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Relevation process and perfect repair

I Let X and Y be two nonnegative independent random
variables with reliability functions F̄ and Ḡ . Then the reliability
of X + Y (convolution) F̄ ∗ Ḡ (t) = Pr(X + Y > t) is

F̄ ∗ Ḡ (t) =

∫ ∞
t

f (x)dx +

∫ t

0

∫ ∞
t−x

g(y)f (x)dydx

= F̄ (t) +

∫ t

0
Ḡ (t − x)f (x)dx ,

where f and g are the respective pdf.

I Under a perfect repair in a cold standby, the unit X is replaced
when it fails by an independent unit Y having the same
distribution as X (when new). Then

F̄ ∗ F̄ (t) = F̄ (t) +

∫ t

0
F̄ (t − x)f (x)dx .
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Relevation process and minimal repair

I If X and Y are dependent, then the reliability of X + Y is

F̄#Ḡ (t) = F̄ (t) +

∫ t

0
Ḡx(t − x)f (x)dx , (1)

where Ḡx(y) = Pr(Y > y |X = x).

I Under a relevation process, the unit X is replaced when it fails
at a time x by a unit having reliability Ḡ but with the same
age as X , that is, by Yx = (Y − x |Y > x) with reliability

Ḡx(y) = Pr(Y > y |X = x) = Pr(Y−x > y |Y > x) =
Ḡ (x + y)

Ḡ (x)

for y ≥ 0. Hence,

F̄#Ḡ (t) = F̄ (t) +

∫ t

0

Ḡ (t)

Ḡ (x)
f (x)dx . (2)
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Relationships

Proposition
Under a relevation process, if G is NBU (NWU), then
F̄ ∗ Ḡ ≥ F̄#Ḡ (≤).

Proof.
If G is NBU, then Ḡ (y) ≥ Ḡ (x + y)/Ḡ (x) for x , y ≥ 0. Then

F̄ ∗ Ḡ (t) = F̄ (t) +

∫ t

0
Ḡ (t − x)f (x)dx

≥ F̄ (t) +

∫ t

0

Ḡ (t)

Ḡ (x)
f (x)dx .

= F̄#Ḡ (t).

The inequality is reversed if G is NWU.
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Relevation process and minimal repair

I Under a minimal repair, the failed unit X is replaced by a unit
having the same reliability as X but with the same age. Then

F̄#F̄ (t) = F̄ (t) +

∫ t

0

F̄ (t)

F̄ (x)
f (x)dx = F̄ (t)− F̄ (t) ln F̄ (t).

I After k replacements, the resulting reliability is

F̄#k F̄ (t) = F̄ (t)
k∑

i=0

1
i !

[− ln F̄ (t)]i ,

where F̄#0F̄ = F̄ , F̄#1F̄ = F̄#F̄ , F̄#2F̄ = (F̄#F̄ )#F̄ , ...
I Note that (F̄#F̄ )#F̄ 6= F̄#(F̄#F̄ ).
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Distorted distributions

I The distorted distribution associated to a distribution
function F and to an increasing continuous distortion
function q : [0, 1]→ [0, 1] such that q(0) = 0 and q(1) = 1, is

Fq(t) = q(F (t)). (3)

I For the reliability functions F̄ = 1− F , F̄q = 1− Fq, we have

F̄q(t) = q̄(F̄ (t)), (4)

where q̄(u) = 1− q(1− u) is the dual distortion function.
I Note that F̄#k F̄ (t) = q̄k(F̄ (t)) with

q̄k(u) = u
k∑

i=0

1
i !

(− ln u)i . (5)
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Coherent systems- General case

I The system lifetime T of a coherent system can be written as

T = φ(X1, . . . ,Xn) = max
i=1,...,r

min
j∈Pi

Xj ,

where P1, . . . ,Pr are the minimal path sets of φ.

I Then, by using the inclusion-exclusion formula

F̄T (t) = Pr(T > t) = Pr

(
max

i=1,...,r
min
j∈Pi

Xj > t

)
= Pr

(
∪ri=1{min

j∈Pi

Xj > t}
)

=
r∑

i=1

Pr

(
min
j∈Pi

Xj > t

)
−
∑
i<k

Pr

(
min

j∈Pi∪Pk

Xj > t

)
+ . . .

+ (−1)r+1 Pr

(
min

j∈P1∪···∪Pr

Xj > t

)
.
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Coherent systems- General case

I If Pr(X1 > x1, . . . ,Xn > xn) = K (F̄1(x1), . . . , F̄n(xn)), where
K is the survival copula, then:

I For X1:i = min(X1, . . . ,Xi ), we have

Pr(X1:i > t) = Pr(X1 > t, . . . ,Xi > t,Xi+1 > −∞, . . . ,Xn > −∞)

= K (F̄1(t), . . . , F̄i (t), 1, . . . , 1).

I For XP = minj∈P Xj and F̄P(t) = Pr(XP > t), we have

F̄P(t) = KP(F̄1(t), . . . , F̄n(t))

where KP(u1, . . . , un) = K (uP1 , . . . , u
P
n ) and uPj = uj if j ∈ P

and uPj = 1 if j /∈ P .
I Therefore, from the inclusion-exclusion representation

F̄T (t) = Q̄(F̄1(t), . . . , F̄n(t))

where Q̄ is a multivariate dual distortion function.
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Coherent systems, particular cases

I If X1, . . . ,Xn are independent, then Q̄ is a polynomial called
structure reliability function in Barlow and Proschan (1975).

I If F̄1 = · · · = F̄n = F̄ (ID), then

F̄T (t) = Q̄(F̄ (t), . . . , F̄ (t)) = q̄(F̄ (t)),

where q̄(u) = Q̄(u, . . . , u) is a distortion function.
I In the IID case, F̄T = a1F̄1:1 + · · ·+ anF̄1:n = q̄(F̄ (t)) where

q̄(u) = a1u + · · ·+ anu
n

where a = (a1, . . . , an) is the minimal signature of the system.
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An example: Parallel system (active redundancy)

I If T = X2:2 = max(X1,X2), then P1 = {1}, P2 = {2}, and

F̄2:2(t) = Pr({X1 > t} ∪ {X2 > t})
= Pr(X1 > t) + Pr(X2 > t)− Pr(X1 > t,X2 > t)

= F̄1(t) + F̄2(t)− K (F̄1(t), F̄2(t))

= Q̄2:2(F̄1(t), F̄2(t)),

where Q̄2:2(u, v) = u + v − K (u, v).

I If X1,X2 are independent, then Q̄2:2(u, v) = u + v − uv .
I If X1,X2 are ID∼ F̄ , then F̄2:2(t) = q̄2:2(F̄ (t)), with

q̄2:2(u) = 2u − K (u, u).

I If X1,X2 are IID, then q̄2:2(u) = 2u − u2.
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An example: Parallel system (active redundancy)

I If T = X2:2 = max(X1,X2), then P1 = {1}, P2 = {2}, and

F̄2:2(t) = Pr({X1 > t} ∪ {X2 > t})
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I If X1,X2 are IID, then q̄2:2(u) = 2u − u2.
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Relationships

I Proposition
If the components are IID∼ F̄ , then F̄#F̄ ≥ F̄2:2,

I The proof is based on

q̄1(u) = u − u log(u) ≥ 2u − u2 = q̄2:2(u) for all u ∈ [0, 1].
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Coherent systems and relevation transform

I Let us see how the relevation transform can also be used to
compute the system reliability.

I This new technique will be used in the following sections to
study the minimal repairs of failed components in systems.

I If T = X2:2 and X1,X2 are IID, then from (2)

F̄2:2(t) = F̄1:2#F̄ (t) = F̄1:2(t) +

∫ t

0

F̄ (t)

F̄ (x)
f1:2(x)dx .

I As F̄1:2(t) = F̄ 2(t) and f1:2(t) = 2F̄ (t)f (t), we have

F̄2:2(t) = F̄ 2(t) +

∫ t

0

F̄ (t)

F̄ (x)
2F̄ (x)f (x)dx = 2F̄ (t)− F̄ 2(t).

I The sequential order statistics can be obtained in a similar way.
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Coherent systems and relevation transform

I If T = X2:2 and (X1,X2) are dependent and abs. cont.,
p1 = Pr(X1 < X2) and p2 = Pr(X2 < X1), then

F̄2:2(t) = p1 Pr(X2:2 > t|X1 < X2) + p2 Pr(X2:2 > t|X2 < X1)

= p1F̄
(X1<X2)
1 #Ḡ1(t) + p2F̄

(X2<X1)
2 #Ḡ2(t),

where
F̄

(X1<X2)
1 (t) = Pr(X1 > t|X1 < X2),

F̄
(X2<X1)
2 (t) = Pr(X2 > t|X2 < X1),

Ḡ1,x(y) = Pr(X2 − x > y |X1 = x ,X2 > x)

and
Ḡ2,x(y) = Pr(X1 − x > y |X2 = x ,X1 > x).
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Coherent systems and relevation transform

I As f (x , y) = f1(x)f2(y)∂1,2K (F̄1(x), F̄2(y)), then

p1 = Pr(X1 < X2)

=

∫ ∞
0

∫ ∞
x

f1(x)f2(y)∂1,2K (F̄1(x), F̄2(y))dydx

=

∫ ∞
0

f1(x)∂1K (F̄1(x), F̄2(x))dx

when limy→∞ ∂1K (F̄1(x), F̄2(y)) = 0.

I Analogously,

p2 = Pr(X2 < X1) =

∫ ∞
0

f2(x)∂2K (F̄1(x), F̄2(x))dx .

when limx→∞ ∂2K (F̄1(x), F̄2(y)) = 0.
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Coherent systems and relevation transform

I The joint density of (X1,X2|X1 < X2) is h(x , y) = f (x , y)/p1
for all x ≤ y (0 otherwise). Then the marginal density of
(X1|X1 < X2) is

h1(x) =
1
p1

∫ ∞
x

f (x , y)dy =
1
p1

f1(x)∂1K (F̄1(x), F̄2(x)).

I Hence, the conditional density of (X2|X1 = x ,X2 > x) is

h2|1(y |x) =
h(x , y)

h1(x)
=

f2(y)∂1,2K (F̄1(x), F̄2(y))

∂1K (F̄1(x), F̄2(x))
.

I Then the reliability function Ḡ1,x is given by

Ḡ1,x(y) =

∫ ∞
x+y

h2|1(z |x)dz =
∂1K (F̄1(x), F̄2(x + y))

∂1K (F̄1(x), F̄2(x))
. (6)
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I Therefore, from (1), we obtain

F̄
(X1<X2)
1 #Ḡ1(t) = F̄

(X1<X2)
1 (t) +

∫ t

0
Ḡ1,x(t − x)h1(x)dx

= F̄
(X1<X2)
1 (t) +

1
p1

∫ t

0

∂1K (F̄1(x), F̄2(t))

∂1K (F̄1(x), F̄2(x))
f1(x)∂1K (F̄1(x), F̄2(x))dx

= F̄
(X1<X2)
1 (t) +

1
p1

∫ t

0
f1(x)∂1K (F̄1(x), F̄2(t))dx

= F̄
(X1<X2)
1 (t) +

1
p1

[
F̄2(t)− K (F̄1(t), F̄2(t))

]
.

I In a similar way (by the symmetry), we get

F̄
(X2<X1)
2 #Ḡ2(t) = F̄

(X2<X1)
2 (t) +

1
p2

[
F̄1(t)− K (F̄1(t), F̄2(t))

]
. (7)
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Coherent systems and relevation transform

I Finally, we get

F̄2:2(t) = p1F̄
(X1<X2)
1 #Ḡ1(t) + p2F̄

(X2<X1)
2 #Ḡ2(t)

= p1F̄
(X1<X2)
1 (t) + p2F̄

(X2<X1)
2 (t) + F̄1(t) + F̄2(t)

− 2K (F̄1(t), F̄2(t))

= p1 Pr(X1:2 > t|X1 < X2) + p2 Pr(X1:2 > t|X2 < X1)

+ F̄1(t) + F̄2(t)− 2K (F̄1(t), F̄2(t))

= Pr(X1:2 > t) + F̄1(t) + F̄2(t)− 2K (F̄1(t), F̄2(t))

= F̄1(t) + F̄2(t)− K (F̄1(t), F̄2(t))

= Q̄2:2(F̄1(t), F̄2(t)),

where Q̄2:2(u, v) = u + v − K (u, v) (as above).
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Coherent systems and relevation transform

I If F is exchangeable (EXC), then F̄2:2 = F̄1:2#Ḡ , where

Ḡx(y) = Pr(X2−x > y |X1 = x ,X2 > x) =
Pr(X2 > x + y |X1 = x)

Pr(X2 > x |X1 = x)
.

I Then, from (6), we get

Ḡx(y) =
∂1K (F̄ (x), F̄ (x + y))

∂1K (F̄ (x), F̄ (x))
.

I Hence, from (1), we have

F̄1:2#Ḡ (t) = F̄1:2(t) +

∫ t

0
Ḡx(t − x)f1:2(x)dx

= F̄1:2(t) +

∫ t

0

∂1K (F̄ (x), F̄ (t))

∂1K (F̄ (x), F̄ (x))
f1:2(x)dx .
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I Note that F̄1:2(x) = K (F̄ (x), F̄ (x)) and

f1:2(x) = f (x)∂1K (F̄ (x), F̄ (x)) + f (x)∂2K (F̄ (x), F̄ (x))

= 2f (x)∂1K (F̄ (x), F̄ (x)).

I Therefore, from (1),

F̄1:2#Ḡ (t) = F̄1:2(t) + 2
∫ t

0
∂1K (F̄ (x), F̄ (t))f (x)dx

= K (F̄ (t), F̄ (t))− 2K (F̄ (t), F̄ (t)) + 2K (1, F̄ (t))

= 2F̄ (t)− K (F̄ (t), F̄ (t))

= q̄2:2(F̄ (t)),

where q̄2:2(u) = 2u − K (u, u) (as above).
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Coherent systems and relevation transform

Another approach for the general case is

F̄2:2 = F̄1:2#Ḡ , (8)

where

Ḡx(y) = p1(x) Pr(X2 − x > y |X1 = x ,X2 > x)

+ p2(x) Pr(X1 − x > y |X2 = x ,X1 > x)

= p1(x)
Pr(X2 > x + y |X1 = x)

Pr(X2 > x |X1 = x)
+ p2(x)

Pr(X1 > x + y |X2 = x)

Pr(X1 > x |X2 = x)
,

p1(x) = Pr(X1 < X2|X1:2 = x) and p2(x) = Pr(X2 < X1|X1:2 = x).
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Minimal repair of systems: Cases.

I Let T be a system based on n components with lifetimes
X1, . . . ,Xn. If we apply a single minimal repair to the system
then the main options are:

I Case I: To repair the component which fails first.
I Case II: To repair the component which leads to the system

failure.
I Case III: To repair a fixed component (e.g., to repair the ith

component).
I Which option is the best one?
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Case III

I If we repair the ith component, the resulting system T
(i)
III has

the following reliability

F̄
T

(i)
III

(t) = Q̄(F̄1(t), . . . , F̄i−1(t), q̄1(F̄i (t)), F̄i+1(t), . . . , F̄n(t))

where q̄1(u) = u − u log u was obtained in (5).

I If the components are ID, then F̄
T

(i)
III

(t) = q̄
(i)
III (F̄ (t)), where

q̄
(i)
III (u) = Q̄(u, . . . , u, q̄1(u), u, . . . , u) (9)

and q̄1 is placed at the ith position.
I Comparison results for this kind of replacements were

presented in the talk by Antonio Arriaza.

Jorge Navarro, OSD2018 Universidad de Murcia. E-mail: jorgenav@um.es, 23/60



Notation and preliminary results
Minimal repair of systems

Comparison results

Case I
Case II
Other cases

Case III

I If we repair the ith component, the resulting system T
(i)
III has

the following reliability

F̄
T

(i)
III

(t) = Q̄(F̄1(t), . . . , F̄i−1(t), q̄1(F̄i (t)), F̄i+1(t), . . . , F̄n(t))

where q̄1(u) = u − u log u was obtained in (5).

I If the components are ID, then F̄
T

(i)
III

(t) = q̄
(i)
III (F̄ (t)), where

q̄
(i)
III (u) = Q̄(u, . . . , u, q̄1(u), u, . . . , u) (9)

and q̄1 is placed at the ith position.

I Comparison results for this kind of replacements were
presented in the talk by Antonio Arriaza.

Jorge Navarro, OSD2018 Universidad de Murcia. E-mail: jorgenav@um.es, 23/60



Notation and preliminary results
Minimal repair of systems

Comparison results

Case I
Case II
Other cases

Case III

I If we repair the ith component, the resulting system T
(i)
III has

the following reliability

F̄
T

(i)
III

(t) = Q̄(F̄1(t), . . . , F̄i−1(t), q̄1(F̄i (t)), F̄i+1(t), . . . , F̄n(t))

where q̄1(u) = u − u log u was obtained in (5).

I If the components are ID, then F̄
T

(i)
III

(t) = q̄
(i)
III (F̄ (t)), where

q̄
(i)
III (u) = Q̄(u, . . . , u, q̄1(u), u, . . . , u) (9)

and q̄1 is placed at the ith position.
I Comparison results for this kind of replacements were

presented in the talk by Antonio Arriaza.

Jorge Navarro, OSD2018 Universidad de Murcia. E-mail: jorgenav@um.es, 23/60



Notation and preliminary results
Minimal repair of systems

Comparison results

Case I
Case II
Other cases

Case I

I In this case we repair the component that fails first.

I Its lifetime is X = X1:n.
I Then the broken component is minimally repaired and the

resulting system has the same structure as T but we know
that all the components are working and have age X .

I Hence its reliability is

F̄TI
(t) = F̄1:n#Ḡ (t), (10)

where

Ḡx(y) = Pr(T − x > y |X1 > x , . . . ,Xn > x)

=
Pr(T > x + y ,X1 > x , . . . ,Xn > x)

Pr(X1 > x , . . . ,Xn > x)

when X = x .
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Ḡx(y) = Pr(T − x > y |X1 > x , . . . ,Xn > x)

=
Pr(T > x + y ,X1 > x , . . . ,Xn > x)

Pr(X1 > x , . . . ,Xn > x)

when X = x .

Jorge Navarro, OSD2018 Universidad de Murcia. E-mail: jorgenav@um.es, 24/60



Notation and preliminary results
Minimal repair of systems

Comparison results

Case I
Case II
Other cases

Case I

I In this case we repair the component that fails first.
I Its lifetime is X = X1:n.
I Then the broken component is minimally repaired and the

resulting system has the same structure as T but we know
that all the components are working and have age X .

I Hence its reliability is

F̄TI
(t) = F̄1:n#Ḡ (t), (10)
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Case I. General representation

I In Proposition 3 of Navarro (Stat. Papers 2016) is proved that

Ḡx(t) = Q̄x(F̄1,x(t), . . . , F̄n,x(t)),

where F̄i ,x(t) = Pr(Xi − x > t|Xi > x) = F̄i (t + x)/F̄i (x) for
i = 1, . . . , n and Q̄x is a distortion function.

I Hence, from (1), we have,

F̄TI
(t) = F̄1:n(t) +

∫ t

0
Ḡx(t − x)f1:n(x)dx

= F̄1:n(t) +

∫ t

0
Q̄x(F̄1,x(t − x), . . . , F̄n,x(t − x))f1:n(x)dx .
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Case I: Example 1.

I If T = X1:n, then

Ḡx(t) = Pr(X1:n−x > y |X1:n > x) =
Pr(X1:n > x + y)

Pr(X1:n > x)
=

F̄1:n(x + y)

F̄1:n(x)
.

I Therefore

F̄TI
(t) = F̄1:n(t) +

∫ t

0
Ḡx(t − x)f1:n(x)dx

= F̄1:n(t) +

∫ t

0

F̄1:n(t)

F̄1:n(x)
f1:n(x)dx

= F̄1:n(t)− F̄1:n(t) log F̄1:n(t)

= F̄1:n#F̄1:n(t)

= q̄1(F̄1:n(t)).
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Case I: Example 1.

I Hence, TI ≥ST T
(i)
III (≤ST ) holds for all F1, . . . ,Fn iff

q̄1(K (u1, . . . , un)) ≥ K (u1, . . . , q̄1(ui ), . . . , un) (≤),

where ≤ST is the (usual) stochastic order.

I In particular, if the components are independent, then

q̄1(u1 . . . un) = u1 . . . un(1− log[u1 . . . un]) ≥ u1 . . . un(1− log ui ).

I So TI ≥ST T
(i)
III holds for all F1, . . . ,Fn.
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Case I: Example 2.

If T = X2:2, then F̄TI
= F̄1:2#Ḡ where

Ḡx(y) = Pr(T − x > y |X1 > x ,X2 > x)

=
Pr(max(X1,X2) > x + y ,X1 > x ,X2 > x)

Pr(X1 > x ,X2 > x)

=
Pr(X1 > x + y ,X2 > x) + Pr(X2 > x + y ,X1 > x)− Pr(X1:2 > x + y)

Pr(X1 > x ,X2 > x)

=
K (F̄1(x + y), F̄2(x)) + K (F̄1(x), F̄2(x + y))− K (F̄1(x + y), F̄2(x + y))

K (F̄1(x), F̄2(x))

= Q̄x(F̄1,x(y), F̄2,x(y)),

where F̄1,x(y) = F̄1(x + y)/F̄1(x), F̄2,x(y) = F̄2(x + y)/F̄2(x),

Q̄x(u1, u2) =
K (u1F̄1(x), F̄2(x)) + K (F̄1(x), u2F̄2(x))− K (u1F̄1(x), u2F̄2(x))

K (F̄1(x), F̄2(x))
.
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Case I: Example 2.

Hence, from (1) and (10),

F̄TI
(t) = F̄1:2(t) +

∫ t

0
Q̄x(F̄1,x(t − x), F̄2,x(t − x))f1:2(x)dx

= F̄1:2(t) +

∫ t

0

K (F̄1(t), F̄2(x)) + K (F̄1(x), F̄2(t))− F̄1:2(t)

F̄1:2(x)
f1:2(x)dx

= F̄1:2(t) + F̄1:2(t) log(F̄1:2(t))

+

∫ t

0

K (F̄1(t), F̄2(x)) + K (F̄1(x), F̄2(t))

F̄1:2(x)
f1:2(x)dx .
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Case I: Example 2.

If the components are IID, then

F̄TI
(t) = F̄ 2(t) + 2F̄ 2(t) log(F̄ (t)) +

∫ t

0

F̄ (t)F̄ (x) + F̄ (x)F̄ (t)

F̄ 2(x)
2f (x)F̄ (x)dx

= F̄ 2(t) + 2F̄ 2(t) log(F̄ (t)) + 4F̄ (t)

∫ t

0
f (x)dx

= F̄ 2(t) + 2F̄ 2(t) log(F̄ (t)) + 4F̄ (t)F (t)

= q̄I (F̄ (t))

where

q̄I (u) = u2 + 2u2 log(u) + 4u(1− u) = 4u − 3u2 + 2u2 log(u).
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Case I: Example 2.

I In the IID case, for this system we have Q̄(u, v) = u + v − uv .

I Therefore F̄
T

(i)
III

(t) = q̄
(i)
III (F̄ (t)) with

q̄
(i)
III (u) = Q̄(u, q̄1(u)) = u + q̄1(u)− uq̄1(u)

= 2u − u2 − u log u + u2 log u.

I Hence q̄I ≤ q̄
(i)
III for i = 1, 2.

I So, TI ≤ST T
(i)
III holds for all F , that is, in this system, it is

better to replace a fixed component than to replace the first
failure.
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Case I. General representation, ID components.

Theorem
Let T be the lifetime of a coherent system with ID components
having a common reliability F̄ . Then

F̄TI
(t) = q̄I (F̄ (t)) (11)

for all t ≥ 0 and a distortion function q̄I .

I The distortion function q̄I depends on the structure of the
system and on the underlying survival copula K but does not
depend on F̄ .

I Sometimes, it is not easy to compute q̄I .
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Case I. General representation, IID components.

Theorem
Let T be the lifetime of a coherent system with IID components
having a common reliability F̄ . Then F̄TI

(t) = q̄I (F̄ (t)) where

q̄I (u) = n
n−1∑
i=1

ai
n − i

ui +

(
1− n

n−1∑
i=1

ai
n − i

)
un − nanu

n log u (12)

and (a1, . . . , an) is the minimal signature of the system.
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Case II. General representation.

I Let us assume now that we repair the component which is
critical for the system.

I We may expect that this option leads to a better performance
since the most relevant components for the system have higher
probabilities of being repaired.

I Note that, in case I, we just repair the first failure and so, for
example, if the components are exchangeable, then all the
components have the same probability of being repaired.

I However, we must note that case II is not always available in
practice for all the systems (e.g., in a plain).

I In this case it is not easy to obtain the reliability F̄TII
of the

resulting system lifetime TII . Let us see a simple example.
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Case II. Example 1, IID case.

I If T = X2:2 and the components are IID, then, from (1), we
have

F̄TII
(t) = F̄T#F̄ (t) = F̄T (t) +

∫ t

0

F̄ (t)

F̄ (x)
fT (x)dx ,

where F̄T (t) = 2F̄ (t)− F̄ 2(t) and fT (t) = 2(1− F̄ (t))f (t).

I Hence

F̄TII
(t) = 2F̄ (t)− F̄ 2(t) + 2F̄ (t)

∫ t

0

1− F̄ (x)

F̄ (x)
f (x)dx

= 2F̄ (t)− F̄ 2(t)− 2F̄ (t)(F (t) + log F̄ (t))

= F̄ 2(t)− 2F̄ (t) log F̄ (t)

= q̄II (F̄ (t))

with q̄II (u) = u2 − 2u log u.
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Case II. Example 1, IID case.

I A straightforward calculation leads to q̄ ≤ q̄I ≤ q̄
(i)
III ≤ q̄II .

I So T ≤ST TI ≤ST T
(i)
III ≤ST TII for all F̄ and i = 1, 2.

I Therefore, the best option in this system is to repair the
component which is critical for the system.

I The second best option is to replace a fixed component and, of
course, the three options are better than the original system T .

I They are also better than a parallel system with three
components (active redundancy).
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Figure: Distortion functions for a parallel system with 2 IID components
(black), in case I (red), in case II (green), in case III (blue) and with 3
IID components (orange).
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Case II. Example 1, exchangeable case.

I If the components are EXC, then F̄TII
(t) = F̄T#Ḡ (t), where

Ḡx(y) = Pr(X2 − x > y |X1 ≤ x ,X2 > x)

=
Pr(X1 ≤ x ,X2 > x + y)

Pr(X1 ≤ x ,X2 > x)

=
Pr(X2 > x + y)− Pr(X1 > x ,X2 > x + y)

Pr(X2 > x)− Pr(X1 > x ,X2 > x)

=
F̄ (x + y)− K (F̄ (x), F̄ (x + y))

F̄ (x)− K (F̄ (x), F̄ (x))
.

I Hence, from (1), we have

F̄TII
(t) = F̄T (t) +

∫ t

0

F̄ (t)− K (F̄ (x), F̄ (t))

F̄ (x)− K (F̄ (x), F̄ (x))
fT (x)dx .
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Case II. Example 1, exchangeable case.

As F̄T (t) = 2F̄ (t)− K (F̄ (t), F̄ (t)), then

fT (t) = 2(1− ∂1K (F̄ (t), F̄ (t)))f (t)

and

F̄TII
(t) = F̄T (t) + 2

∫ t

0

F̄ (t)− K (F̄ (x), F̄ (t))

F̄ (x)− K (F̄ (x), F̄ (x))
(1− ∂1K (F̄ (x), F̄ (x)))f (x)dx

= F̄T (t) + 2
∫ 1

F̄ (t)

F̄ (t)− K (v , F̄ (t))

v − K (v , v)
(1− ∂1K (v , v))dv

= q̄II (F̄ (t))

with

q̄II (u) = 2u−K (u, u) +2
∫ 1

u

u − K (v , u)

v − K (v , v)
(1−∂1K (v , v))dv . (13)
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Case II. Example 1, general case.

I In the general case, we get F̄TII
(t) = F̄T#Ḡ (t), where

Ḡx(y) = p1(x) Pr(X2 − x > y |X1 ≤ x ,X2 > x)

+ p2(x) Pr(X1 − x > y |X2 ≤ x ,X1 > x)

= p1(x)
F̄2(x + y)− K (F̄1(x), F̄2(x + y))

F̄2(x)− K (F̄1(x), F̄2(x))

+ p2(x)
F̄1(x + y)− K (F̄1(x + y), F̄2(x))

F̄1(x)− K (F̄1(x), F̄2(x))
,

p1(x) := Pr(X1 < X2|T = x) and
p2(x) := Pr(X2 < X1|T = x) = 1− p1(x) for x , y ≥ 0.
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Case II. Example 1, general case.

I In the general case, we get

F̄TII
(t) = F̄T (t) +

∫ t

0
Ḡx(t − x)fT (x)dx

= F̄1(t) + F̄2(t)− K (F̄1(t), F̄2(t))

+

∫ t

0
[1− ∂2K (F̄1(x), F̄2(x))]

F̄2(t)− K (F̄1(x), F̄2(t))

F̄2(x)− K (F̄1(x), F̄2(x))
f2(x)dx

+

∫ t

0
[1− ∂1K (F̄1(x), F̄2(x))]

F̄1(t)− K (F̄1(t), F̄2(x))

F̄1(x)− K (F̄1(x), F̄2(x))
f1(x)dx .

I Of course, in the exchangeable case, we have
Pr(X1 < X2|T = x) = Pr(X2 < X1|T = x) = 1/2 and (13).
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Case II. Representation, exchangeable case.

Theorem
If the components have an absolutely continuous exchangeable
joint reliability with a common reliability F̄ , then the reliability
function of TII can be written as

F̄TII
(t) = q̄II (F̄ (t)) (14)

for all t ≥ 0 and for a distortion function q̄II which does not
depend on F̄ .
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Case II. Representation, IID case.

Theorem
If the components are IID∼ F̄ , then F̄TII

(t) = q̄II (F̄ (t)), where

q̄II (u) =
n∑

i=1

ciu
i +

n∑
i=1

diu
i log u (15)

for some coefficients ci , di , i = 1, . . . , n which only depend on the
structure of the system.
The proof is based on Samaniego’s representation

F̄T = s1F̄1:n + · · ·+ snF̄n:n

where si = Pr(T = Xi :n) and s = (s1, . . . , sn) is the signature of T .
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Case II. Representation, IID case.

I The proof shows how to compute these coefficients.

I The procedure is illustrated in the following example.
I An R-script code which computes the coefficients ci and di for

a given coherent system can be seen in
I Navarro J, Arriaza A, Suárez-Llorens A (2017). R-script to

compute the dual distortion functions of systems under
minimal repair. Rodin University of Cádiz repository
10498/19935. http://rodin.uca.es.

I URL http://hdl.handle.net/10498/19935
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Case II. Example 2, IID case.

I Let T = max(X1,min(X2,X3)) with IID components.

I The signature of the system is s = (0, 2/3, 1/3).
I It can be computed from the permutations given in Table 1.
I This table contains the sets Aj of permutations which leads to

the same relevation transform, the numbers ij of component
failures which cause the system failure and the expressions of
the repaired system lifetimes Tj for each j = 1, 2, 3.

I Table 1: Repairing options for the system in Example 2.

j Aj Hj |Aj | T ij Tj

1 (1, i2, i3) X1 < Xi2 < Xi3 2 T = Xi2 2 min(X2,X3)
2 (i1, 1, i3) Xi1 < X1 < Xi3 2 T = X1 2 X1
3 (i1, i2, 1) Xi1 < Xi2 < X1 2 T = X1 3 X1
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I Table 1: Repairing options for the system in Example 2.

j Aj Hj |Aj | T ij Tj

1 (1, i2, i3) X1 < Xi2 < Xi3 2 T = Xi2 2 min(X2,X3)
2 (i1, 1, i3) Xi1 < X1 < Xi3 2 T = X1 2 X1
3 (i1, i2, 1) Xi1 < Xi2 < X1 2 T = X1 3 X1
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Case II. Example 2, IID case.

I Hence

Pr(TII > t) =
1
3

3∑
j=1

Pr(TII > t|Hj)

for the events Hj given in Table 1.

I The first one can be obtained as

Pr(TII > t|H1) = F̄i1:3#Ḡ1(t) = F̄2:3#Ḡ1(t),

where

Ḡ1,x(y) = Pr(T1 − x > y |X2:3 = x ,H1)

= Pr(min(X2,X3)− x > y |X1 < x < X2, x < X3)

=
F̄ 2(x + y)

F̄ 2(x)

since the components are IID.
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I Therefore, from (1), we have

Pr(TII > t|H1) = F̄2:3(t) +

∫ t

0

F̄ 2(t)

F̄ 2(x)
f2:3(x)dx ,

where F̄2:3(t) = 3F̄ 2(t)− 2F̄ 3(t) and
f2:3(t) = 6(F̄ (t)− F̄ 2(t))f (t).

I Hence

Pr(TII > t|H1) = F̄2:3(t) + 6F̄ 2(t)

∫ t

0

F̄ (x)− F̄ 2(x)

F̄ 2(x)
f (x)dx

= F̄2:3(t) + 6F̄ 2(t)

∫ t

0

(
1

F̄ (x)
− 1
)
f (x)dx

= F̄2:3(t) + 6F̄ 2(t)
(
− log F̄ (t)− F (t)

)
= −3F̄ 2(t) + 4F̄ 3(t)− 6F̄ 2(t) log F̄ (t).

Jorge Navarro, OSD2018 Universidad de Murcia. E-mail: jorgenav@um.es, 47/60



Notation and preliminary results
Minimal repair of systems

Comparison results

Case I
Case II
Other cases

Case II. Example 2, IID case.

I Therefore, from (1), we have

Pr(TII > t|H1) = F̄2:3(t) +

∫ t

0

F̄ 2(t)

F̄ 2(x)
f2:3(x)dx ,

where F̄2:3(t) = 3F̄ 2(t)− 2F̄ 3(t) and
f2:3(t) = 6(F̄ (t)− F̄ 2(t))f (t).

I Hence

Pr(TII > t|H1) = F̄2:3(t) + 6F̄ 2(t)

∫ t

0

F̄ (x)− F̄ 2(x)

F̄ 2(x)
f (x)dx

= F̄2:3(t) + 6F̄ 2(t)

∫ t

0

(
1

F̄ (x)
− 1
)
f (x)dx

= F̄2:3(t) + 6F̄ 2(t)
(
− log F̄ (t)− F (t)

)
= −3F̄ 2(t) + 4F̄ 3(t)− 6F̄ 2(t) log F̄ (t).

Jorge Navarro, OSD2018 Universidad de Murcia. E-mail: jorgenav@um.es, 47/60



Notation and preliminary results
Minimal repair of systems

Comparison results

Case I
Case II
Other cases

Case II. Example 2, IID case.

I For H2, we have Pr(TII > t|H2) = F̄2:3#F̄ (t) and

Pr(TII > t|H2) = F̄2:3(t) +

∫ t

0

F̄ (t)

F̄ (x)
f2:3(x)dx = 3F̄ (t)− 3F̄ 2(t) + F̄ 3(t).

I This case is equivalent to a parallel system with 3 IID
components (i.e. F̄3:3 = F̄2:3#F̄ ).

I Finally, for H3, we have Pr(TII > t|H3) = F̄3:3#F̄ (t) and

Pr(TII > t|H3) = F̄3:3(t) +

∫ t

0

F̄ (t)

F̄ (x)
f3:3(x)dx

= −3
2
F̄ (t) + 3F̄ 2(t)− 1

2
F̄ 3(t)− 3F̄ (t) log F̄ (t).

I Hence

Pr(TII > t) =
1
2
F̄ (t)− F̄ 2(t) +

3
2
F̄ 3(t)− F̄ (t) log F̄ (t)− 2F̄ 2(t) log F̄ (t)

where

q̄II (u) =
1
2
u − u2 +

3
2
u3 − u log u − 2u2 log u.
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Case II. Example 2, IID case.

I Note that Pr(TII > t) = q̄II (F̄ (t)), where

q̄II (u) =
1
2
u − u2 +

3
2
u3 − u log u − 2u2 log u.

I The distortion function for case I can be obtained from (12) as

q̄I (u) =
3
2
u + 3u2 − 7

2
u3 + 3u3 log u.

I A straightforward calculation shows that q̄I ≤ q̄II .
I So TI ≤ST TII holds for all F̄ .
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Case II. Order statistics, IID case.

Proposition
If T = Xi :n for a fixed i ∈ {2, . . . , n} and the components are IID,
then F̄TII

(t) = q̄II (F̄ (t)), where

q̄II (u) =

(
n

n − i + 1

)
un−i+1 − i

(
n

i

)
un−i+1 log u

+ un−i+1
n∑

k=n−i+2

(−1)k−n+i−1 k

k − n + i − 1

(
n

k

)(
k − 1
n − i

)

+
n∑

k=n−i+2

(−1)k−n+i n − i + 1
k − n + i − 1

(
n

k

)(
k − 1
n − i

)
uk .
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Other cases.

I We can study other cases following the procedures used in
cases I and II.

I For example, if we know that the system does not fail with the
first component failure, we can consider to repair the system
at the second component failure with a minimal repair of the
broken component at this point.

I If the components are exchangeable, the reliability function of
the repaired system is F̄(2)(t) = F̄2:n#Ḡ (t), where

Ḡx(y) =
1
n

n∑
i=1

Pr(Ti − x > y |Xi ≤ x ,Xj > t for all j 6= i)

and Ti is the lifetime of the system obtained from T when the
ith component is broken. A similar expression can be obtained
if the system is repaired at the jth failure for j = 3, 4, . . . .

Jorge Navarro, OSD2018 Universidad de Murcia. E-mail: jorgenav@um.es, 51/60



Notation and preliminary results
Minimal repair of systems

Comparison results

Case I
Case II
Other cases

Other cases.

I We can study other cases following the procedures used in
cases I and II.

I For example, if we know that the system does not fail with the
first component failure, we can consider to repair the system
at the second component failure with a minimal repair of the
broken component at this point.

I If the components are exchangeable, the reliability function of
the repaired system is F̄(2)(t) = F̄2:n#Ḡ (t), where
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Other cases.

I Analogously, we can consider k replacements.

I If k = 2 and we repair the two first broken components, then

F̄
(2)
I (t) = (F̄1:n#Ḡ1:n)#Ḡ (t),

where F̄1:n = F̄ n, (Ḡ1:n)x(y) = F̄ n
x (y) = F̄ n(x+y)

F̄ n(x)
is the

reliability of Y1:n, where Y1, . . . ,Yn are IID∼ F̄x(y) = F̄ (x+y)

F̄ (x)

and Ḡy (z) = q̄T (F̄y (z)) =
∑n

i=1 ai F̄ y (z) when Y1:n = y .
I Therefore

F̄
(2)
I (t) = F̄ n(t)− nF̄ n(t) log F̄ (t) +

n2an
2

F̄ n(t) log2 F̄ (t)

+ n2
n−1∑
i=1

ai
F̄ n(t) log F̄ (t)

n − i
+ n2

n−1∑
i=1

ai
F̄ i (t)− F̄ n(t)

(n − i)2
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Comparisons for distorted distributions.

I The representations obtained in the preceding section can be
used jointly with the ordering results for distorted distributions
to compare the different replacement policies by using the main
stochastic orders. Thus, from Navarro et al. ASMBI, 2013:

I If Ti has the RF q̄i (F̄ (t)), i = 1, 2, then:
I T1 ≤ST T2 for all F̄ if and only if q̄1 ≤ q̄2 in (0, 1).
I T1 ≤HR T2 for all F̄ if and only if q̄2/q̄1 decreases in (0, 1).
I T1 ≤RHR T2 for all F̄ if and only if q2/q1 increases in (0, 1).
I T1 ≤LR T2 for all F̄ if and only if q̄′2/q̄

′
1 decreases in (0, 1).
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stochastic orders. Thus, from Navarro et al. ASMBI, 2013:

I If Ti has the RF q̄i (F̄ (t)), i = 1, 2, then:
I T1 ≤ST T2 for all F̄ if and only if q̄1 ≤ q̄2 in (0, 1).
I T1 ≤HR T2 for all F̄ if and only if q̄2/q̄1 decreases in (0, 1).

I T1 ≤RHR T2 for all F̄ if and only if q2/q1 increases in (0, 1).
I T1 ≤LR T2 for all F̄ if and only if q̄′2/q̄

′
1 decreases in (0, 1).

Jorge Navarro, OSD2018 Universidad de Murcia. E-mail: jorgenav@um.es, 53/60



Notation and preliminary results
Minimal repair of systems

Comparison results

Comparisons for distorted distributions
Comparisons for replacement policies
Examples

Comparisons for distorted distributions.

I The representations obtained in the preceding section can be
used jointly with the ordering results for distorted distributions
to compare the different replacement policies by using the main
stochastic orders. Thus, from Navarro et al. ASMBI, 2013:

I If Ti has the RF q̄i (F̄ (t)), i = 1, 2, then:
I T1 ≤ST T2 for all F̄ if and only if q̄1 ≤ q̄2 in (0, 1).
I T1 ≤HR T2 for all F̄ if and only if q̄2/q̄1 decreases in (0, 1).
I T1 ≤RHR T2 for all F̄ if and only if q2/q1 increases in (0, 1).

I T1 ≤LR T2 for all F̄ if and only if q̄′2/q̄
′
1 decreases in (0, 1).

Jorge Navarro, OSD2018 Universidad de Murcia. E-mail: jorgenav@um.es, 53/60



Notation and preliminary results
Minimal repair of systems

Comparison results

Comparisons for distorted distributions
Comparisons for replacement policies
Examples

Comparisons for distorted distributions.

I The representations obtained in the preceding section can be
used jointly with the ordering results for distorted distributions
to compare the different replacement policies by using the main
stochastic orders. Thus, from Navarro et al. ASMBI, 2013:

I If Ti has the RF q̄i (F̄ (t)), i = 1, 2, then:
I T1 ≤ST T2 for all F̄ if and only if q̄1 ≤ q̄2 in (0, 1).
I T1 ≤HR T2 for all F̄ if and only if q̄2/q̄1 decreases in (0, 1).
I T1 ≤RHR T2 for all F̄ if and only if q2/q1 increases in (0, 1).
I T1 ≤LR T2 for all F̄ if and only if q̄′2/q̄

′
1 decreases in (0, 1).

Jorge Navarro, OSD2018 Universidad de Murcia. E-mail: jorgenav@um.es, 53/60



Notation and preliminary results
Minimal repair of systems

Comparison results

Comparisons for distorted distributions
Comparisons for replacement policies
Examples

Comparisons for replacement policies.

I Theorem
If the components are IID∼ F̄ , then TI ≤ST TII for all F̄ .

I Theorem
If the components are IID∼ F̄ and αT (u) = uq̄′T (u)/q̄T (u) is
decreasing in (0, 1), then TI ≤HR TII for all F̄ .

I The condition about αT is equivalent to the preservation of
the IFR class in T .
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Example 1.

I The replacement policy of case I is not always ST-ordered with
the replacement policy of case III for any component i .

I For example, if T = min(X1,max(X2,min(X3,X4))) and with
4 IID components, then the respective distortion functions of
cases I, II and II are
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Figure: Distortion functions for the system of Example 1 in case I (blue),
case II (red), case III (green) and without repairs (black).
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Example 2.

I The following example shows that, sometimes, to repair a fixed
component (case III) is better than to repair the critical
component of the system (case II).

I If T = max(X1,min(X2,X3)) and with 3 IID components,
then the respective distortion functions of cases I, II and II are
plotted in the following figure.

I They prove that

T ≤ST T
(2)
III ≤ST TI ≤ST TII ≤ST T

(1)
III .
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Figure: Plots of the dual distortion functions for the cases: I, II, III ((1)
and (2)) and for the system given in Example ?? (left). Ratio q̄

(1)
III /q̄II in

the interval (0,1) (right).
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