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» The distorted distributions were introduced in Yaari's dual
theory of choice under risk (Econometrica, 1987).
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Distortion functions

» The distorted distributions were introduced in Yaari's dual
theory of choice under risk (Econometrica, 1987).

» The distorted distribution (DD) associated to a distribution
function (DF) F and to an increasing continuous distortion
function ¢ : [0,1] — [0, 1] such that g(0) =0 and g(1) =1, is

Fq(t) = a(F(t)). (1.1)
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Distortion functions

» The distorted distributions were introduced in Yaari's dual
theory of choice under risk (Econometrica, 1987).

» The distorted distribution (DD) associated to a distribution
function (DF) F and to an increasing continuous distortion
function ¢ : [0,1] — [0, 1] such that g(0) =0 and g(1) =1, is

Fq(t) = q(F(t)). (1.1)

> For the reliability functions (RF) F =1—F, Fy =1 — F,, we
have B _

Fq(t) = a(F (1)), (1.2)

where g(u) =1 — g(1 — u) is the dual distortion function;
see Hiirlimann (N Am Actuarial J, 2004).
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Multivariate distortion functions

» The generalized distorted distribution (GDD) associated to
n DF F1,..., F, and to an increasing continuous multivariate
distortion function Q : [0,1]” — [0, 1] such that
Q(0,...,0)=0and Q(1,...,1)=1,is

Fo(t) = Q(Fi(t),. .., Fa(t)). (1.3)

Jorge Navarro, IWAP2018

Universidad de Murcia. E-mail: jorgenav@um.es,

4/a4



Distorted Distributions Definitions
Comparisons
Bounds

Multivariate distortion functions

» The generalized distorted distribution (GDD) associated to
n DF F1,..., F, and to an increasing continuous multivariate
distortion function Q : [0,1]” — [0, 1] such that
Q(0,...,0)=0and Q(1,...,1)=1,is

Fo(t) = Q(Fi(t),. .., Fa(t)). (1.3)
» For the RF we have
Fo(t) = Q(Fi(1), .- -, Fu(t)), (1.4)
where F=1—F, Fg=1— Fg and

Q(ui,...,up) =1—Q(1 —uy,...,1— uy,)is the multivariate
dual distortion function; see Navarro et al. (ASMBI, 2014).
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Examples

» Proportional hazard rate (PHR) Cox model F, = F, a >0
with g(u) = u® and q(u) =1 — (1 — u)*~.
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» Proportional hazard rate (PHR) Cox model F, = F, a >0
with g(u) = u® and q(u) =1 — (1 — u)*~.

» Proportional reversed hazard rate (PRHR) model F, = F?,
a > 0 with g(v) = u® and g(u) =1 — (1 — u)*.
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» Proportional hazard rate (PHR) Cox model F, = F, a >0
with g(u) = u® and q(u) =1 — (1 — u)*~.

» Proportional reversed hazard rate (PRHR) model F, = F?,
a > 0 with g(v) = u® and g(u) =1 — (1 — u)*.

» Mixtures F = p1F1 + -+ ppFp, pi > 0 and ), pi = 1 with

Q(u) = Q(u) = prur + - + ppup.
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Examples

» Proportional hazard rate (PHR) Cox model F, = F, a >0
with g(u) = u® and q(u) =1 — (1 — u)*~.

» Proportional reversed hazard rate (PRHR) model F, = F?,
a > 0 with g(v) = u® and g(u) =1 — (1 — u)*.

» Mixtures F = p1F1 + -+ ppFp, pi > 0 and ), pi = 1 with

Q(U) = Q(U) = p1ui + -+ Pnln.
» Order statistics X;., from a sample of IID Xy,..., X,.
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Examples

» Proportional hazard rate (PHR) Cox model F, = F, a >0
with g(u) = u® and q(u) =1 — (1 — u)*~.

Proportional reversed hazard rate (PRHR) model F, = F?,
a > 0 with g(v) = u® and g(u) =1 — (1 — u)*.

Mixtures F = p1F1 + -+ ppFpn, pi > 0 and ), pi = 1 with

Q(u) = Q(u) = prur + - + ppup.

Order statistics X;., from a sample of [ID Xi,..., X,.
Record values from 1ID Xi,..., X, with

an(u Z . Inu
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Proportional hazard rate (PHR) Cox model F, = F%, a >0

with g(u) = u® and q(u) =1 — (1 — u)*~.

Proportional reversed hazard rate (PRHR) model F, = F?,

a > 0 with g(v) = u® and g(u) =1 — (1 — u)*.

Mixtures F = p1F1 + -+ ppFpn, pi > 0 and ), pi = 1 with
Q(u) = Q(u) = prur + -+ + palin.

Order statistics X;., from a sample of [ID Xi,..., X,.
Record values from 1ID Xi,..., X, with

an(u Z . Inu

Coherent systems T = ¢(X1,...,Xp).
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Examples

» Proportional hazard rate (PHR) Cox model F, = F, a >0
with g(u) = u® and q(u) =1 — (1 — u)*~.

Proportional reversed hazard rate (PRHR) model F, = F?,
a > 0 with g(v) = u® and g(u) =1 — (1 — u)*.

Mixtures F = p1F1 + -+ ppFpn, pi > 0 and ), pi = 1 with

Q(u) = Q(u) = prur + - + ppup.

Order statistics X;., from a sample of [ID Xi,..., X,.
Record values from 1ID Xi,..., X, with

an(u Z . Inu

Coherent systems T = ¢(X1,...,Xp).
Conditional distributions from (X1, ..., X,).
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Main stochastic orderings

» X <s7 Y & Fx(t) < Fy(t), stochastic order.
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» X <ur Y © Fy/Fx increases, hazard rate order.

Jorge Navarro, IWAP2018 Universidad de Murcia. E-mail: jorgenav@um.es,



Distorted Distributions Definitions
Comparisons
Bounds

Main stochastic orderings

» X <s7 Y & Fx(t) < Fy(t), stochastic order.
» X <ur Y © Fy/Fx increases, hazard rate order.
> X <purY e (X =t X>t)<st (Y —t|Y >t)forall ¢.
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Main stochastic orderings

X <s1 Y & Fx(t) < Fy(t), stochastic order.

X <pr Y < Fy/Fx increases, hazard rate order.

X<uwrY e (X —tIX>t)<st (Y —t]Y >t) forall t.
X<wurt Y & E(X— t|X > t) < E(Y— t‘y > t) for all t.

vV vV v VY
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X <s1 Y & Fx(t) < Fy(t), stochastic order.

X <pr Y < Fy/Fx increases, hazard rate order.

X<uwrY e (X —tIX>t)<st (Y —t]Y >t) forall t.
X<wurt Y & E(X— t|X > t) < E(Y— t‘y > t) for all t.
X <(r Y & fy(t)/fx(t) increases, likelihood ratio order.

Jorge Navarro, IWAP2018 Universidad de Murcia. E-mail: jorgenav@um.es,



Distorted Distributions Definitions
Comparisons
Bounds

Main stochastic orderings

| 4
>
| 4
| 4
>
| 4

X <s1 Y & Fx(t) < Fy(t), stochastic order.

X <pr Y < Fy/Fx increases, hazard rate order.

X<uwrY e (X —tIX>t)<st (Y —t]Y >t) forall t.
X<wurt Y & E(X— t|X > t) < E(Y— t‘y > t) for all t.
X <(r Y & fy(t)/fx(t) increases, likelihood ratio order.

X <grHr Y < Fy(t)/Fx(t) increases, reversed hazard rate
order.
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Main stochastic orderings

X <s1 Y & Fx(t) < Fy(t), stochastic order.

X <pr Y < Fy/Fx increases, hazard rate order.

X<uwrY e (X —tIX>t)<st (Y —t]Y >t) forall t.
X<wurt Y & E(X— t|X > t) < E(Y— t‘y > t) for all t.
X <(r Y & fy(t)/fx(t) increases, likelihood ratio order.

X <grHr Y < Fy(t)/Fx(t) increases, reversed hazard rate
order.

X<pur Y & (t = X|X <t)>s7 (t = Y|Y < t) for all t.

vV V. vV vV VY

v
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Main stochastic orderings

» X <s7 Y & Fx(t) < Fy(t), stochastic order.
» X <ur Y © Fy/Fx increases, hazard rate order.
» X <pgr Y& (X —t|X>1t)<st (Y —t|Y >t) for all t.
» X <MRL Y & E(X— t|X > t) < E(Y— t‘Y> t) for all t.
» X </r Y & fy(t)/fx(t) increases, likelihood ratio order.
» X <gur Y & Fy(t)/Fx(t) increases, reversed hazard rate

order.
» X<gur Y & (t=X|X <t)>s7 (t=Y|Y < t) for all t.
» Then

X<rRY = X<uprY = XZwr Y

I ! U
X <RHR Y = X <sT Y = E(X) < E(Y)
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Comparisons of distorted distributions

» If T; has the DF F(t) = q;(F(t)), i = 1,2, then:
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Comparisons of distorted distributions

» If T; has the DF Fi(t) = q;(F(t)), i = 1,2, then:
» Ty <g7 Ty forall Fifandonlyifg <g,(org<gqi)in
(0,1).

Jorge Navarro, IWAP2018 Universidad de Murcia. E-mail: jorgenav@um.es, 7/44



Distorted Distributions Definitions
Comparisons
Bounds

Comparisons of distorted distributions

» If T; has the DF F;i(t) = qi(F(t)), i = 1,2, then:

» Ty <g7 Ty forall Fifandonlyifg <g,(org<gqi)in
(0,1).

» T1 <yr T, for all F if and only if g>/g; decreases in (0,1).
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v

If T; has the DF F;(t) = qi(F(t)), i = 1,2, then:

T1 <g7 T for all Fif and only if g1 < g2 (or g2 < @¢1) in
(0,1).

T1 <myr T for all F if and only if §»/g; decreases in (0,1).
T1 <grur Tz for all F if and only if g2/q; increases in (0,1).

v

v

v

Jorge Navarro, IWAP2018 Universidad de Murcia. E-mail: jorgenav@um.es,



Distorted Distributions Definitions
Comparisons
Bounds

Comparisons of distorted distributions

v

If T; has the DF F;(t) = qi(F(t)), i = 1,2, then:

T1 <g7 T for all Fif and only if g1 < g2 (or g2 < @¢1) in
(0,1).
» T1 <yr T, for all F if and only if g>/g; decreases in (0,1).

v

» T1 <gur T» for all F if and only if g2/q; increases in (0,1).
» Ty <ig T for all Fif and only if g5/g; decreases in (0, 1).
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Comparisons of distorted distributions

» If T; has the DF F;i(t) = qi(F(t)), i = 1,2, then:

» Ty <g7 Ty forall Fifandonlyifg <g,(org<gqi)in
(0,1).

» T1 <yr T, for all F if and only if g>/g; decreases in (0,1).

» T1 <gur T» for all F if and only if g2/q; increases in (0,1).

» Ty <ig T for all Fif and only if g5/g; decreases in (0, 1).

» Ty <mge T2 for all F such that E(T1) < E(Ty) if g2/g1 is
bathtub in (0, 1).
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Comparisons of distorted distributions

» If T; has the DF F;i(t) = qi(F(t)), i = 1,2, then:

» Ty <g7 Ty forall Fifandonlyifg <g,(org<gqi)in
(0,1).

» T1 <yr T, for all F if and only if g>/g; decreases in (0,1).

» T1 <gur T» for all F if and only if g2/q; increases in (0,1).

» Ty <ig T for all Fif and only if g5/g; decreases in (0, 1).

» Ty <mre T2 for all F such that E(Tl) < E(TQ) if C_IQ/C_Il is
bathtub in (0, 1).

» Navarro et al. ASMBI, 2013 and Navarro and Gomis ASMBI,
2016.
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Comparisons of GDD

» If T; has DF Qi(F1,...,F;), i = 1,2, then:
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Comparisons of GDD

» If T; has DF Qi(F1,...,F;), i = 1,2, then:
» Ty <s1 Toforall Fi,...,F ifand only if @ — Q; >0 in
(0,1)".
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Comparisons of GDD

» If T; has DF Qi(F1,...,F;), i = 1,2, then:

» Ty <s1 Toforall Fi,...,F ifand only if @ — Q; >0 in
(0,1)".

> T <HR T> for all Fl, RN F, if and onIy if Qg/@l is
decreasing in (0,1)".
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Comparisons of GDD

>

If T; has DF Qi(F1,...,F;), i = 1,2, then:

Ti <st Toforall Fi,...,F,ifand only if Qo — @Q; >0 in
(0,1)".

T1 SHR T2 for all Fl, ey Fr if and onIy if Qg/@l is
decreasing in (0,1)".

T1 <gur Tp forall F1,... F,if and only if Q/Q1 is
increasing in (0,1)".

v

v

v
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Comparisons of GDD

» If T; has DF Qi(F1,...,F;), i = 1,2, then:

» Ty <s1 Toforall Fi,...,F ifand only if @ — Q; >0 in
(0,1)".

> T1 <HR T2 for all Fl, RN Fr if and onIy if Qg/@l is
decreasing in (0,1)".

» T1 <gur Tz forall Fi,... F, if and only if Q>/Q; is
increasing in (0,1)".

» Navarro et al. (Methodology and Computing in Applied
Probability, 2016).
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Comparisons of GDD

» If T; has DF Qi(F1,...,F;), i = 1,2, then:

» Ty <s1 Toforall Fi,...,F ifand only if @ — Q; >0 in
(0,1)".

> T1 <HR T2 for all Fl, RN Fr if and onIy if (32/@1 is
decreasing in (0,1)".

» T1 <gur Tz forall Fi,... F, if and only if Q>/Q; is
increasing in (0,1)".

» Navarro et al. (Methodology and Computing in Applied
Probability, 2016).

» Comparisons for ordered distributions were given in Navarro
and del Aguila (Metrika, 2017).
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Bounds for distorted distributions

» If T has the RF G(F(t)), then:

aFe) = TED) 2y < By sup W)
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Bounds for distorted distributions

aF@) = D ry < 1) sup

> Analogously,

a(F (1)) =\ o qu)
Flo (W= FO W =

q(F(t) =
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Bounds for distorted distributions

aF@) = D ry < 1) sup

> Analogously,

a(F (1)) =\ o qu)
Flo (W= FO W =

q(F(t) =

» These bounds are sharp.
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Bounds for the means of distorted distributions

» Moreover, if T > 0, then

E(T):/OOO ﬁ(ﬁ(t))dt:/ooo C_I(F_F((tg))l-:(t)dt

< sup T [T Eoa = %) sup T,

ve(0,1] U

where X has the RF F.
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Bounds for the means of distorted distributions

» Moreover, if T > 0, then

E(T):/OOO 5(/3(t))dt:/ooo C_I(F_F((tg))l-:(t)dt

< sup @/OOOF(t)dt:E(X) sup M,

ve(0,1] U

where X has the RF F.

> Analogously

E(T) > E(X) inf a(u).
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Bounds for the means of distorted distributions

» Moreover, if T > 0, then

E(T):/OOO 5(/3(t))dt:/ooo C_I(F_F((tg))l-:(t)dt

< sup @/OOOF(t)dt:E(X) sup M,

ve(0,1] U

where X has the RF F.

> Analogously
E(T)> E(X) inf @

» These bounds are sharp.
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Bounds for the means of distorted distributions

Proposition
If T has the RF G(F(t)), then:

() v BN -EX) _ G-

inf 15
uel?O,l) 2u(l—u) — Ar ue(0,1) 2u(1 — u) (15)

when 0 = inf{x : F(x) > 0} and the Gini mean difference
dispersion measure

Ap = 2/000 FO)(1 — F(x))dx

is positive. The bounds are sharp.
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Case I: (Y|X < x)
Conditional distributions. Representations Case II: (Y|X > x)
Case IIl: (Y|X = x)

Copula represenattion

» Let (X, Y) be a bivariate random vector. Then
F(x,y) =Pr(X < x,Y < y) = C(F(x), G(y)),

where F(x) = Pr(X < x) and G(y) = Pr(Y < y) are the
marginal DF and C is a copula (i.e., C a continuous
distribution function with uniform marginals over (0, 1)).
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Case I: (Y|X < x)
Conditional distributions. Representations Case II: (Y|X > x)
Case IIl: (Y|X = x)

Copula represenattion

» Let (X, Y) be a bivariate random vector. Then
F(x,y) =Pr(X < x,Y < y) = C(F(x), G(y)),

where F(x) = Pr(X < x) and G(y) = Pr(Y < y) are the

marginal DF and C is a copula (i.e., C a continuous

distribution function with uniform marginals over (0, 1)).
» The joint reliability function can be represented as

F(x,y) = Pr(X > x,Y > y) = C(F(x). G(y)).

where F=1—Fand G=1—- G and € is also a copula,
called survival copula.
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Case I: (Y|X < x)
Conditional distributions. Representations Case II: (Y|X > x)
Case IIl: (Y|X = x)

Copula represenattion

» Let (X, Y) be a bivariate random vector. Then
F(x,y) =Pr(X < x,Y < y) = C(F(x), G(y)),

where F(x) = Pr(X < x) and G(y) = Pr(Y < y) are the

marginal DF and C is a copula (i.e., C a continuous

distribution function with uniform marginals over (0, 1)).
» The joint reliability function can be represented as

F(x,y) = Pr(X > x,Y > y) = C(F(x). G(y)).

where F=1—Fand G=1—- G and € is also a copula,
called survival copula.

» C is determined by C (and vice versa) by
Clu,v)=u+v—1+C(1—u1-v).
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Case I: (Y|X < x)
Conditional distributions. Representations Case Il: (Y[X > x)
Case IIl: (Y|X = x)

Conditional distributions

» We consider the following conditional distributions:
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Case I: (Y|X <
Conditional distributions. Representations Case Il: (Y|X
Case IlI: (Y|X

Conditional distributions

» We consider the following conditional distributions:
» Case I: (Y[X < x) when F(x) =Pr(X <x) > 0.
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Case I: (Y|X < x)
Conditional distributions. Representations Case II: (Y|X > x)
Case IIl: (Y|X = x)

Conditional distributions

» We consider the following conditional distributions:
» Case I: (Y[X < x) when F(x) =Pr(X <x) > 0.
» Case Il: (Y|X > x) when F(x) = Pr(X > x) > 0.
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Case I: (Y|X < x)
Conditional distributions. Representations Case II: (Y|X > x)
Case IIl: (Y|X = x)

Conditional distributions

>

We consider the following conditional distributions:
Case I: (Y|X < x) when F(x) = Pr(X < x) > 0.
Case II: (Y|X > x) when F(x) = Pr(X > x) > 0.
Case lll: (Y|X = x) when f(x) = F'(x) > 0.

v

v

v
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Case I: (Y|X < x)
Conditional distributions. Representations Case II: (Y|X > x)
Case IIl: (Y|X = x)

Conditional distributions. Case I.

» For (Y|X < x) we have:
_PrX<xY<y)  C(F(x),6())

< < = = =
PI’(Y = y‘X = X) PI’(X < X) F(X) ql(G(y))7
where the distortion function is given by
_ C(F(x),u)
O
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Case I: (Y|X < x)
Conditional distributions. Representations Case II: (Y|X > x)
Case IIl: (Y|X = x)

Conditional distributions. Case I.

» For (Y|X < x) we have:
_PrX<xY<y)  C(F(x),6()

< < = = =
PI’(Y = y‘X = X) PI’(X < X) F(X) ql(G(y))7
where the distortion function is given by
_ C(F(x),u)
O

» Analogously, its reliability can be written as

Py > yix <x) = TO=ERE0C0D) 61y,
where the dual distortion function is given by
F(x) = C(F(x),1 —u) _ u— C(F(x),u)
F(x) F(x)

qi(u) =1-qu(1-v) =
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Case I: (Y|X < x)
Conditional distributions. Representations Case II: (Y|X > x)
Case IIl: (Y|X = x)

Conditional distributions. Case Il.

» Analogously, for (Y|X > x) we have:

Pr(Y > ylx > ) = Sz X o) S - g6,

where o
C(F(0.u)

Go(u) = )
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Case I: (Y|X < x)
Conditional distributions. Representations Case II: (Y|X > x)
Case IIl: (Y|X = x)

Conditional distributions. Case Il.

» Analogously, for (Y|X > x) we have:

Pr(Y > ylx > ) = Sz X o) S - g6,

where o
C(F(x),u)
Fx)
» Analogously, its distribution function can be written as
F(x) = C(F(x),6(»))

Go(u) =

Pr(Y <y|X >x) = 70 = 0(G(y)),
where
CF) - C(F(),1—u)  u— C(F(x),u)
) = F) T TRe
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Case I: (Y|X < x)
Conditional distributions. Representations Case II: (Y|X > x)
Case Ill: (Y[X = x)

Conditional distributions. Case IlI.

» Let us consider now (Y|X = x) when f(x) >0 and F is
absolutely continuous. Then the joint density is

f(x,y) = f(x)g(y)0201C(F(x), G(y)).
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Case I: (Y|X < x)
Conditional distributions. Representations Case II: (Y|X > x)
Case Ill: (Y[X = x)

Conditional distributions. Case IlI.

» Let us consider now (Y|X = x) when f(x) >0 and F is
absolutely continuous. Then the joint density is

f(x,y) = f(x)g(y)0201C(F(x), G(y)).
» Hence fy|x_.(y|x) = f(x,y)/f(x) and

T

_ /_ " g(2)00, C(F(x), 6(2))dz

= 01C(F(x), G(v))
= a3(G(y)) (2.1)
when lim, g+ 01 C(F(x), u) = 0, where g3(u) = 01 C(F(x), u).

dz
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Case I: (Y|X < x)
Conditional distributions. Representations Case II: (Y|X > x)
Case Ill: (Y[X = x)

Conditional distributions. Case IlI.

» Analogously, its reliability function can be written as
Pr(Y > y|X = x) = G3(G(y)), (22)
where

Ga(u) =1—qs(1—u) = 1—8,C(F(x),1—u) = &, C(F(x), u).
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Case I: (Y|X < x)
Conditional distributions. Representations Case Il: (Y|X > x)
Case Ill: (Y[X = x)

Conditional distributions

» Similar representations can be obtained for

Jorge Navarro, IWAP2018 Universidad de Murcia. E-mail: jorgenav@um.es,



Case I: (Y|X < x)
Conditional distributions. Representations Case Il: (Y|X > x)
Case Ill: (Y[X = x)

Conditional distributions

» Similar representations can be obtained for
 (YIX<x, Y <y),
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Case I: (Y|X < x)
Conditional distributions. Representations Case Il: (Y|X > x)
Case Ill: (Y[X = x)

Conditional distributions

» Similar representations can be obtained for
» (YIX<x, Y <y)
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Case I: (Y|X < x)
Conditional distributions. Representations Case Il: (Y|X > x)
Case Ill: (Y[X = x)

Conditional distributions

>

Similar representations can be obtained for
(YIX <x,Y <y),
(YIX>x,Y >y),
(YIX<x,Y >y),

v

v

v
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Case I: (Y|X < x)
Conditional distributions. Representations Case Il: (Y|X > x)
Case Ill: (Y[X = x)

Conditional distributions

v

Similar representations can be obtained for
(YIX <x,Y <y),

(YIX>x,Y >y),

(YIX <x,Y >y),

(YIX>x,Y <y)and

v

v

v

v
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Case I: (Y|X < x)
Conditional distributions. Representations Case II: (Y|X > x)
Case Ill: (Y[X = x)

Conditional distributions

v

Similar representations can be obtained for
(YIX <x,Y <y),

(YIX>x,Y >y),

(YIX<x,Y >y),

(YIX>x,Y <y)and

(YIX=x,Y <y).

v

v

v

v

v
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Case I: (Y|X < x)
Conditional distributions. Representations Case II: (Y|X > x)
Case Ill: (Y[X = x)

Conditional distributions

>

Similar representations can be obtained for
(YIX <x,Y <y),

(YIX>x,Y >y),

(YIX <x,Y >y),

(YIX>x,Y <y)and

(YIX=x,Y <y).

The same holds for (Xi,...,X,) when n > 2.

v

v

v

v

v

v
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Comparisons
Dependence
Comparisons, dependence and bounds Bounds

Comparisons between Y and (Y|X < x)

Proposition

(1) Y >s7 (Y|X <x) (<s7) for all F, G if and only if
C(F(x),u) > uF(x) (<) forall u € (0,1).

(i) Y =ur (Y[X < x) (Sur) for all F, G if and only if
C(F(x),u)/u is decreasing (increasing) in u in (0, 1).

(i) Y >rur (Y|X < x) (<gur) for all F, G if and only if
C(F(x),u)/u is decreasing (increasing) in u in (0, 1).

(iv) Y >1r (Y|X < x) (<(r) for all F, G if and only if C(F(x), u)
is concave (convex) in u in the interval (0, 1).

(V) Y >mre (YIX < x) (Smre) for all F, G if C(F(x),u)/u is
bathtub (upside-down bathtub) in u in (0,1) and
E(Y) =2 E(Y[X <x) (<)

Jorge Navarro, IWAP2018 Universidad de Murcia. E-mail: jorgenav@um.es, 19/44



Comparisons
Dependence
Comparisons, dependence and bounds Bounds

Comparisons between Y and (Y|X > x)

Proposition

(1) Y <st (Y|X >x) (>s71) for all F, G if and only if
C(F(x),u) > uF(x) (<) for all u € (0,1).

(i) Y <ur (Y|X > x) (=nr) for all F, G if and only if
C(F(x),u)/u is decreasing (increasing) in u in (0, 1).

(i) Y <gur (Y|X > x) (>rur) for all F, G if and only if
C(F(x),u)/u is decreasing (increasing) in u in (0, 1).

(V) Y <ir (Y|X > x) (>1r) for all F, G if and only if C(F(x), u)
is concave (convex) in u in (0,1).

(V) Y <mre (YIX > x) (>mre) for all F, G if C(F(x),u)/u is
bathtub (upside-down bathtub) in u in (0,1) and
E(Y)<E(Y|X>x)(>)
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Comparisons
Dependence
Comparisons, dependence and bounds Bounds

Dependence

» (X,Y) is positive (negative) quadrant dependent, PQD,
(NQD) if C > (<), where M(u,v) = uv.
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Comparisons
Dependence
Comparisons, dependence and bounds Bounds

Dependence

» (X,Y) is positive (negative) quadrant dependent, PQD,
(NQD) if C > (<), where M(u,v) = uv.

» PQD (NQD) implies Spearman ps > 0 and Kendall 7 >0
(<0).
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Comparisons
Dependence
Comparisons, dependence and bounds Bounds

Dependence

» (X,Y) is positive (negative) quadrant dependent, PQD,
(NQD) if C > (<), where M(u,v) = uv.
» PQD (NQD) implies Spearman ps > 0 and Kendall 7 >0
(<0).
» The following conditions are equivalent:
(i) (X,Y)is PQD, (NQD).
(ii) Y >s71 (Y|X < X) (SST) for all F,G.
(i) Y <st (Y|X > X) (ZST) forall F,G.
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Comparisons
Dependence
Comparisons, dependence and bounds Bounds

Dependence

v

(X, Y) is positive (negative) quadrant dependent, PQD,
(NQD) if C > (<), where M(u,v) = uv.
PQD (NQD) implies Spearman ps > 0 and Kendall 7 > 0
(£0).
The following conditions are equivalent:
(i) (X,Y)is PQD, (NQD).
(ii) Y >s71 (Y|X < X) (SST) for all F,G.
(i) Y <st (Y|X > X) (ZST) forall F,G.
Note that

v

v

v

Pr(Y <y) = F(x)Pr(Y < y|X < x)+F(x)Pr(Y < y|X > x).
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Comparisons
Dependence
Comparisons, dependence and bounds Bounds

Comparisons between Y and (Y|X = x)

Proposition

(1) Y <st (Y|X =x) (>s71) for all F, G if and only if
01C(F(x),u) <u (>) forall u e (0,1).

(i) Y <ur (Y|X = x) (=nr) for all F, G if and only if
01C(F(x),u)/u is decreasing (increasing) in u in (0,1).

(i) Y <gur (Y|X = x) (>rur) for all F, G if and only if
01 C(F(x), u)/u is increasing (decreasing) in u in (0,1).

(V) Y <ir (Y|X = x) (>1r) for all F, G if and only if
01C(F(x), u) is concave (convex) in u in (0, 1).

(V) Y <mre (YIX =x) (>mre) for all F, G if 0,C(F(x),u)/u is
bathtub (upside-down bathtub) in u in (0,1) and
E(Y) <E(Y[X=x) (=)
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Comparisons
Dependence
Comparisons, dependence and bounds Bounds

Comparisons between (Y|X < x1) and (Y|X < x2)

» (YX <x1) <s1 (Y|X < x2) holds for all F, G if, and only if,

C(F(xa),v) o C(Fle) v)
F(a) = F(e)

Vv € (0,1). (3.1)
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Comparisons
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Comparisons, dependence and bounds Bounds

Comparisons between (Y|X < x1) and (Y|X < x2)

» (YX <x1) <s1 (Y|X < x2) holds for all F, G if, and only if,

C(F(xa),v) o C(Fle) v)
F(a) = F(e)

Vv € (0,1). (3.1)

» (X,Y) is Left Tail Decreasing (Increasing) LTD(Y|X)
(LTI(Y|X)) in Y if (Y|X < x) is ST-increasing (decreasing)

in x.
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Comparisons
Dependence
Comparisons, dependence and bounds Bounds

Comparisons between (Y|X < x1) and (Y|X < x2)

» (YX <x1) <s1 (Y|X < x2) holds for all F, G if, and only if,

C(F(xa),v) o C(Fle) v)
F(a) = F(e)

Vv € (0,1). (3.1)

» (X,Y) is Left Tail Decreasing (Increasing) LTD(Y|X)
(LTI(Y|X)) in Y if (Y|X < x) is ST-increasing (decreasing)
in x.

» Hence, (X,Y) is LTD(Y|X) (LTI(Y]|X)) for all F,G if and
only if C(u,v)/u is decreasing (increasing) in u for all v (see
Nelsen p. 192, Th. 5.2.5).
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Comparisons
Dependence
Comparisons, dependence and bounds Bounds

Comparisons between (Y|X < x1) and (Y|X < x2)

» (YX <x1) <s1 (Y|X < x2) holds for all F, G if, and only if,

C(F().v) _ C(F(x2).v)
Fa) = Fle)
» (X,Y) is Left Tail Decreasing (Increasing) LTD(Y|X)
(LTI(Y|X)) in Y if (Y|X < x) is ST-increasing (decreasing)
in x.
» Hence, (X,Y) is LTD(Y|X) (LTI(Y]|X)) for all F,G if and

only if C(u,v)/u is decreasing (increasing) in u for all v (see
Nelsen p. 192, Th. 5.2.5).

» It is a positive (negative) dependence property.

Vv € (0,1). (3.1)
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Comparisons
Dependence
Comparisons, dependence and bounds Bounds

Comparisons between (Y|X < x1) and (Y|X < x2)

» (YX <x1) <s1 (Y|X < x2) holds for all F, G if, and only if,

C(F(xa),v) o C(Fle) v)
F(a) = F(e)

Vv € (0,1). (3.1)

v

(X,Y) is Left Tail Decreasing (Increasing) LTD(Y'|X)
(LTI(Y|X)) in Y if (Y|X < x) is ST-increasing (decreasing)
in x.

» Hence, (X,Y) is LTD(Y|X) (LTI(Y]|X)) for all F,G if and
only if C(u,v)/u is decreasing (increasing) in u for all v (see
Nelsen p. 192, Th. 5.2.5).

» It is a positive (negative) dependence property.
» LTD(Y|X) (LTI(Y|X)) implies the positive (negative)
quadrant dependent, PQD, (NQD) property of (X, Y).
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Comparisons
Dependence
Comparisons, dependence and bounds Bounds

(1) (Y|X < x) is ST-increasing (decreasing) in x for all F, G if
and only if C(u, v)/u is decreasing (increasing) in u for all v.

(i) (Y|X < x) is HR-increasing (decreasing) in x for all F, G if
and only if (v — C(u, v))/(v — €(u1, v)) is increasing
(decreasing) in v forall 0 < u; < wp < 1.

(i) (Y|X < x) is RHR-increasing (decreasing) in x for all F, G if
and only if C(u2,v)/C(u1, v) is increasing (decreasing) in v
forall 0 < u; < wp < 1.

(iv) (Y|X < x) is LR-increasing (decreasing) in x for all F, G if
and only if 02C(u2,v)/02C(u1,v) is increasing (decreasing) in
viorall0 <y <wp < 1.

(v) (Y|X < x) is MRL-increasing (decreasing) in x for all F, G if

and only if (v — C(uz,v))/(v — C(uy, v)) is bathtub
(upside-down bathtub) in v forall 0 < vy < wy <1 and

E(Y|X < x) is increasing (decreasing) in x.
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Comparisons
Dependence
Comparisons, dependence and bounds Bounds

Comparisons between (Y|X > x1) and (Y|X > x)

» (Y|X > x1) <s7 (Y|X > x2) holds for all F, G if, and only if,

6(ﬁ_(Xl),V) < CA(/E_(Xz)aV)
Fxi) = F()

Vv € (0,1). (3.2)
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Comparisons
Dependence
Comparisons, dependence and bounds Bounds

Comparisons between (Y|X > x1) and (Y|X > x)

» (Y|X > x1) <s7 (Y|X > x2) holds for all F, G if, and only if,

A

E(Fa).v) _ C(FG).v)
Fa) = Fle)

» (X, Y) is Right Tail Increasing (Decreasing) RTI(Y|X)
(RTD(Y|X)) in Y if (Y|X > x) is ST-increasing (decreasing)

in x.

Vv € (0,1). (3.2)
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Comparisons
Dependence
Comparisons, dependence and bounds Bounds

Comparisons between (Y|X > x1) and (Y|X > x)

» (Y|X > x1) <s7 (Y|X > x2) holds for all F, G if, and only if,

E(F().v) _ C(Fx).v)
F(x1)
» (X, Y) is Right Tail Increasing (Decreasing) RTI(Y|X)
(RTD(Y|X)) in Y if (Y|X > x) is ST-increasing (decreasing)
in x.
» (X,Y)is RTI(Y|X) (RTD(Y|X)) for all F, G if and only if
C(u,v)/u is decreasing (increasing) in u for all v.

Vv € (0,1). (3.2)
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Comparisons between (Y|X > x1) and (Y|X > x)

» (Y|X > x1) <s7 (Y|X > x2) holds for all F, G if, and only if,

E(F().v) _ C(Fx).v)
F(x1)
» (X, Y) is Right Tail Increasing (Decreasing) RTI(Y|X)
(RTD(Y|X)) in Y if (Y|X > x) is ST-increasing (decreasing)
in x.
» (X,Y)is RTI(Y|X) (RTD(Y|X)) for all F, G if and only if
C(u,v)/u is decreasing (increasing) in u for all v.

Vv € (0,1). (3.2)

» It is a positive (negative) dependence property.
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Comparisons, dependence and bounds Bounds

Comparisons between (Y|X > x1) and (Y|X > x)

» (Y|X > x1) <s7 (Y|X > x2) holds for all F, G if, and only if,

E(F().v) _ C(Fx).v)
F(x1)
» (X, Y) is Right Tail Increasing (Decreasing) RTI(Y|X)
(RTD(Y|X)) in Y if (Y|X > x) is ST-increasing (decreasing)
in x.
» (X,Y)is RTI(Y|X) (RTD(Y|X)) for all F, G if and only if
C(u,v)/u is decreasing (increasing) in u for all v.

Vv € (0,1). (3.2)

» It is a positive (negative) dependence property.
» RTI(Y|X) (RTD(Y|X)) implies the positive (negative)
quadrant dependent, PQD, (NQD) property of (X, Y).
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Comparisons
Dependence
Comparisons, dependence and bounds Bounds

) (Y|X > x) is ST-increasing (decreasing) in x for all F, G if
and only if C(u, v)/u is decreasing (increasing) in u for all v.

(i) (Y[X > x) is HR-increasing (decreasing) in x for all F, G if
and only if C(u,v)/C(u1, V) is increasing (decreasing) in v
forall0 <y < wp < 1.

(i) (Y|X > x) is RHR-increasing (decreasing) in x for all F, G if
and only if (v — C(u2,v))/(v — C(u1, v)) is increasing
(decreasing) in v for all 0 < u; < up < 1.

(iv) (Y|X > x) is LR-increasing (decreasing) in x for all F, G if
and only if 02C(u2,v)/02C(u1,v) is increasing (decreasing) in
viorall 0 < u; <uw < 1.

(v) (Y|X > x) is MRL-increasing (decreasing) in x for all F, G if
and only if C(ua,v)/C(uy,v) is upside-down bathtub
(bathtub) in v forall 0 < uy < wp <1and E(Y|X > x) is
increasing (decreasing) in x.
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Comparisons
Dependence
Comparisons, dependence and bounds Bounds

Comparisons between (Y|X = x1) and (Y|X = x)

» (Y)X =x1) <s1 (Y|X = x2) holds for all F,G if, and only if,

816(/E(X1), V) < 816(:‘:-(X2), V),VV (S (0, 1). (33)
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Comparisons between (Y|X = x1) and (Y|X = x)

» (Y)X =x1) <s1 (Y|X = x2) holds for all F,G if, and only if,
816(/:—(X1), V) < 816(:‘:-(X2), V),VV S (0, 1). (33)
» Y is Stochastically Increasing (Decreasing) SI(Y|X)

(SD(Y|X)) in X if (Y|X = x) is ST-increasing (decreasing) in
X.
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Comparisons, dependence and bounds Bounds

Comparisons between (Y|X = x1) and (Y|X = x)

» (Y)X =x1) <s1 (Y|X = x2) holds for all F,G if, and only if,
816(/:—(X1), V) < 816(:‘:-(X2), V),VV S (0, 1). (33)

» Y is Stochastically Increasing (Decreasing) SI(Y|X)
(SD(Y|X)) in X if (Y|X = x) is ST-increasing (decreasing) in
X.

> Y is SI(Y|X) (SD(Y|X)) in X if and only if &, C(u,v) is
decreasing (increaASing) in u for all v (see Nelsen p. 196, Th.
5.2.10), that is, C(u, v) is concave (convex) in u.
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Comparisons between (Y|X = x1) and (Y|X = x)

» (Y)X =x1) <s1 (Y|X = x2) holds for all F,G if, and only if,
816(/:—(X1), V) < 816(:‘:-(X2), V),VV S (0, 1). (33)

» Y is Stochastically Increasing (Decreasing) SI(Y|X)
(SD(Y|X)) in X if (Y|X = x) is ST-increasing (decreasing) in
X.

> Y is SI(Y|X) (SD(Y|X)) in X if and only if &, C(u,v) is
decreasing (increaASing) in u for all v (see Nelsen p. 196, Th.
5.2.10), that is, C(u, v) is concave (convex) in u.

» It is a positive (negative) dependence property.
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Comparisons between (Y|X = x1) and (Y|X = x)

» (Y)X =x1) <s1 (Y|X = x2) holds for all F,G if, and only if,
816(/:—(X1), V) < 816(:‘:-(X2), V),VV S (0, 1). (33)

Y is Stochastically Increasing (Decreasing) SI(Y|X)
(SD(Y|X)) in X if (Y|X = x) is ST-increasing (decreasing) in
X.

Y is SI(Y|X) (SD(Y|X)) in X if and only if &, C(u,v) is
decreasing (increaASing) in u for all v (see Nelsen p. 196, Th.
5.2.10), that is, C(u, v) is concave (convex) in u.

It is a positive (negative) dependence property.
SI(Y|X) (SD(Y|X)) implies LTD(Y|X) (LTI(Y|X)) and
RTI(Y|X) (RTD(Y|X)) and so PQD (NQD).

v

v

v

v
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(1) (Y|X = x) is ST-increasing (decreasing) in x for all F, G if
and only if C(u, v) (or C(u,v)) is concave (convex) in u for
all v.

(i) (Y|X = x) is HR-increasing (decreasing) in x for all F, G if
and only if &1 C(uz,v)/81C(u1, v) is increasing (decreasing) in
viorall 0 <u <w < 1.

(i) (Y]X = x) is RHR-increasing (decreasing) in x for all F, G if
and only if 91 C(up, v)/01C(u1, v) is increasing (decreasing) in
viorall 0 <u <uw < 1.

(iv) (Y|X = x) is LR-increasing (decreasing) in x for all F, G if
and only if 9201 C(u,v)/0201C(u1, v) is increasing
(decreasing) in v for all 0 < vy < wp < 1.

(v) (Y|X = x) is MRL-increasing (decreasing) in x for all F, G if
and only if &1 C(u2, v)/81C(u1, v) is upside-down bathtub
(bathtub) in v for all 0 < uy < wup <1land E(Y|X =x)is
increasing (decreasing) in x.
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Dependence

» The following conditions are equivalent:
(i) (X,Y)is LTD(X]Y).
(i) (X|Y < y)is ST-increasing.
) Y ZRHR (Y|X S X) for all x.
(V) Y <grur (Y|X > x) for all x.
) (Y|X < x) <grur (Y|X > x) for all x.
) C(u,v)/v is decreasing in v for all u.
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Dependence

» The following conditions are equivalent:
(i) (X,Y)is LTD(X]Y).
(i) (X|Y < y)is ST-increasing.

(iii) Y >RHR (Y|X < X) for all x.

(V) Y <grur (Y|X > x) for all x.

(v) (Y|X < x) <gur (Y|X > x) for all x.

(vi) C(u,v)/v is decreasing in v for all u.

» Analogous equivalences can be stated for the respective

negative notions.
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Dependence

» The following conditions are equivalent:
(i) (X,Y)is RTI(X]Y).
(i) (X|Y > y) is ST-increasing.
(i) Y >ur (Y]X < x) for all x.
(V) Y <pr (Y|X > x) for all x.
v) (Y[X < x) <pr (Y|X > x) for all x.
(vi) C(u,v)/v is decreasing in v for all u.
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Dependence

» The following conditions are equivalent:
() (X,Y)is RTI(X|Y).

(i) (X|Y > y) is ST-increasing.
(i) Y >ur (YIX < x) for all x.

(V) Y <pr (Y|X > x) for all x.
(v) (Y|X <x) <pr (Y|X > x) for all x.

(vi) C(u,v)/v is decreasing in v for all u.
» Analogous equivalences can be stated for the respective

negative notions.
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Dependence

» The following conditions are equivalent:
(i) (X,Y)is SI(X]Y), i.e., (X]Y = y) is ST-increasing in y.
(i) Y >1r (Y]X < x) for all x.
(i) Y <(r (Y|X > x) for all x.
(iv) (Y[X <x) <rr (Y|X > x) for all x.
v) C(u,v) is concave in v for all u.
)

C
(vi) €(u,v) is concave in v for all u.
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Dependence

» The following conditions are equivalent:
(i) (X,Y)is SI(X]Y), i.e., (X]Y = y) is ST-increasing in y.

(i) Y >1r (Y]X < x) for all x.
(i) Y <(r (Y|X > x) for all x.
(iv) (YIX < x) <ir (Y]X > x) for all x.
(v) C(u,v) is concave in v for all u.

(vi) €(u,v) is concave in v for all u.
» Analogous results can be stated for (Y|X) and for the

respective negative notions.
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» (X,Y) is Left Corner Set Decreasing (LCSD) if
Pr(X < x1,Y <y1|X < x2, Y < y») is decreasing in x2 and
y2.
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Dependence

» (X,Y) is Left Corner Set Decreasing (LCSD) if
Pr(X < x1,Y <y1|X < x2, Y < y») is decreasing in x2 and
y2.

» (X,Y)is Right Corner Set Increasing (RCSI) if
Pr(X > x1, Y > y1|X > x2, Y > y») is increasing in x and y».
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Dependence

» (X,Y) is Left Corner Set Decreasing (LCSD) if
Pr(X < x1,Y <y1|X < x2, Y < y») is decreasing in x2 and
y2.
» (X,Y)is Right Corner Set Increasing (RCSI) if
Pr(X > x1, Y > y1|X > x2, Y > y») is increasing in x and y».
» The following conditions are equivalent:
(i) LCSD.
(i) (Y|X < x) is RHR-increasing in x.
(i) Cis TPa.
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Dependence

» (X,Y) is Left Corner Set Decreasing (LCSD) if
Pr(X < x1,Y <y1|X < x2, Y < y») is decreasing in x2 and
y2.
» (X,Y)is Right Corner Set Increasing (RCSI) if
Pr(X > x1, Y > y1|X > x2, Y > y») is increasing in x and y».
» The following conditions are equivalent:
(i) LCSD.
(i) (Y|X < x) is RHR-increasing in x.
(i) Cis TPa.
» The following conditions are equivalent:
(i) RCSI.
(i) (Y|X > x) is HR-increasing in x.
(i) Cis TP,.
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Dependence

» (X,Y) is Left Corner Set Decreasing (LCSD) if

Pr(X < x1,Y <y1|X < x2, Y < y») is decreasing in x2 and
y2.

(X,Y) is Right Corner Set Increasing (RCSI) if

Pr(X > x1, Y > y1|X > x2, Y > y») is increasing in x and y».

v

» The following conditions are equivalent:
(i) LCSD.
(i) (Y|X < x) is RHR-increasing in x.
(i) Cis TPa.
» The following conditions are equivalent:
(i) RCSI.
(i) (Y|X > x) is HR-increasing in x.
(i) Cis TP,.
» Similar results can be obtained for Left Corner Set Increasing

(LCSI) and Right Corner Set Decreasing (RCSD).
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Dependence

» Slorp(Y|X) if (Y|X = x) is ORD-increasing in x.
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Dependence

» Slorp(Y|X) if (Y|X = x) is ORD-increasing in x.
» Slorp(X]Y) if (X|Y = y) is ORD-increasing in y.
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Dependence

» Slorp(Y|X) if (Y|X = x) is ORD-increasing in x.

» Slorp(X]Y) if (X|Y = y) is ORD-increasing in y.

» The negative dependence properties SDorp(Y|X) and
SDorp(X|Y) are defined in a similar way.
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Dependence

v

Slorp(Y|X) if (Y|X = x) is ORD-increasing in x.
Slorp(X]Y) if (X]Y = y) is ORD-increasing in y.
The negative dependence properties SDogrp(Y'|X) and
SDorp(X|Y) are defined in a similar way.

The following conditions are equivalent:

(1) Slrrr (X]Y).
(i) (Y|X < x) is LR-increasing.
(III) BQC is TP2

v

v

v
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Dependence

v

Slorp(Y|X) if (Y|X = x) is ORD-increasing in x.
Slorp(X]Y) if (X]Y = y) is ORD-increasing in y.
The negative dependence properties SDogrp(Y'|X) and
SDorp(X|Y) are defined in a similar way.
The following conditions are equivalent:

(i) Slgur (X]Y).

(i) (Y|X < x) is LR-increasing.

(III) BQC is TP2
The following conditions are equivalent:

(i) Shug (X]Y).

(i) (Y[X > x) is LR-increasing.

(III) BQC is TP2

v

v

v

v
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Dependence relationships

SI[_R(X|Y) = SIRHR(X|Y) = LCSD
I 4 4
Slir(X|Y) = SIsp(X|Y) = LTD(X|Y)
4 4 4
RCSI = RTIX|Y) =  PQD
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Bounds for (Y|X < x)

Proposition
If (X,Y) has the copulas C and C and Y > 0, then:

.. C(F(x),u) _Pr(Y <y|X <x) C(F(x), u)
Ao WFG) S 60) Sy oFR)
oou— C(F(x),u) _Pr(Y > yIX < x) u— C(F(x), u)
ue(0,1] uF(x) - G(y) T ue(0,1] uF(x)

and

oou— C(F(x),u) -

E(YIX<x) _ u— C(F(x), u)
ue(01]  uF(x) '

< sup
E(Y) ue(0,1] uF(x)
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Bounds for (Y|X > x)

Proposition
If (X,Y) has the copulas C and C and Y > 0, then:

u— C(F(x),u) < Pr(Y <y|X > x) < sup u— C(F(x),u)

ue(0,1] uF(x) - G(y) ue(0,1] uF(x)

Y

. C(F(x),u) _PrY > yIX > x)

AN _ < su =
ue(0l]  uF(x) G(y) B uE(OI?l] uF(x)
and
C(FL9.u)  E(YVIX>x) (o C(FO),u)
we(01]  uF(x) E(Y) ve(01]  uF(x)
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Bounds for (Y| X = x)

Proposition
If (X,Y) has the copulas C and C and Y > 0, then:

01 C(F(x),u) < Pr(Y < y|X =x) < sup 01 C(F(x),u)

ue(0,1] u B G(y) T ue(] u 7
nf ACEC0) PUY >yIX=x) - 51C(F().u)
ue(0,1] u G(y) ue(0,1] u
and
nf ACFC W) E(YVIX=x) (o 91C(F(),u)
ue(0,1] u E(Y) ue(0,1] u
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Bounds based on Ag

Proposition
If (X, Y) has the copulas C and (f' 0=inf{y: G(y) > 0},
p=F(x) and Ag :=2 [;° G(y)(1 — G(y))dy > 0, then:
o _up—Cpu) _ E(Y|X <x)—E(Y) up — C(p, u)
= > sup )
w(0.) 2u(1 — u)(1 - p) Ag we(0,1) 2u(1 = u)(1 - p)
e C(pu) —up < E(Y|IX > x) — E(Y) < sup C(p,u) —up
ue(0,1) 2u(l—u)p Ag ue(o,1) 2u(l—u)p
and
nC(p,u)y—u _ E(Y|X=x)—E(Y) o C(p,u) —
n < < —_— .
ue(0,1) 2U(1 — U) - Ag - ue(0,1) 2U(1 — u)
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Example 1

» If (X, Y) has the Clayton-Oakes copula:

uv
)= —w
for 0 < u,v <1, then
_ C(F(x),u) u
() = F(x)  F(x)+u—uF(x)
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Example 1

» If (X, Y) has the Clayton-Oakes copula:

uv
)= —w
for 0 < u,v <1, then
_ C(F(x),u) u
() = F(x)  F(x)+u—uF(x)

» Then Y >s7 (Y|X < x) for any G since C(F(x), u) > uF(x).

Jorge Navarro, IWAP2018 Universidad de Murcia. E-mail: jorgenav@um.es, 39/44



Comparisons
Dependence
Comparisons, dependence and bounds Bounds

Example 1

» If (X, Y) has the Clayton-Oakes copula:

uv
)= —w
for 0 < u,v <1, then
_ C(F(x),u) u
() = F(x)  F(x)+u—uF(x)

» Then Y >s7 (Y|X < x) for any G since C(F(x), u) > uF(x).

» Even more, Y >,g (Y|X < x) for any G since g1 is concave.
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Example 1

» If (X, Y) has the Clayton-Oakes copula:

uv
)= —w
for 0 < u,v <1, then
_ C(F(x),u) u
() = F(x)  F(x)+u—uF(x)

» Then Y >s7 (Y|X < x) for any G since C(F(x), u) > uF(x).
» Even more, Y > (Y|X < x) for any G since g is concave.
» (YIX < x), (Y|X > x) and (Y|X = x) are LR-increasing in x.
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Example 1

» If (X, Y) has the Clayton-Oakes copula:

uv
)= —w
for 0 < u,v <1, then
_ C(F(x),u) u
() = F(x)  F(x)+u—uF(x)

v

» Even more, Y >,g (Y|X < x) for any G since g1 is concave.

v

v

ps = —39 + 472 22 0.478417 and 7« = 1/3.

Then Y >s7 (Y|X < x) for any G since C(F(x), u) > uF(x).

(Y[X <x), (Y|X > x) and (Y|X = x) are LR-increasing in x.
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An example

» We can obtain the following bounds:
G(y) <Pr(Y <yl X<x)< — () G(y)

and B
0 <Pr(Y > y|X <x) < G(y).
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An example

» We can obtain the following bounds:
G(y) <Pr(Y <yl X<x)< — () G(y)

and

0 <Pr(Y > y|X <x) < G(y).
» Then E(Y|X < x) < E(Y) when Y > 0.
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An example

» We can obtain the following bounds:
G(y) <Pr(Y <yl X<x)< — () G(y)
and B
0 <Pr(Y > y|X <x) < G(y).
» Then E(Y|X < x) < E(Y) when Y > 0.
» Analogously, for f(x) > 0, we have
0<Pr(Y <y|X =x) < G(y)
when F(x) > 1/2 and

1

0<Pr(Y<y|X—x)_W

G(y)
when F(x) < 1/2.
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