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Notation and preceding results
New results

Coherent systems and order statistics

X1, X2, ..., Xn (positive) random variables.

X1, X2,..., Xy lID

X1,Xo,..., X, exchangeable (EXC), i.e., for any
permutation o

(Xla X2,y oon, Xn) =ST (Xa(l)7 Xa(Z)a SR Xa(n))

F(t) = Pr(X; > t) reliability (survival) function.
X1:n,Xoon, . .., Xn.n the associated OS.

Xk.n represents the lifetime of the k-out-of-n:F system.
T = ¢(X1, Xz, ..., Xp) lifetime of a coherent system.

T =maxi<j<r Xp;; P minimal path sets, Xp = minjcp X;.
T = Xj.n with probability sj = Pr(T = Xj.n).
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Notation and preceding results
New results

Mixture representations

@ Samaniego (1985), IID and F continuous, then
n
Fr= ZSiEi:n- (1.1)
i=1

® s =(S1,S2,...,5n) is the signature of T, s; = Pr(T = Xj.n).
@ s; does not depend on F and

1
Si = 521(0 cA)
A ={0:¢(X1,...,%n) = Xizn, When X,(1) < ... < Xpm)}

@ Navarro and Rychlik (2007), (1.1) holds for EXC r.v. with
absolutely continuous joint distribution.
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Introduction

Notation and preceding results
New results

Mixture representations

@ Samaniego (1985), IID and F continuous, then
n
Fr= ZSiEi:n- (1.1)
i=1

® s =(S1,S2,...,5n) is the signature of T, s; = Pr(T = Xj.n).
@ s; does not depend on F and

S :%Zl(aeAi)

A ={0:¢(X1,...,%n) = Xizn, When X,(1) < ... < Xpm)}
@ Navarro and Rychlik (2007), (1.1) holds for EXC r.v. with
absolutely continuous joint distribution.
@ (1.1) does not necessarily hold if F is not a continuous
function (e.g. Bernoulli distribution).
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Introduction

Notation and preceding results
New results

Mixture representations

@ Navarro et al. (2007), if T has EXC components, then
p— n —
Fr= ZaiFlzi- (1.2)
i=1

@ a=(ag,ay,...,an) is the minimal signature (or domination)
of T (a; does not depend on F but can be negative).

@ A similar representation holds in terms of parallel system.

@ In particular, for the OS:

o Zn: (Laytiont <J’n—_i> G)F“' (L.3)

j=n—i+1
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Introduction

Notation and preceding results
New results

Mixture representations-General case

@ Recall that T = maxi<j<, Xp,

@ So: Fy(t)=P(T >t) = P(Ujrzl{ij >t})

@ By using the inclusion-exclusion formula, we have
r

Fr= ZEPj - ZEPitu +...£Fun.

=1 i<j
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Notation and preceding results
New results

Stochastic orderings

® X <s1 Y & Fx(t)
o X< rY & hx(t)

< Fy (t) stochastic order.
>

hy (t), hazard rate order.
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Notation and preceding results
New results

Stochastic orderings

@ X <g1 Y < Fy(t) < Fy(t) stochastic order.
X< RrY & hx(t) > hy(t
e X SHRY@(X_HX >t

hazard rate order.
<st (Y —t|Y >1t) forall t.

),
)
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Notation and preceding results
New results

Stochastic orderings

X <s1 Y & Fx(t) < Fy(t) stochastic order.

X <ur Y < hx(t) > hy(t), hazard rate order.
X<prY & (X —t]X >1t) <gr (Y —t]Y >t) forall t.
X <mrL Y © mx(t) < my(t), mean residual life order.

X <Ir Y & fy(t)/fx(t) is nondecreasing, likelihood ratio
order.

X <RY &S (X[s<X<t)<st(Y|s<Y <t)fors<t.
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Notation and preceding results
New results

Stochastic orderings relations

E(Xst) <E(Yst) = E(Xt) <E(Yt) = E(X)<E(Y)
i i ¥
X <pmm Y = X <mrL Y = X<uY
f f f
X<rY = X <wrY = X<s1Y
i i T
Xst <sT Yst = Xt <st1 Yt = Fx <Fy

where Zy = (Z —t|Z >t)and Zs;y = (Z|s < Z <'t) (see
Navarro, Belzunce and Ruiz 1997, PEIS).
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Stochastic comparisons using signatures

Theorem (Kochar, Mukerjee and Samaniego (1999))

Let s; and s, be the signatures of the two coherent systems of
order n, both based on components with 11D lifetimes with
common continuous distribution F. Let T, and T, be their
respective lifetimes.

(a) If S1 SST S92, then Tl SST Tz.

(b) If S1 <HR S2, then Tl <HR Tz.

(c) If F is absolutely continuous and s; <|r S, then T, <,g To.
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2004).

@ The mixed system which selects among n-component
systems with signatures s4, S, ..., Sk according to the
mixing distribution p = (p1, p2, - - ., P ) Will have signature

k

@ From (1.1), any probability vector in the simplex
{s €]0,1]": >, s; = 1} determine a mixed system and
viceversa.
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Introduction

Notation and preceding results
New results

Mixed systems

@ A mixed system of order n is a stochastic mixture of
coherent systems of order n (Boland and Samaniego

2004).

@ The mixed system which selects among n-component
systems with signatures s4, S, ..., Sk according to the
mixing distribution p = (p1, p2, - - ., P ) Will have signature

k

@ From (1.1), any probability vector in the simplex
{s €]0,1]": >, s; = 1} determine a mixed system and
viceversa.

@ Representation and preservation theorems above are
equally applicable to coherent and mixed systems.
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Introduction

Notation and preceding results
NEWACSIS

New results included in this talk

@ Extensions of mixture representations, in two ways:

@ Representations for not necessarily absolutely continuous
joint distributions.

@ Representations of T = ¢(Xy, Xa, ..., Xk) in terms of
Xl:n, PP 7)(r]:r] fOI’ n > k

@ Comparison results of systems with different size.
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Some examples

Main result

The casen =2

@ There are 2 coherent systems: X;., and Xs.».
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@ There are 2 coherent systems: X;., and Xs.».
@ F1+Fy=Fj12+Fjo.
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The casen =2

@ There are 2 coherent systems: X;., and Xs.».

@ F1+Fy=Fj12+Fjo.

@ IID or EXC cases: 2F1 = F1.5 + Fo..

@ SOF,5 =2F1q — Fqo.

@ The path sets of X,., are P; = {1} and P, = {2}.
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Representations in the exchangeable case
Some examples

Main result

The casen =2

There are 2 coherent systems: X;., and X.5.
F1+F2=F12+Foo.

[ID or EXC cases: 2F1 = F 1.5 + F ..

S0 Fgp =2F1.1 — Fq.

The path sets of X,., are P; = {1} and P, = {2}.
General case: Fy, =F1 +F, —Fq.
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Representations in the exchangeable case
Some examples

Main result

Thecasen =3

@ There are 5 coherent systems: the OS (X1.3, X5.3,X3.3) and
T = min(Xy, max(Xz, X3)) and TP = max(Xz, min(Xz, X3)).
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Representations in the exchangeable case
Some examples

Main result

Thecasen =3

@ There are 5 coherent systems: the OS (X1.3, X5.3,X3.3) and
T = min(Xy, max(Xz, X3)) and TP = max(Xz, min(Xz, X3)).

@ F13=Fua.
@ The path sets of X,.3 are {1,2}, {1,3} and {2, 3}.
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Representations in the exchangeable case
Some examples

Main result

Thecasen =3

@ There are 5 coherent systems: the OS (X1.3, X5.3,X3.3) and
T = min(Xy, max(Xz, X3)) and TP = max(Xz, min(Xz, X3)).

® Fi3=Fqa.

@ The path sets of X,.3 are {1,2}, {1,3} and {2, 3}.

@ SoFj3= E{1,2} + E{1,3} + E{2,3} — 2F 13.
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Representations in the exchangeable case
Some examples

Main result

Thecasen =3

@ There are 5 coherent systems: the OS (X1.3, X5.3,X3.3) and
T = min(Xy, max(Xz, X3)) and TP = max(Xz, min(Xz, X3)).

® Fi3=Fy3.

@ The path sets of X,.3 are {1,2}, {1,3} and {2, 3}.

@ SoFj3= E{1,2} + E{1,3} + E{2,3} — 2F 13.

@ IID or EXC: Fp.3 = 3F 1.5 — 2F 1.3
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Representations in the exchangeable case
Some examples

Main result

Thecasen =3

There are 5 coherent systems: the OS (X;.3, X5.3,X3.3) and
T = min(Xy, max(Xz, X3)) and TP = max(Xz, min(Xz, X3)).

F13=Fya.

The path sets of X3 are {1,2}, {1,3} and {2, 3}.
SoF23=F2 +Fa +Fas — 2F1s.

lID or EXC: Fp.3 = 3F 1., — 2F 1.3

The minimal signature of X5.3 is (0,3, —2).
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Representations in the exchangeable case
Some examples

Main result

Thecasen =3

There are 5 coherent systems: the OS (X;.3, X5.3,X3.3) and
T = min(Xy, max(Xz, X3)) and TP = max(Xz, min(Xz, X3)).
E1:3 = E1:3-

The path sets of X3 are {1,2}, {1,3} and {2, 3}.

SoFj3 = E{1,2} + E{1,3} + E{2,3} — 2F 13.

IID or EXC: Fp3 = 3F 15 — 2F 13

The minimal signature of X5.3 is (0,3, —2).

For Xa.3: F3.3 = 3F 1.1 — 3F 2.3 + F1a.
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Representations in the exchangeable case
Some examples

Main result

Thecasen =3

There are 5 coherent systems: the OS (X;.3, X5.3,X3.3) and
T = min(Xy, max(Xz, X3)) and TP = max(Xz, min(Xz, X3)).

F13=Fya.

The path sets of X3 are {1,2}, {1,3} and {2, 3}.
SoF23=F2 +Fa +Fas — 2F1s.

lID or EXC: Fp.3 = 3F 1., — 2F 1.3

The minimal signature of X5.3 is (0,3, —2).

For X3.3: F3.3 = 3F 1.1 — 3F 23+ F1.3.

The minimal signature of X3.3 is (3, —3,1).
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Representations in the exchangeable case
Some examples

Main result

Thecasen =3

@ The minimal path sets of T = min(Xy, max(Xz, X3)) are
{1,2} and {1, 3}.
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Representations in the exchangeable case
Some examples

Main result

Thecasen =3

@ The minimal path sets of T = min(Xy, max(Xz, X3)) are
{1,2} and {1, 3}.
@ So: ET = E{Lz} + f{173} - f1:3
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Representations in the exchangeable case
Some examples

Main result

Thecasen =3

@ The minimal path sets of T = min(Xy, max(Xz, X3)) are
{1,2} and {1, 3}.

@ So: ET = E{Lz} + f{173} - f1:3

@ |ID or EXC: ET = 2?1:2 — E1:3
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Representations in the exchangeable case
Some examples

Main result

Thecasen =3

@ The minimal path sets of T = min(Xy, max(Xz, X3)) are
{1,2} and {1, 3}.

@ So:Fr =F30 +F13 —Fais

@ IDOrEXC:Fr =2F15, — Fq3

@ The minimal signature of T is (0,2, —1)
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Representations in the exchangeable case
Some examples

Main result

Thecasen =3

@ The minimal path sets of T = min(Xy, max(Xz, X3)) are
{1,2} and {1, 3}.

@ So:Fr =F30 +F13 —Fais

@ IIDorEXC: Fy =2F 15— F13

@ The minimal signature of T is (0,2, —1)

@ Recall that Fp.3 = 3F 1.5 — 2F 1.3
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Representations in the exchangeable case
Some examples

Main result

Thecasen =3

@ The minimal path sets of T = min(Xy, max(Xz, X3)) are
{1,2} and {1, 3}.

@ So:Fr =F30 +F13 —Fais

@ IIDorEXC: Fy =2F 15— F13

@ The minimal signature of T is (0,2, —1)

@ Recall that F.3 = 3F 1.0 — 2F 1.3

@ So: F1.p, = 2F 1.3 + $F 23 (Triangle rule)
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Representations in the exchangeable case
Some examples

Main result

Thecasen =3

@ The minimal path sets of T = min(Xy, max(Xz, X3)) are
{1,2} and {1, 3}.

So: Fr =Fy12y +Fi3 —Fus

IID or EXC: Fr = 2F 1., — Fq.3

The minimal signature of T is (0,2, —1)

Recall that F,.3 = 3F 1., — 2F 1.3

So: F1.p = 2F 1.3 + $F 23 (Triangle rule)

So: Fr =3F13+ %Fz:s
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Representations in the exchangeable case
Some examples

Main result

Thecasen =3

@ The minimal path sets of T = min(Xy, max(Xz, X3)) are
{1,2} and {1, 3}.

@ So:Fr =F30 +F13 —Fais

@ IDOrEXC:Fr =2F15, — Fq3

@ The minimal signature of T is (0,2, —1)

@ Recallthat F,.3 = 3F;., — 2F 1.3

@ So: F1.p, = 2F 1.3 + $F 23 (Triangle rule)

@ So: Fr =1F 3+ 3F23

@ (1/3,2/3,0) is the signature of T in the IID cont. case
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Representations in the exchangeable case
Some examples

Main result

Thecasen =3

@ The minimal path sets of T = min(Xy, max(Xz, X3)) are
{1,2} and {1, 3}.

@ So:Fr =F30 +F13 —Fais

@ lIIDorEXC: F1 = 2F 1., — F1.3

@ The minimal signature of T is (0,2, —1)

@ Recallthat F,.3 = 3F;., — 2F 1.3

@ So: F1.p, = 2F 1.3 + $F 23 (Triangle rule)

@ So: Fr =1F 3+ 3F23

@ (1/3,2/3,0) is the signature of T in the IID cont. case

@ However, P(T = X;.3) is not necessarily equal to 1/3.
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Representations in the exchangeable case ) _
Some examples

Main result

Main result-exchangeable case

If (X1, X2,...,Xn) is exchangeable and T = ¢(X1, X2, ..., Xn),
then

n
Fr =) siFin, (2.1)
i—1

where (s1, S, ..., Sn) is the signature of T in IID cont. case.

Note that s; # P(T = X;.,) but that
1
Si = 521(0 € A)

Ai = {O’ : gf)(Xl, ... ,Xn) = Xj:n, when Xg(l) < ... < Xa(l)}-
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Representations in the exchangeable case ) _
Some examples

Main result

Main result-exchangeable case-Proof

@ From (13) (E]_:m . ;En:n), = An(El:ly ... ,El:n)/
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Representations in the exchangeable case ) _
Some examples

Main result

Main result-exchangeable case-Proof

@ From (13) (E]_:m . ;En:n), = An(El:ly . ,El:n)/
@ A, is a triangular matrix.
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Some examples

Main result

Main result-exchangeable case-Proof

@ From (13) (E]_:m . ;En:n), = An(El:ly . ,El:n)/
@ A, is a triangular matrix.
@ S0 |Ay| # 0and A, exists.
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Representations in the exchangeable case ) _
Some examples

Main result

Main result-exchangeable case-Proof

@ From (13) (E]_:m . ;En:n), = An(El:ly . ,El:n)/
@ A, is a triangular matrix.
@ S0 |Ay| # 0and A, exists.

@ From (1.2): F1 can be written as a linear combination of
Fii,i=1,2,...,n.
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Representations in the exchangeable case ) _
Some examples

Main result

Main result-exchangeable case-Proof

@ From (1.3): (F1n,...,Fnn) = An(F11,...,F1n)

@ A, is a triangular matrix.

@ S0 |Ay| # 0and A, exists.

@ From (1.2): F1 can be written as a linear combination of
FiLi,i=121,2,...,n.

@ So: Ft can be written as a linear combination of Fj.,,
i=1,2,...,n.
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Representations in the exchangeable case ) _
Some examples

Main result

Main result-exchangeable case-Proof

From (1.3): (F1n,---,Fnn) = An(F11,-..,F1n)

A is a triangular matrix.

So |An| # 0 and A, ! exists.

From (1.2): Fr can be written as a linear combination of
Fii, 1 =1,2,...,n.

@ So: F1 can be written as a linear combination of Fi.,,
i=1,2,...,n.

The coefficients do not depend on F. So they are the
same as that obtained in the IID cont. case.
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Representations of systems with different size

@ Recall that IID case: 2F 1.1 = F1.5 + Fo.
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Examples
Representations of systems with different size Main result
Consequences

Representations of systems with different size

@ Recall that IID case: 2F 1.1 = F1.5 + Fo.
@ So: E1:1 = %ELZ + %EZ:Z-
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Examples
Representations of systems with different size Main result
Consequences

Representations of systems with different size

@ Recall that IID case: 2F 1.4 = F1.0 + Fo.o.
@ So: E1:1 = %ELZ + %EZ:Z-
@ Ingeneral,asF1 +... +Fn=Fqn+ ... +Fnn, then

Fl:lzﬁFl:n+--~+ﬁFn:n- (31)
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Examples
Representations of systems with different size Main result
Consequences

Representations of systems with different size

@ Recall that IID case: 2F 1.4 = F1.0 + Fo.o.
@ So: E1:1 = %ELZ + %EZ:Z-
@ Ingeneral,asF1 +... +Fn=Fqn+ ... +Fnn, then

Fl:lzﬁFl:n+--~+ﬁFn:n- (31)

@ Recall that F1., = 2F 13 + $F 3 (Triangle rule).
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Examples
Representations of systems with different size Main result
Consequences

Representations of systems with different size

@ Recall that IID case: 2F 1.4 = F1.0 + Fo.o.
@ So: E1:1 = %ELZ + %EZ:Z-
@ Ingeneral,asF1 +... +Fn=Fqn+ ... +Fnn, then

Fl:lzﬁFl:n+--~+ﬁFn:n- (31)

@ Recall that Fq., = %E

13 + 3F 23 (Triangle rule).
@ Analogously, Fo, = 3F23 + 3F 3.
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Examples
Representations of systems with different size Main result
Consequences

Representations of order n

Theorem
If (X1, X2,...,Xn) is exchangeable and T = ¢(X1, X2, ..., Xk)
(k < n), then

Fr =) si(n)Fin (3.2)

where the vector s(n) = (s1(n),s2(n), ..., sn(n)) does not
depend on F. s(n) is called the signature of order n of T.
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Representations of order n-Proof

@ Recall that (El;n, R ,En:n)/ = An(ELL ceey Flzn)l
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Representations of order n-Proof

@ Recall that (El;n, Ce ,En:n)/ = An(ELL ceey Flzn)l
@ A, is a triangular matrix.

Jorge Navarro, MMR2009 Recent advances using signatures



Examples
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Representations of order n-Proof

@ Recall that (El;n, R ,En:n)/ = An(ELL ceey Flzn)l
@ A, is a triangular matrix.
@ S0 |Ay| # 0 and A, exists.
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Examples
Representations of systems with different size Main result
Consequences

Representations of order n-Proof

@ Recall that (El;n, R ,En:n)/ = An(ELL . ,Elzn)l
@ A, is a triangular matrix.
@ S0 |Ay| # 0 and A, exists.

@ From (1.2): F1 can be written as a linear combination of
Fii,i=1,2,... k.
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Examples
Representations of systems with different size Main result
Consequences

Representations of order n-Proof

@ Recall that (Fy.n,...,Fnn) = An(F11,...,F1n)

@ A, is a triangular matrix.

@ S0 |Ay| # 0 and A, exists.

@ From (1.2): F1 can be written as a linear combination of
Frii=12... k.

@ So: Ft can be written as a linear combination of F 1,
i=1,2,...,n.
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Examples
Representations of systems with different size Main result
Consequences

Representations of order n-Proof

Recall that (El;n, R ,En:n)/ = An(ELL . ,Elzn)l
An is a triangular matrix.
So |An| # 0 and A, ! exists.

From (1.2): F1 can be written as a linear combination of
Fr,i=1,2 ...k
@ So: Fy can be written as a linear combination of F .,

i=1,2,...,n.
@ So: Fr can be written as a linear combination of F.,,
i=1,2,...,n.
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Examples
Representations of systems with different size Main result
Consequences

Representations of order n-Proof

Recall that (F1.,...,Fnn) = An(F11,...,F1n)

An is a triangular matrix.

So |An| # 0 and A, ! exists.

From (1.2): F1 can be written as a linear combination of
Fii,i=1,2,...,k.

@ So: F1 can be written as a linear combination of F1.;,

i=1,2,...,n.
@ So: Ft can be written as a linear combination of F;.,,
i=1,2,...,n.

@ The coefficients do not depend on F.
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Examples
Representations of systems with different size Main result
Consequences

Relations between signatures.

@ If s =(s1,S2,...,Sn) is the signature of order n of T, then
T is equal in law to the mixed system with
(n 4+ 1)-components with signature vector

s(n+1) = ns; sp+(n—1)s; 2s; + (N —2)s3 NSn
\n+ 1 n+1 n+1 Tn+1
(3.3)
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Examples
Representations of systems with different size Main result
Consequences

Relations between signatures.

@ If s =(s1,S2,...,Sn) is the signature of order n of T, then
T is equal in law to the mixed system with
(n 4+ 1)-components with signature vector

s(n+1) = ns; sp+(n—1)s; 2s; + (N —2)s3 NSn
\n+ 1 n+1 n+1 Tn+1
(3.3)

@ Repeated application of (3.3) leads to the general
expression for s(m) as a function of s(n) (n < m).
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Examples
Representations of systems with different size Main result
Consequences

Relations between signatures.

@ If s =(s1,S2,...,Sn) is the signature of order n of T, then
T is equal in law to the mixed system with
(n 4+ 1)-components with signature vector

s(n+1) = ns; sp+(n—1)s; 2s; + (N —2)s3 NSn
\n+ 1 n+1 n+1 Tn+1
(3.3)

@ Repeated application of (3.3) leads to the general
expression for s(m) as a function of s(n) (n < m).

@ The theorem on ordering results based on signatures can
now by applied to compare systems of different order in the
general exchangeable case.
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Examples
Representations of systems with different size Main result

Consequences

Table: Signatures of order 4 of coherent systems of order 1-4.

[ [T = 0(Xy, Xp, X3, Xa) \ Signature \
1] X1 =Xy (3.5%3
2 | X1.0 = min(Xy,X,) (2-series) (5,5,%,0)
3| Xo2 = maX(Xla X2) (Z'para”el) (Ov %7 %a %)
4| Xi3= min(Xl, Xo, X3) (3-SerieS) (%, %, O, 0)

5 | min(Xy, max(Xy, X3)) (3,55.3.0)
6 | Xo.3 (2-out-of-3) (0,3, 3,0)
7 maX(X27min(X17X3)) (07%7 %7 %)
8 | X33 = max(Xy, Xz, X3) (3-parallel) | (0,0, z,3)
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Examples
Representations of systems with different size Main result

Consequences

Table: Signatures of order 4 of coherent systems of order 1-4.

[ [T = o(X1, X2, X3, Xa) | Signature |
9 | X1.4 = min(Xq, Xz, X3, X4) (series) (1,0,0,0)
10 | max(min(Xy, X2, X3), min(Xy, X3, X4)) (3,5,0,0)
11 | min(Xz:3, Xa) (1,2.0.0)
12 | min(Xy, max(Xz, X3), max(Xs, X4)) (2,35.2.,0)
13 | min(Xy, max(Xa, X3, X4)) (2,.3,2.0)
14 | X,.4 (2-out-of-4) (0,1,0,0)
15 | max(min(Xq, X2), mini_1 3.4(X;), mini_23.4(Xi)) | (0,2, %,0)
16 | max(min(Xy, X2), min(Xs, X4)) (0,%,%,0)
17 | max(min(Xy, Xz), min(Xy, X3), min(Xz, X3, X4)) | (0, 5. 3,0)
18 | max(min(Xy, X5), min(Xy, X3), min(Xz, X4)) (0,5,5,0)
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Representations of systems with different size

Examples
Main result
Consequences

Table: Signatures of order 4 of coherent systems of order 1-4.

L 1T = (X1, Xz, X3, Xa) | Signature |
19 | min(max(Xy, X2), max(Xy, X3), max(Xs, X4)) (0,3, %,0)
20 | min(max(Xy, Xz), max(Xy, X3), max(Xz, X3, X4)) | (0, 3,%,0)
21 | min(max(Xy, Xz2), max(Xs, X4)) (0,3,%,0)
22 | min(max(Xy, Xz), maxi—13.4(Xi), maxi—234(Xi)) | (0,3, 2,0)
23 | X3.4 (3-out-0f-4) (0,0,1,0)
24 | max(Xg, min(Xz, X3, X4)) 0,3,%.3)
25 | max(Xy, min(Xz, X3), min(Xs, X)) 0,%,45,%)
26 | max(Xz:3, X4) (0,0,3, 1)
27 | min(max(Xy, Xz, X3), max(Xy, X3, X4)) (0,0, 3, %)
28 | X4.4 = max(Xy, Xz, X3, X4) (parallel) (0,0,0,1)
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Main result
Stochastic ordering
Hazard rate ordering

Comparison of systems with 1-4 components . ; )
P Y P Likelihood ratio ordering

Assumptions

@ In the general case, we have:

X1:n <s1 X2in <s7 .- <sT Xnn (4.1)
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Main result
Stochastic ordering
Hazard rate ordering

Comparison of systems with 1-4 components . ; )
P Y P Likelihood ratio ordering

Assumptions

@ In the general case, we have:

X1 <st X2:n <s7 ... <s1 Xnn (4.1)
@ However, the similar relations for the HR-order:
X1:n <HR X2:n <HR - -+ <HR Xn:n, 4.2)
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Main result
Stochastic ordering
Hazard rate ordering

Comparison of systems with 1-4 components . ; )
P Y P Likelihood ratio ordering

Assumptions

@ In the general case, we have:

X1 <sT X2:n <s7 -+ <sT Xnin (4.1)
@ However, the similar relations for the HR-order:
X1:n <HR X2:n <HR -+ - <HR Xnn, (4.2)
@ the MRL-order:
X1:n SMRL X2:n SMRL - - - <MRL Xnin, (4.3)
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Main result
Stochastic ordering
Hazard rate ordering

Comparison of systems with 1-4 components . ; )
P Y P Likelihood ratio ordering

Assumptions

@ In the general case, we have:
X1:n <sT X2in <s7 - -+ <57 Xain (4.1)

@ However, the similar relations for the HR-order:

X1:n <HR X2:n <HR -+ - <HR Xnn, (4.2)
@ the MRL-order:
X1:n SMRL X2:n SMRL - - - <MRL Xnin, (4.3)
@ and the LR-order:
X1n <R X2 <(R - -+ <R Xains (4.4)

are not necessarily true in the exchangeable case; see
Navarro and Shaked (JAP 2006), Navarro and Hernandez
(Metrika 2008) and Navarro (JSPI 2008).
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Main result
Stochastic ordering
Hazard rate ordering

Comparison of systems with 1-4 components . ; )
P Y P Likelihood ratio ordering

Stochastic comparisons using signatures

Theorem

Let s1(n) and s,(n) be the signatures of order n of two
coherent or mixed systems of order n; and n,, both based on
components with 11D or EXC lifetimes with the same joint
distribution. Let T; and T, be their respective lifetimes.

(@) If s1(n) <st s2(n), then Ty <s1 T>.

(b) If Sl(n) <HR Sz(n) and (42) hold, then T1 <upr To.

(C) If Sl(n) <HR Sz(n) and (43) hold, then T <mrL To2.

(d) If s1(n) <_r s2(n) and (4.4) hold, then T; <R To.
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Main result

Stochastic ordering
Hazard rate ordering
Likelihood ratio ordering

Comparison of systems with 1-4 components
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Figure: Comparisons based on the ST-order.
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Figure: Comparisons based on the HR or MRL-orders.
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Figure: Comparisons based on the LR-order.
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Conclusions

@ The mixture representations based on order statistics are
good tools to study systems.
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Conclusions

@ The mixture representations based on order statistics are
good tools to study systems.

@ The new representations allow us to manage both the
general exchangeable case and the case of systems with
different size.
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Conclusions, open questions and references

Conclusions

@ The mixture representations based on order statistics are
good tools to study systems.

@ The new representations allow us to manage both the
general exchangeable case and the case of systems with
different size.

@ Some new ordering results are obtained but we need to
assume that the order statistics are HR, MRL or LR
ordered.
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Open questions

@ Conditions to have X;., SHR,MRL,LR Xi+1:n-
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Open questions

@ Conditions to have X;., SHR,MRL,LR Xi+1:n-

@ Conditions to have X1.; >pr MRLLR X1:i+1 (SOMe have been
obtained already).
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@ Conditions to have X1.; >pr MRLLR X1:i+1 (SOMe have been
obtained already).

@ Conditions to have X, SHR,MRL,LR Xi+1:i+1-

@ Representations in the non-symmetric case (INID or
general cases).
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@ Conditions to have X;., SHR,MRL,LR Xi+1:n-

@ Conditions to have X1.; >pr MRLLR X1:i+1 (SOMe have been
obtained already).

@ Conditions to have X, SHR,MRL,LR Xi+1:i+1-

@ Representations in the non-symmetric case (INID or
general cases).

@ Ordering results for generalized mixtures.
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Conclusions, open questions and references

Open questions

@ Conditions to have X;., SHR,MRL,LR Xi+1:n-

@ Conditions to have X1.; >pr MRLLR X1:i+1 (SOMe have been
obtained already).

@ Conditions to have X, SHR,MRL,LR Xi+1:i+1-
@ Representations in the non-symmetric case (INID or
general cases).

@ Ordering results for generalized mixtures.

@ In Navarro and Rubio (2009) we have obtained the
expressions and signatures of the 180 and 16145 coherent
systems with 5 and 6 components, respectively.
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Our references

@ Navarro, J. and Shaked, M. (2006). Hazard Rate Ordering
of Order Statistics and Systems. J. Appl. Probab. 43,
391-408.
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391-408.

@ Navarro, J. and Rychlik, T. (2007). Reliability and
expectation bounds for coherent systems with
exchangeable components. J. Multivariate Anal. 98,
102-113.
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