; is IHR for i = 2,..., n, then
Xl:n <Ir Yl:n-

Seventh International Workshop on Applied Probability Jorge Navarro, E-mail: jorgenav@um.es



Stochastic orders-DD
Preservation results Stochastic orders-GDD

Stochastic aging classes
Examples

60 100 140
1 l

Likelihood ratio

20

Figure: LR g1.0/f.2 for X1.0 = min(X1, X3) and Y1.2 = min(Yy, Y2) when
X1~ Exp(u=1/2), Y1 ~ Exp(n = 1) and
Pr(Xy > t) = Pr(Ys > t) = exp(—t2) (IHR Weibull).
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Randomized GDD.

Parrondo’s paradox
Example

Parrondo’s paradox series systems-11D case

e Parrondo’s paradox shows (Game Theory) how, in some
games, a random strategy might be better than any
deterministic strategy.
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Parrondo’s paradox series systems-11D case

e Parrondo’s paradox shows (Game Theory) how, in some
games, a random strategy might be better than any
deterministic strategy.

@ The same paradox holds for coherent systems.
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Randomized GDD.

Parrondo’s paradox
Example

Parrondo’s paradox series systems-11D case

e Parrondo’s paradox shows (Game Theory) how, in some
games, a random strategy might be better than any
deterministic strategy.

@ The same paradox holds for coherent systems.

@ Let us assume that we have two kind of units with reliability
functions F1 > F» (in a similar number) to build series
systems with two independent units.
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Randomized GDD.

Parrondo’s paradox
Example

Parrondo’s paradox series systems-11D case

e Parrondo’s paradox shows (Game Theory) how, in some
games, a random strategy might be better than any
deterministic strategy.

@ The same paradox holds for coherent systems.

@ Let us assume that we have two kind of units with reliability
functions F1 > F» (in a similar number) to build series
systems with two independent units.

@ Let T = min(Xy, X2) be the system obtained when
Fi(t)=Pr(X;>1t),i=1,2.
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Example

Parrondo’s paradox series systems-11D case

e Parrondo’s paradox shows (Game Theory) how, in some
games, a random strategy might be better than any
deterministic strategy.

@ The same paradox holds for coherent systems.

@ Let us assume that we have two kind of units with reliability
functions F1 > F» (in a similar number) to build series
systems with two independent units.

@ Let T = min(Xy, X2) be the system obtained when
Fi(t)=Pr(X;>1t),i=1,2.

@ Let S be the system obtained when the units are chosen
randomly.
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Parrondo’s paradox series systems-11D case

e Parrondo’s paradox shows (Game Theory) how, in some
games, a random strategy might be better than any
deterministic strategy.

@ The same paradox holds for coherent systems.

@ Let us assume that we have two kind of units with reliability
functions F1 > F» (in a similar number) to build series
systems with two independent units.

@ Let T = min(Xy, X2) be the system obtained when
Fi(t)=Pr(X;>1t),i=1,2.

@ Let S be the system obtained when the units are chosen
randomly.

@ Then T <gt1 S since

Fr(t) = F1(t)Fa(t) < (0.5F1(t) + 0.5F1(t))? = Fs(t).
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1.0

System reliability

oo 02 04 06 08

Figure: Reliability functions of systems T (black) and S (blue) when the
units have exponential distributions with means 5 and 1.
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Parrondo’s paradox in other systems

@ The same happen with series systems of size n with
independent components.
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Parrondo’s paradox in other systems

@ The same happen with series systems of size n with
independent components.

@ The orderings are reversed for parallel systems.
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Parrondo’s paradox
Example

Parrondo’s paradox in other systems

@ The same happen with series systems of size n with
independent components.

@ The orderings are reversed for parallel systems.

@ In both cases, we compare the GDD Q(Fy,...,F,) and
Q(G,...,G), where G = (Fy +---+ F,)/n.
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Randomized GDD.

Parrondo’s paradox
Example

Parrondo’s paradox in other systems

@ The same happen with series systems of size n with
independent components.

The orderings are reversed for parallel systems.

In both cases, we compare the GDD Q(Fy,...,F,) and
Q(G,...,G), where G = (Fy +---+ F,)/n.

A function g : R" — R is weakly Schur-concave (convex) if

glui,up, ..., up) < g(u,a,...,u) (>)

for all (u1,up, ..., up), where = (ug + up + ...+ uy)/n.
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Parrondo’s paradox

Parrondo’s paradox

Theorem (Navarro and Spizzichino, ASMBI 2010)

If (X1, Xa,...,X,) and (Y1, Ya,..., Ys) have the same copula,
E;(t) = a‘(X,' > t) anci

G(t) = (Fi(t)+...+ Fn(t))/n=Pr(Yi>t) fori=1,...,n, and
QoK is weakly Schur-concave (convex), then

T = (X0, Xa) <57 S = 6(Vh,..., Ya) (2s7).
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Parrondo’s paradox in other systems

@ This theorem can be applied to GDD.
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Randomized GDD.

Parrondo’s paradox
Example

Parrondo’s paradox in other systems

@ This theorem can be applied to GDD.

@ For Xji., with independent components

Q1.n(u1,. .., up) = u1...u, which is Schur-concave and so
Parrondo’s paradox holds.
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Randomized GDD.

Parrondo’s paradox
Example

Parrondo’s paradox in other systems

@ This theorem can be applied to GDD.

@ For Xji., with independent components
Q1:n(u1, ..., un) = u1...up which is Schur-concave and so
Parrondo’s paradox holds.

@ For Xj., with dependent components
Ql:n,K(Uh B Un) = K(Ula ce Un)-
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Example

Parrondo’s paradox in other systems

@ This theorem can be applied to GDD.

@ For Xji., with independent components
Q1:n(u1, ..., un) = u1...up which is Schur-concave and so
Parrondo’s paradox holds.

@ For Xj., with dependent components
51:,,7K(u1, cooyun) = K(ug, ..., up).

@ Many copulas are Schur-concave (e.g. Archimedean copulas)
and so Parrondo’s paradox holds in many series systems.
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Example

Parrondo’s paradox in other systems

This theorem can be applied to GDD.

For Xi., with independent components
Q1:n(u1, ..., un) = u1...up which is Schur-concave and so
Parrondo’s paradox holds.

For Xi., with dependent components

51:,,7K(u1, cooyun) = K(ug, ..., up).

Many copulas are Schur-concave (e.g. Archimedean copulas)
and so Parrondo’s paradox holds in many series systems.

However there are copulas which are weakly Schur-convex and
hence the ordering can be reversed for series systems (see
Navarro and Spizzichino, ASMBI 2010).
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Randomized GDD.

Parrondo’s paradox
Example

Parrondo’s paradox in other systems

This theorem can be applied to GDD.

For Xi., with independent components
Q1:n(u1, ..., un) = u1...up which is Schur-concave and so
Parrondo’s paradox holds.

For Xi., with dependent components

51:,,7K(u1, cooyun) = K(ug, ..., up).

Many copulas are Schur-concave (e.g. Archimedean copulas)
and so Parrondo’s paradox holds in many series systems.

However there are copulas which are weakly Schur-convex and
hence the ordering can be reversed for series systems (see
Navarro and Spizzichino, ASMBI 2010).

The preceding properties are reversed for parallel systems.

Seventh International Workshop on Applied Probability Jorge Navarro, E-mail: jorgenav@um.es



Parrondo’s paradox
Randomized GDD.

Parrondo’s paradox
Example

Randomized GDD

e If Q is a GDF, we consider the GDD with RF

Fk(t) = 6(?}((”, ... ,Fx(t),fy(t), ... ,Fy(t) ), k = 0, ...y n

-~

k—times (n—k)—times

(3.1)
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Randomized GDD.

Parrondo’s paradox
Example

Randomized GDD

e If Q is a GDF, we consider the GDD with RF

Fk(t) = 6(?}((”, ... ,Fx(t),fy(t), ... ,Fy(t) ), k = 0, ...y n

-~

k—times (n—k)—times

(3.1)
@ Here, e.g., we can assume X >g7 Y.
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Randomized GDD.

Parrondo’s paradox
Example

Randomized GDD

e If Q is a GDF, we consider the GDD with RF

Fk(t) = 6(?}((”, ... ,Fx(t),fy(t), ... ,Fy(t) ), k = 0, ...y n

-~

k—times (n—k)—times

(3.1)
@ Here, e.g., we can assume X >g7 Y.
@ The randomized GDD is obtained when the number k of

“good components” is chosen randomly according to a
discrete random variable K with support included in

{0,...,n}.
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Randomized GDD.

Parrondo’s paradox
Example

Randomized GDD

e If Q is a GDF, we consider the GDD with RF

Fk(t) = 6(?}((”, ... ,Fx(t),fy(t), ... ,Fy(t) ), k = 0, ...y n

k—times (n—k)—times

(3.1)

@ Here, e.g., we can assume X >g7 Y.

@ The randomized GDD is obtained when the number k of
“good components” is chosen randomly according to a
discrete random variable K with support included in
{0,...,n}.

@ It is represented by the random variable Tk.
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Proposition (Navarro, Pellerey and Di Crecenzo, 2014)

If k is chosen randomly according to Ky or K> and

o(k) = Q(u,...,u, v,...,v )
—— =

k—times (n—k)—times

is convex (concave) in {0,1,..., m} for all u,v € (0,1), then:
(i) K1 <cx Kz implies Ty, <sT Tk, (>sT).
(i) X >s7 Y and K1 <icx K2 (Sicv) imply Tk, <st Tk,.
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1.0

System reliability

oo 02 04 06 08

Figure: Reliability functions of systems T (black) and S (blue) when the
units have exponential distributions with means 1 and 5.
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Parrondo paradox example

o T = min(Xg, Xz) with Q(u,v) = uv.
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Randomized GDD.

Parrondo’s paradox Example

Parrondo paradox example

o T = min(Xg, Xz) with Q(u,v) = uv.
@ It is obtained with Kj such that Pr(K; =1) = 1.

Seventh International Workshop on Applied Proba Jorge Navarro, E-mail: jorgenav@um.es
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Randomized GDD.

Parrondo’s paradox Example

Parrondo paradox example

o T = min(Xg, Xz) with Q(u,v) = uv.

@ It is obtained with Kj such that Pr(K; =1) = 1.

@ S is obtained with K> such that Pr(K; =1) =1/2 and
PI’(KQ = 0) = PF(KQ == 2) == 1/4.
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Parrondo’s paradox
Randomized GDD.

Parrondo’s paradox Example

Parrondo paradox example

T = min(X1, X2) with Q(u, v) = uv.

It is obtained with Kj such that Pr(K; =1) = 1.

S is obtained with Kj such that Pr(K; = 1) =1/2 and
PI’(KQ = 0) = PF(KQ == 2) == 1/4.

@ Another reasonable option is obtained with K3 such that
Pr(Ks=i)=1/3for i =0,1,2.
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Parrondo paradox example

T = min(X1, X2) with Q(u, v) = uv.

It is obtained with Kj such that Pr(K; =1) = 1.

S is obtained with Kj such that Pr(K; = 1) =1/2 and
PI’(KQ = 0) = PF(KQ == 2) == 1/4.

@ Another reasonable option is obtained with K3 such that
Pr(Ks=i)=1/3for i =0,1,2.

Another option Ky such that
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Parrondo paradox example

T = min(X1, X2) with Q(u, v) = uv.

It is obtained with Kj such that Pr(K; =1) = 1.

S is obtained with Kj such that Pr(K; = 1) =1/2 and
PI’(KQ = 0) = PF(KQ == 2) == 1/4.

@ Another reasonable option is obtained with K3 such that
Pr(Ks=i)=1/3for i =0,1,2.

Another option Ky such that

Note that E(K;) =1 for i =1,2,3,4.
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Parrondo paradox example

o T = min(Xg, Xz) with Q(u,v) = uv.

@ It is obtained with Kj such that Pr(K; =1) = 1.

@ S is obtained with K> such that Pr(K; =1) =1/2 and
PI’(KQ = 0) = PF(KQ == 2) == 1/4.

@ Another reasonable option is obtained with K3 such that
Pr(Ks=i)=1/3for i =0,1,2.

@ Another option K, such that

e Note that E(K;) =1 for i =1,2,3,4.

o As o(k) = ukvi=k is convex and
K1 <cx K2 <cx K3 <cx Ka, then

Fi, <st Fi, <sT Fk; <sT Fk,-
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Parrondo paradox example

o T = min(Xg, Xz) with Q(u,v) = uv.

@ It is obtained with Kj such that Pr(K; =1) = 1.

@ S is obtained with K> such that Pr(K; =1) =1/2 and
PI’(KQ = 0) = PF(KQ == 2) == 1/4.

@ Another reasonable option is obtained with K3 such that
Pr(Ks=i)=1/3for i =0,1,2.

@ Another option K, such that

e Note that E(K;) =1 for i =1,2,3,4.

o As o(k) = ukvi=k is convex and
K1 <cx K2 <cx K3 <cx Ka, then

Fi, <st Fi, <sT Fk; <sT Fk,-

@ Actually, Ky is the best option (the most convex) whenever
E(K)=1.

Seventh International Workshop on Applied Probability Jorge Navarro, E-mail: jorgenav@um.es



Parrondo’s paradox
Randomized GDD.

Parrondo’s paradox Example

1.0

System reliakility

00 02 04 06 08

Figure: Reliability functions of systems T = Tk, (black), S = T, (blue),
Tk, (purple) and Tk, (green) when the units have exponential
distributions with means 5 and 1.
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Parrondo’s paradox
Randomized GDD.

Parrondo’s paradox Example

1.0

System reliakility

00 02 04 06 08

00 05 10 15 20

Figure: Reliability functions of systems T = Tk, (black), S = T, (blue),
Tk, (purple) and Tk, (green) when the units have reliability
F(t) = exp(—t) (exponential, red) or F(t) = exp(—t*) (Weibull, orange).
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