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Residual lifetimes

o Xi,...,X, component lifetimes with RF
Fi(t) = Pr(X; > t).

o T =¢(X1,...,X,) system lifetime with RF
Fr(t) =Pr(T > t).

o We assume F;(t) = Pr(X; > t) >0 and Fr(t) >0 for t > 0.
o Component residual lifetimes X;: = (X; — t|X; > t) with RF:

F,‘(t + X)'

I_-_,',t(x) = PI’(X,‘7t > X) = Pr(X,' —t> X’X,' > t) = f(t)
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System residual lifetimes

@ We have two main options to define the system residual
lifetime at time ¢t > 0:

o The usual residual lifetime T, = (T — t|T > t) with RF

Fr(t+ +x)

Fi(x)=Pr(T—t>x|T >t)= Frl)

o The residual lifetime at the system level
Ty =(T —t|Xy >t,..., X, > t) with RF

Pr(T>t+x,X1>¢t,...,X,>1t)

F =Pr(T} -
¢(x) r(T¢ > x) Pr(Xy > t,..., X, > t)

when Pr(Xy > t,..., X, > t) > 0.
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System residual lifetimes

@ Which one is the best system?
o Intuitively, it seems that T} should be always better than T;.

o It should be better to know that all the components are
working at time t!

o For T =min(Xy,...,Xy), Tt =st T; (where =s7 denotes
equality in distribution) for all t > 0.
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System residual lifetimes

o If Xq,...,X, are independent, then

Te=(T—t|T>t)<st T/ =(T —t| Xy >t,..., Xy, > t);

(1)
see Pellerey and Petakos (IEEE Tr Rel, 2002) and Li and Lu
(PEIS, 2003).
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System residual lifetimes

o If Xq,...,X, are independent, then

Te=(T—t|T>t)<st T/ =(T —t|Xy > t,..., Xy > t);
1
see Pellerey and Petakos (IEEE Tr Rel, 2002) and Li and LLE )
(PEIS, 2003).
o Conditions on (Xi,...,X,) to have (1) were given in Li,
Pellerey and You (2013).
o They also proved that (1) is not necessarily true in the
dependent (discrete) case.
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Outline

o In this talk, conditions to get (1) are given when the
dependence structure is known.
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Outline

o In this talk, conditions to get (1) are given when the
dependence structure is known.

@ The conditions are based on distorted distribution
representations.

@ Some conditions are obtained to get (1) for other usual
stochastic orders.

o These conditions can also be applied to the case of
independent components.

o Some illustrative examples are given.

@ They show that (1) holds (or does not hold) for some copulas,
system structures and stochastic orders.

@ Surprisingly, in some cases, the ordering in (1) does not hold
or it can be reversed!
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Representations Coherent systems
Residual lifetimes
An example

Generalized distorted distribution

o The generalized distorted distribution (GDD) associated to
n DF Fi,...,F, and to an increasing continuous multivariate
distortion function Q : [0,1]” — [0, 1] such that
Q(0,...,0)=0and Q(1,...,1)=1,is

Fo(t) = Q(Fi(t),. .., Fa(t)). (2)
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Representations Coherent systems
Residual lifetimes
An example

Generalized distorted distribution

o The generalized distorted distribution (GDD) associated to
n DF Fi,...,F, and to an increasing continuous multivariate
distortion function Q : [0,1]” — [0, 1] such that
Q(0,...,0)=0and Q(1,...,1)=1,is

FQ(t) = Q(Fl(t)7"'7Fn(t))' (2)
o For the RF we have
FQ(t) :a(Fl(t)v-'wfn(t))a (3)
where F=1—F, Fg =1— Fg and
Q(u1y ... up) =1—Q(1 —uy,...,1— u,) is the multivariate

dual distortion function; see Navarro et al. (MCAP 2015).
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Representations Coherent systems
Residual lifetimes
An example

Coherent systems-GENERAL case

o A path set of T isaset P C {1,...,n} such that if all the
components in P work, then the system works.
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Representations Coherent systems
Residual lifetimes
An example

Coherent systems-GENERAL case

o A path set of T isaset P C {1,...,n} such that if all the
components in P work, then the system works.

o A minimal path set of T is a path set which does not
contains other path sets.

o If P1,..., Py are the minimal path sets of T, then
T = maxj=1,..m Xp,, where Xp = min;cp X; and

Fr(t)=Pr < max Xp, > t) = Pr (UL {Xp, > t})

j=1,...m

= Fp(t) =) Frup(t) + % Fpu.up,(t)
i=1 i#j

where Fp(t) = Pr(Xp > t).
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Representations Coherent systems
Residual lifetimes
An example

Coherent system representation

@ The copula representation for the RF of (Xi,...,X,) is

F(x1, ..., %0) = Pr(Xy > x1,..., Xn > x3) = K(F1(x1), - - -, Fa(xa)),
where F;(t) = Pr(X; > t) and K is the survival copula. Hence

Fr(t) =Pr(Xy > t,..., X > t) = K(F1(t),...,F.(t),1,...,1).
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Coherent system representation

@ The copula representation for the RF of (Xi,...,X,) is
F(x1, ..., %0) = Pr(Xy > x1,..., Xn > x3) = K(F1(x1), - - -, Fa(xa)),
where F;(t) = Pr(X; > t) and K is the survival copula. Hence
Fre(t) =Pr(Xy > t,..., X > t) = K(F1(t),...,F.(t),1,...,1).

@ Then the system reliability can be written as

FT(t) — 6¢,K(F1(t)’ - ,fn(t))'

o If the components are ID, then Fr(t) = gy x(F(t)).

o If the components are IND, then Q k is a multinomial.
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Representations Coherent systems
Residual lifetimes
An example

Coherent system representation

@ The copula representation for the RF of (Xi,...,X,) is

F(x1,..., %) = Pr(X1 > x1,..., Xo > x) = K(F1(x1), - . ., Fu(xa)),
where F;(t) = Pr(X; > t) and K is the survival copula. Hence
Frix(t) =Pr(Xy > t,..., X, > t) = K(Fy(t),...,F.(t),1,...,1).
o Then the system reliability can be written as
Fr(t) = Qpk(Fi(t), ..., Fa(t)).

o If the components are ID, then F1(t) = G, x(F(t)).
o If the components are IND, then Q4 k is a multinomial.

o If the components are IID, then G x(u) = Y7 aju’, where
(a1,...,an) is the minimal signature.
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Representations Coherent systems
Residual lifetimes
An example

Representations for the system residual lifetimes

o The RF of T; =

Fe(x) = Fr

T—tT>t)is
t+ x) _ Q(Fi(t+x),...,Fa(t+x))
Fr(t) Q(Fi(t),...,Fa(t))

—_~
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Representations

Coherent systems
Residual lifetimes
An example

Representations for the system residual lifetimes

N Q(F1(t),...,Fa(t))
@ Then

Fulo) = QPUOFL. o Fo(6)Fne())
‘ Q o Fa(t) ’

where F; ¢(x) = Fi(t + x)/Fi(t).
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Representations Coherent systems
Residual lifetimes
An example

Representations for the system residual lifetimes

=(T
— v Fr(t+x)  Q(Fi(t+x),....Fa(t+x))
: :

Fe () QFi(t),-.., Fa(t)

@ Then
Fe(x) = Q(F1(t)F1,e(x),- - -, Fa(t)Fne(x))
t Q(Fi(1), ..., Falt) ’

where F; +(x) = F;(t + x)/Fi(t).
o Therefore

where
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Representations Coherent systems
Residual lifetimes
An example

Representations for the system residual lifetimes

o The RFof T =(T —t| Xy >t,..., Xy > t)is

Fr(x) = Pr(T >t+x, X1 >t,...,X,>t)
g Pr(Xt > t,..., Xp > t)
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Representations Coherent systems
Residual lifetimes
An example

Representations for the system residual lifetimes

o The RFof T =(T —t| Xy >t,..., Xy > t)is

Pr(T >t+x, X1 >t,...,X,>t)

Fix) =
«(x) Pr(Xt > t,..., Xp > t)
o As T = maxj~217._.7mij for the minimal path sets P1,..., Ppn,
then
. Pr(maxj=1,..m Xp; >t +x,X1 > t,..., Xy > t)
Fe(x) = .

K(F1(t),...,Fa(t)
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Representations Coherent systems
Residual lifetimes
An example

Representations for the system residual lifetimes

o The RFof T =(T —t| Xy >t,..., Xy > t)is

Pr(T >t+x, X1 >t,...,X,>t)

Fi(x) =
«(x) Pr(Xt > t,..., Xp > t)
o As T = maxj~217._.7mij for the minimal path sets P1,..., Ppn,
then
. Pr(maxj=1,..m Xp; >t +x,X1 > t,..., Xy > t)
Fe(x) = .

K(F1(t),...,Fa(t)
@ Therefore
Fi(x) = Eﬁ(ﬂt(X), coos Foe(x),

where F; (x) = Fi(t + x)/Fi(t).
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Representations Coherent systems
Residual lifetimes
An example

Parallel system with two components

o T = max(Xl,Xg).
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o T = max(Xl,Xg).
o Minimal path sets Py = {1} and P, = {2}.
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Representations Coherent systems
Residual lifetimes
An example

Parallel system with two components

o T = max(Xl,Xg).
o Minimal path sets Py = {1} and P, = {2}.

o System reliability function:

Fr(t) = Pr(max(Xy, Xo) > t) = F1(t)+Fa(t)—Pr(Xy > t, Xo > t).
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Representations Coherent systems
Residual lifetimes
An example

Parallel system with two components

o T = max(Xl,Xg).
o Minimal path sets Py = {1} and P, = {2}.
o System reliability function:

Fr(t) = Pr(max(Xy, Xo) > t) = F1(t)+Fa(t)—Pr(Xy > t, Xo > t).

o Then:

Fr(t) = Q(Fi(t), Fa(t)),

where
Q(u1, ) = u1 + up — K(u1, w2).
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Representations Coherent systems
Residual lifetimes
An example

Parallel system with two components

o The RFof T = (T —t|T >t)is
Fe(x) = Qe(Fue(x), F2,(x)),

where
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Representations Coherent systems
Residual lifetimes
An example

Parallel system with two components

o The RFof T = (T —t|T >t)is

Ft(X) = at(Fl,t(X), F2,t(X))a

where
— Q(F1(t)uy, Fa(t)un)
Qelu, v2) = Q(F1(t), Fa(t))
@ Then
at(UL u2) _ fl(t)ul —f-fg(t)Ug — K(?l(t)ul7f2(t)u2)'

F1(t) + Fa(t) — K(F1(t), F2(t))
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Representations Coherent systems
Residual lifetimes
An example

Parallel system with two components

o The RFof T/ = (T —t|Xy > t, X2 > t) is

Pr(max(Xi, X2) >t +x, X1 > t, Xp > t)

Fl(x) =
() Pr(X, > t, Xo > t)

SMART2016, Salerno J. Navarro, E-mail: jorgenav@um.es



Representations Coherent systems
Residual lifetimes
An example

Parallel system with two components

o The RFof T/ = (T —t|Xy > t, X2 > t) is

Filx) = Pr(max(X1, Xo) > t+ x, X1 > t, Xy > t)
t N Pr(X1 > t, Xo > t) )
@ Hence
K(Fl(t + X)7 C2) + K(Cl,Fg(t + X)) — K(Fl(t + X),Fz(t + X))

Fi(x) = K(cr. ) :

where ¢; = F1(t) and ¢ = Fa(t).
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Representations Coherent systems
Residual lifetimes
An example

Parallel system with two components

o The RFof T/ = (T —t|Xy > t, X2 > t) is

Filx) = Pr(max(X1, Xo) > t+ x, X1 > t, Xy > t)
t N Pr(X1 > t, Xo > t) )
@ Hence
K(Fl(t + X)7 C2) + K(Cl,Fg(t + X)) — K(Fl(t + X),Fz(t + X))

Fi(x) = K(cr. ) :

where ¢; = F1(t) and ¢ = Fa(t).
o Then Fi(x) = Q,(F1.¢(x), Fa.t(x)), where

—k K(C1U1,C2)+K(C1,C2U2)—K(C1U1,C2U2)
Qulun, v2) = K(c1, @) '
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Representations Coherent systems
Residual lifetimes
An example

Parallel system with two IND components

o If X; and X3 are IND, then K(u1,u2) = urup and

Fl(t)ulfg(t) + Fl(t)FQ(t)UQ - Fl(t)ulfz(t)UQ

Qiloa) = FUOF2(0) |

that is,
. _

Qi (ur, w2) = ur + w2 — uruo = Q(u1, up).
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Representations Coherent systems
Residual lifetimes
An example

Parallel system with two IND components

o If X; and X3 are IND, then K(u1,u2) = urup and

Fl(t)ulfg(t) + Fl(t)FQ(t)UQ - Fl(t)ulfz(t)UQ

Qe ) = Fr(OF(2) |

that is,
. _

Qi(u1, u2) = u1 + up — urun = Q(u1, wo).

o This is a general property, i.e., if Xi,..., X, are IND, then

5:(U1, cooyupn) = Q(ur, .., Up).
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Representations Coherent systems
Residual lifetimes
An example

Parallel system with two IND components

o If X; and X3 are IND, then K(u1,u2) = urup and

Fl(t)ulfg(t) + Fl(t)FQ(t)UQ - Fl(t)ulfz(t)UQ

Qiloa) = FUOF2(0) |

that is,
. _

Qi (ur, w2) = ur + w2 — uruo = Q(u1, up).

o This is a general property, i.e., if Xi,..., X, are IND, then

5:(U1, cotn) = Quy, ..., upy).

@ Some authors consider the system T;* with reliability function

Fi () = QF1e(x), Fa.(x)).
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Representations Coherent systems
Residual lifetimes
An example

Parallel system with two IND components

o If X; and X3 are IND, then K(u1,u2) = urup and

Fl(t)ulfg(t) + Fl(t)FQ(t)UQ - Fl(t)ulfz(t)UQ
Fl(t)Fz(t)

at(uh U2) =

i

that is,
. _

Qi (ur, w2) = ur + w2 — uruo = Q(u1, up).

o This is a general property, i.e., if Xi,..., X, are IND, then

Qi(uts .. up) = Quy, ..., up).
@ Some authors consider the system T;* with reliability function
Fe (%) = Q(F1e(x), F2,e(x))-

@ The meaning in practice is not clear for me.
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Comparison results-DD

o If g; and g are two DF,
q1(F) <ord qo(F) for all F?
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q1(F) <org q2(F) for all F?
o If g is a DF,
F <ora G = q(F) <ora q(G)7?
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Comparison results-DD

o If g1 and gp are two DF,
q1(F) <org q2(F) for all F?
o If gis a DF,
F <ord G = q(F) <ora 9(G)?
o If Q1 and @, are two MDF,
Qu(F1y- -y Fi) <ord Qa(F1,..., Fp)?
o If Qis a MDF,
Fi<ord Giyi=1,....n,= Q(F1,...,Fn) <ord Q(G1,...,Gp)?
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Distorted distributions
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Comparison results-DD

o If g; and g are two DF,
q1(F) <ord qo(F) for all F?

[~]

If g is a DF,
F <ord G = q(F) <ora 9(G)?
If Q1 and @, are two MDF,
Qu(F1y- -y Fi) <ord Qa(F1,..., Fp)?
If Qis a MDF,
Fi<ord Giyi=1,....n,= Q(F1,...,Fn) <ord Q(G1,...,Gp)?

Navarro, del Aguila, Sordo and Sudrez-Llorens (2013, ASMBI)
and (2015, MCAP) and Navarro and Gomis (2015, ASMBI).

(]

(7]

(<]
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Distorted distributions
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Main stochastic orderings

o X <s7 Y & Fx(t) < Fy(t), stochastic order.
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Distorted distributions

i | 5 i
Comparison results System residual lifetimes
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o X <s7 Y & Fx(t) < Fy(t), stochastic order.
o X <yr Y & hx(t) > hy(t), hazard rate order.
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Main stochastic orderings

o X <s7 Y & Fx(t) < Fy(t), stochastic order.
o X <pr Y & hx(t) > hy(t), hazard rate order.
o X <pyr Y & (X —t|X >t) <st (Y —t|Y >t) for all t.
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Main stochastic orderings

o X <s7 Y & Fx(t) < Fy(t), stochastic order.

o X <Hr Y & hx(t) > hy(t), hazard rate order.

o X <Hr Y & (X —t|IX >t) <s7 (Y —t|Y > t) for all t.
o X <yrt Y & E(X =t X >1t) <E(Y —t|]Y >t) forall t.
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Main stochastic orderings

o X <s7 Y & Fx(t) < Fy(t), stochastic order.

o X <Hr Y & hx(t) > hy(t), hazard rate order.

o X <Hr Y & (X —t|IX >t) <s7 (Y —t|Y > t) for all t.
o X <yrt Y & E(X =t X >1t) <E(Y —t|]Y >t) forall t.

o X <;r Y & fy(t)/fx(t) is nondecreasing, likelihood ratio
order.
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Main stochastic orderings

o X <s7 Y & Fx(t) < Fy(t), stochastic order.

X <Hr Y < hx(t) > hy(t), hazard rate order.

X<HrY & (X —t|X>t)<st (Y —t]Y >t) forall t.
X <ur Y & E(X —t|X >1t) < E(Y —t|Y > t) for all t.
X <ir Y & fy(t)/fx(t) is nondecreasing, likelihood ratio
order.

X<pur Y & (t = X|X <t) >s7 (t = Y]Y < t) for all ¢.

e 6 o6 o

(4]
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Main stochastic orderings

o X <s7 Y & Fx(t) < Fy(t), stochastic order.

o X <pr Y & hx(t) > hy(t), hazard rate order.

o X <pyr Y & (X —t|X >t) <st (Y —t|Y >t) for all t.

o X <prL Y & E(X —t|X >1t) < E(Y —t|Y > t) for all t.

o X <r Y & fy(t)/fx(t) is nondecreasing, likelihood ratio
order.

o X<pur Y & (t—=X|X <t)>s7 (t—Y|Y < t) for all t.

o Then

X<rY = X<urY = X<wrY

I ! U
X <RHR Y = X <sT Y = E(X) < E(Y)
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Comparison results-DD

o If T; has the RF g;(F(t)), i = 1,2, then:
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Comparison results-DD

o If T; has the RF g;(F(t)), i = 1,2, then:
o Ty <gt T for all Fif and only if g,/q; > 1in (0,1).
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Comparison results-DD

o If T; has the RF g;(F(t)), i = 1,2, then:
o Ty <gt T for all Fif and only if g,/q; > 1in (0,1).
o T1 <yr T for all F if and only if g,/q; decreases in (0, 1).
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Comparison results-DD

If T; has the RF q;(F(t)), i = 1,2, then:
T1 <s7 T2 for all F if and only if g,/q; > 1in (0,1).
T1 <ur T for all F if and only if §,/q; decreases in (0,1).

e 6 o o

T1 <grur T» for all F if and only if g2/q;1 increases in (0,1).
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Comparison results-DD

o If T; has the RF g;(F(t)), i = 1,2, then:

T1 <s7 T2 for all F if and only if g,/q; > 1in (0,1).

T1 <ur T for all F if and only if §,/q; decreases in (0,1).
T1 <grur T» for all F if and only if g2/q;1 increases in (0,1).

e 6 o6 o

T1 <(r T3 for all F if and only if §,/q} decreases.
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Comparison results-DD

®© 6 6 o o o

If T; has the RF q;(F(t)), i = 1,2, then:

T1 <s7 T2 for all F if and only if g,/q; > 1in (0,1).

T1 <ur T for all F if and only if §,/q; decreases in (0,1).
T1 <grur T» for all F if and only if g2/q;1 increases in (0,1).
T1 <(r T3 for all F if and only if §,/q} decreases.

T1 <mgre T for all F such that E(Ty) < E(T>) if g,/q; is
bathtub in (0,1).
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Comparison results-GDD

o If T; has RF Q;(F1,...,F,), i=1,2, then:
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Comparison results-GDD

o If T; has RF Q;(F1,...,F,), i=1,2, then:
o Ty <st Trforall Fy,...,F,ifand only if @; < @, in (0,1)".
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Comparison results-GDD

o If T; has RF Q;(F1,...,F,), i=1,2, then:
o Ty <st Trforall Fy,...,F,ifand only if @; < @, in (0,1)".

) T1 <HR T2 for all Fl, . ,/_'_,7 if and onIy if 62/61 is
decreasing in (0,1)".
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Comparison results-GDD

(]

If T; has RF Qi(F1,...,Fn), i =1,2, then:

Ti <st Toforall Fy,...,F,ifand only if Q; < Q, in (0,1)".
T1 <HR T2 for all Fl, . ,/_'_,7 if and onIy if 62/61 is
decreasing in (0,1)".

T1 SRHR T2 for all Fl, PN ,Fn if and only if Qg/Ql is
increasing in (0,1)".

(7]

(7]

(]
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Comparison results-System residual lifetimes

@ These results can be applied to compare T; and T. For
example:
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Comparison results-System residual lifetimes

@ These results can be applied to compare T; and T. For
example:

o Ty <s7 T (>s7) holds for all Fy,...,F, if and only if
QR: < Q; (Z) in (071)n.
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Comparison results-System residual lifetimes

@ These results can be applied to compare T; and T. For
example:

o Ty <s7 T (>s7) holds for all Fy,...,F, if and only if
QR: < Q; (Z) in (071)n.

o Ty <pr T{ (Zhg) for all F1,...,F, if and only if Q,/Q; is
decreasing (increasing) in (0,1)".
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Comparison results-System residual lifetimes

@ These results can be applied to compare T; and T. For
example:

o Ty <s7 T (>s7) holds for all Fy,...,F, if and only if
QR: < Q; (Z) in (071)n.

o Ty <pr T{ (Zhg) for all F1,...,F, if and only if Q,/Q; is
decreasing (increasing) in (0,1)".

o T: <grur T; (Zrug) forall Fy,...,F,if and only if Q/Q; is
increasing (decreasing) in (0,1)".

SMART2016, Salerno J. Navarro, E-mail: jorgenav@um.es



Example 1
Example 2
Examples [ETUT ]

Example 1: Parallel system with two ID components

o T = max(Xi, X2) where X; and X, have DF F.
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Example 1: Parallel system with two ID components

o T = max(Xi, X2) where X; and X, have DF F.
o Then Fr(t) = g(F(t)) where

9(u) = Q(u,u) = 2u — K(u, u).
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Example 1: Parallel system with two ID components

o T = max(Xi, X2) where X; and X, have DF F.
o Then Fr(t) = g(F(t)) where

9(u) = Q(u,u) = 2u — K(u, u).
o The RF of T, = (T — t|T > t) is F¢(x) = G,(F(x)) where

() = Oy 1) — q(cu) _ 2cu-— K(cu, cu)
9e(u) = Qe(u, u) g(c) 2¢ — K(c,c) ’

c=F(t) and F(x) = F(x+t)/c.
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Example 1: Parallel system with two ID components

o T = max(Xi, X2) where X; and X, have DF F.
o Then Fr(t) = g(F(t)) where

9(u) = Q(u,u) = 2u — K(u, u).
o The RF of T, = (T — t|T > t) is F¢(x) = G,(F(x)) where

q(cu)  2cu— K(cu, cu)

q:(u) = Qe(u,v) = g(c)  2c—K(c,c) ’

c=F(t) and F(x) = F(x+t)/c.
o The RF of T} = (T — t|T > t) is F;(x) = (F¢(x)) where

Gi(u) = Qi (u, u) = K(cu,c) + K;g?cj:g — K(cu, cu).
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Example 1: Parallel system with two ID components

o Ty <gr T; forall Fifandonlyifgq, <gjin (0,1), that is,

2cu — K(cu, cu)
2c — K(c, )

K(cu,c) + K(c, cu) — K(cu, cu)
K(c,c) - @

<
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Example 1: Parallel system with two ID components

o Ty <gr T; forall Fifandonlyifgq, <gjin (0,1), that is,

2cu — K(cu, cu)
2c — K(c, )

K(cu,c) + K(c, cu) — K(cu, cu)
K(c,c) - @

<

o If K is EXC, it is equivalent to

V(u) = [e—K(c, o)][K(cu, c)—K(cu, cu)]+Vv[K(cu, c)—uK(c, c)] (%)O
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Example 1: Parallel system with two ID components

o Ty <gr T; forall Fifandonlyifgq, <gjin (0,1), that is,

2cu — K(cu, cu)
2c — K(c, )

K(cu,c) + K(c, cu) — K(cu, cu)
K(c,c) - @

<

o If K is EXC, it is equivalent to

V(u) = [c—K(c, c)][K(cu, c)—K(cu, cu)]+Vv[K(cu, c)—uK(c, c)] (%)O
o Condition (5) holds if

Y(u) = K(cu,c) — uK(c,c) >0

for all u € [0,1].
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Example 1: Clayton copula

o If K is the Clayton copula

K(u,v) = (u*" Fvf 1)_1/0, 0> 0,
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Example 1: Clayton copula

o If K is the Clayton copula
~1/6
K(u,v) = (u*" Fv o 1) . 0>0,
then

P(u) = (u c V4 cf - 1>_1/0 - (u‘ec_e +u el - 1])_1/0.

o Since > 0 and u=% > 1 for u € (0,1), ¥ is nonnegative in
(0,1) for all c.
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Example 1: Clayton copula

o If K is the Clayton copula

K(u,v) = (u*" Fvf 1)_1/0, 0> 0,

then
P(u) = (u c V4t - 1>_1/0 - (u‘ec_e +u - 1])_1/0.

o Since > 0 and u=% > 1 for u € (0,1), ¥ is nonnegative in
(0,1) for all c.

o Therefore Ty <s7 T; holds for all F and all t > 0.
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1.0

Reliability

Figure: Reliability functions of T; (black) and T;" (red) when t =1,
F(x)=e > and 6 =2.
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Example 1: Gumbel-Barnett Archimedean copula

o If K is the Gumbel-Barnett Archimedean copula
K(u,v) = uvexp[—6(Inu)(Inv)], 6€(0,1], (6)

then by plotting W(u), we see that it takes positive and
negative values in the set [0, 1] when 6 = 1.
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Example 1: Gumbel-Barnett Archimedean copula

o If K is the Gumbel-Barnett Archimedean copula
K(u,v) = uvexp[—6(Inu)(Inv)], 6€(0,1], (6)

then by plotting W(u), we see that it takes positive and
negative values in the set [0, 1] when 6 = 1.

o Therefore T; and T; are not ST ordered (for all F and t).
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Example 1: Gumbel-Barnett Archimedean copula

o If K is the Gumbel-Barnett Archimedean copula
K(u,v) = uvexp[—6(Inu)(Inv)], 6€(0,1], (6)
then by plotting W(u), we see that it takes positive and
negative values in the set [0, 1] when 6 = 1.

o Therefore T; and T; are not ST ordered (for all F and t).

@ These conditions lead to a Gumbel bivariate exponential with
a negative correlation.
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Example 1: Gumbel-Barnett Archimedean copula

o If K is the Gumbel-Barnett Archimedean copula
K(u,v) = uvexp[—6(Inu)(Inv)], 6€(0,1], (6)

then by plotting W(u), we see that it takes positive and
negative values in the set [0, 1] when 6 = 1.

o Therefore T; and T; are not ST ordered (for all F and t).

@ These conditions lead to a Gumbel bivariate exponential with
a negative correlation.

o For example it does not hold when t = 1, F(x) = e~ and
0 =1.
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1.0

Reliability

Figure: Reliability functions of T; (black) and T;" (red) when t =1,
F(x)=e > and 6 =1.
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Example 1: Gumbel-Barnett Archimedean copula

o Now we can study if T; <ppry T, holds.
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Example 1: Gumbel-Barnett Archimedean copula

o Now we can study if T; <ppry T, holds.

o By plotting the ratio g(u) = G,(u)/q;(u) for t = 1 we see
that it is first decreasing in (0, up) and then increasing in
(uo, 1] for a up € (0,1).
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Figure: Ratio g(u) = q,(u)/q;(u) for t =1, F(x) = e~ and
6 =0.1,0.2,...,1 (from the bottom to the top).
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Example 1: Gumbel-Barnett Archimedean copula

o Now we can study if T <ppry T, holds.

o By plotting the ratio g(u) = q,(u)/q;(u) for t = 1 we see
that it is first decreasing in (0, up) and then increasing in
(uo,1] for a ug € (0,1).

o Hence T; >ppge T, for all F such that E(T;) > E(T;).
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Example 1: Gumbel-Barnett Archimedean copula

o Now we can study if T <ppry T, holds.

o By plotting the ratio g(u) = q,(u)/q;(u) for t = 1 we see
that it is first decreasing in (0, up) and then increasing in
(uo,1] for a ug € (0,1).

o Hence T; >ppge T, for all F such that E(T;) > E(T;).

o For example, if t =1, F(x) = e * and § = 1, then

E(T:) = 1.05615 > E(T;) = 0.77366.
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Example 1: Gumbel-Barnett Archimedean copula

o Now we can study if T <ppry T, holds.

o By plotting the ratio g(u) = q,(u)/q;(u) for t = 1 we see
that it is first decreasing in (0, up) and then increasing in
(uo,1] for a ug € (0,1).

o Hence T; >ppge T, for all F such that E(T;) > E(T;).

o For example, if t =1, F(x) = e * and § = 1, then

E(T:) = 1.05615 > E(T;) = 0.77366.

0 So Ty >mre T for t =1 and F(x) =e > Il
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Example 2: Parallel system with two INID components

o T = max(Xl,Xg), X1,X2 IND with DF F1 and F2.
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Example 2: Parallel system with two INID components

o T = max(Xl,Xg), X1,X2 IND with DF F1 and F2.
@ Then o -
Qu1, u2) = uy + up — uyup = Q4 (u, u2),
at(UL U2) _ CiU1 + Colp — C1CoUL U
a+o—aow

where ¢; = F1(t) and ¢ = Fa(t).
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Example 2: Parallel system with two INID components

o T = max(X1, X2), X1, Xo IND with DF F; and F».
o Then
Qur, ) =y + up — yup = 5:(U1, u2),
Quln, ) = Clul + Uy — C1CuUI L
a+ao—-—ao
where ¢; = F1(t) and ¢ = Fa(t).
o Ty <pyr T{ holds for all F, F, if and only if

Q(u,v) (vt v—-uw)(a+a-an)
Q¢(u,v) au+ ¢ — acuv

is decreasing in v and v in the set [0,1]°.
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Example 2: Parallel system with two INID components

o T = max(X1, X2), X1, Xo IND with DF F; and F».
o Then
Qur, ) =y + up — yup = 5:(U1, u2),
Quln, ) = Clul + Uy — C1CuUI L
a+ao—-—ao
where ¢; = F1(t) and ¢ = Fa(t).
o Ty <pyr T{ holds for all F, F, if and only if

Q(u, V) B (u + v — uv) (C1 + C — C1C2)
Q¢(u,v) au+ ¢ — acuv

is decreasing in v and v in the set [0,1]°.
o As this property is not true, they are not HR ordered.
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Example 2: Parallel system with two INID components

(*]

T = max(Xl,Xg), X1,X2 IND with DF F1 and F2.
o Then
Qur, ) =y + up — yup = 5:(U1, u2),
Quln, ) = Clul + Uy — C1CuUI L
a+ao—-—ao
where ¢; = F1(t) and ¢ = Fa(t).
T: <yr T{ holds for all F1, F, if and only if

(4]

Q(u, V) B (u + v — uv) (C1 + C — C1C2)
Q¢(u,v) U+ ¢ —crcouv

is decreasing in v and v in the set [0,1]°.

(4]

As this property is not true, they are not HR ordered.
Therefore Theorem 3 in Li and Lu (PEIS,2003) is not correct.

(7]
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Reliability ratio
13 14 15 186

1.2

1.1

Figure: Ratio F,/F:for t =1, Fi(x) = e ™ and Fa(x) = e */2 (black)
or Fa(x) = e (red).
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Example 2: Parallel system with two INID components

o If X1, X5 are IID with DF F, then T; <ygr T; holds for all F
since
qu)  2—u
qi(u)  2—uF(2)

is decreasing in v in the set [0, 1].

(2-F(1)
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Example 2: Parallel system with two INID components

o If X1, X5 are IID with DF F, then T; <ygr T; holds for all F
since

qu)  2—u
qe(u) 2 - uF(t)
is decreasing in v in the set [0, 1].

o Even more, T; <;r T} holds for all F since

(2-F(1)

q'(u) R
qi(u)  1—uF(t)

(2-F(1)

is a decreasing function in [0, 1] for all t > 0.
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Example 3: Coherent system with DID components

IO
29,05

Figure: System in Example 3.
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Example 3: Coherent system with DID components

o T = max(Xl,min(Xz,X3)), Xl,Xg,X3 DID with DF F.

SMART2016, Salerno J. Navarro, E-mail: jorgenav@um.es



Example 1
Example 2
Examples [ETUT ]

Example 3: Coherent system with DID components

o T = max(Xl,min(Xz,X3)), Xl,Xg,X3 DID with DF F.
o Then Py = {1}, P ={2,3} and

q(u)=u+K(1,u,u) — K(u,u,u).
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Example 3: Coherent system with DID components

o T = max(Xl,min(Xz,X3)), Xl,Xg,X3 DID with DF F.
o Then Py = {1}, P ={2,3} and

q(u)=u+K(1,u,u) — K(u,u,u).
o Therefore §,(u) = g(cu)/q(c) and

() = K(cu,c,c)+ K(c, cu, cu) — K(cu, cu, cu)
)= K(c,c,c) ’

where ¢ = F(t).
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Example 3: Coherent system with DID components

o T = max(Xl,min(Xz,X3)), Xl,Xg,X3 DID with DF F.
o Then Py = {1}, P ={2,3} and

q(u)=u+K(1,u,u) — K(u,u,u).
o Therefore §,(u) = g(cu)/q(c) and

_ K(eu,c,c)+ K(c, cu, cu) — K(cu, cu, cu)
N K(c,c,c) ’

¢ (v)

where ¢ = F(t).
o We assume a Farlie-Gumbel-Morgenstern (FGM) copula

K(u,v,w)=uw(1+6(1l—u)(1—-v)(1—-w)), 0e[-1,1].
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14

133

1.2
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Figure: Ratio g(u) = q;(u)/q,(u) for t =1, F(x) = e~ and
6=-1,-0.9,...,1 (from the bottom to the top).
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Example 3: Coherent system with DID components

o As g(u) =G;(u)/q,(u) > 1, then T; <g1 T;.
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Example 3: Coherent system with DID components

o As g(u) = q;(v)/q.(u) = 1, then T; <s7 T.
o As g(u) =q;(u)/q.(u) > 1 is not monotone, then T; and T}
are not HR ordered.
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Further results

o For more results see Navarro and Durante (2015).
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Further results

o For more results see Navarro and Durante (2015).

o Case 3: Tt(l'lt:’ 2 =(T - t|H§1'1t:’)t) where the (past) history
of the system can be represented as
HE ) (X =1, Xy = £, X > tfor j ¢ {it, .. ick
where 0 <r<n 0<t;<---<t <t, Pr(Hgl,ti’}) >0

i)

and the event H,Sl'lt ¢ implies T > t.
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Further results

o For more results see Navarro and Durante (2015).
o Case 3: Tt(l'lt:’z =(T t|H('1’ "’)) where the (past) history
of the system can be represented as

HE ) (X =1, Xy = £, X > tfor j ¢ {it, .. ick

where 0 <r<n 0<t;<---<t <t, Pr(H('l’ ;::)) 0
and the event H,Sl'lt:’)t implies T > t.

o This case can also be represented as

Pr(T — t > x| ) = QU (Fre(x), - .., Fae(x)):
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The references of this talk

o Navarro (2015). Comparisons of the residual lifetimes of
coherent systems under different assumptions. Submitted.
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The references of this talk

o Navarro (2015). Comparisons of the residual lifetimes of
coherent systems under different assumptions. Submitted.

o Navarro J., Durante F. (2015). Copula—based representations
for the reliability of the residual lifetimes of coherent systems
with dependent components. Submitted.
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Recent references on coherent systems
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life order of coherent systems with identically distributed
components. To appear in Applied Stochastic Models in
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o Navarro, Pellerey and Di Crescenzo (2015). Orderings of
coherent systems with randomized dependent components.
European Journal of Operational Research 240, 127-1309.
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Recent references on Distorted distributions

o Navarro, del Aguila, Sordo and Suarez-Llorens (2013).
Stochastic ordering properties for systems with dependent
identically distributed components. Appl Stoch Mod Bus Ind
29, 264-278.

o Navarro, del Aguila, Sordo, Suarez-Llorens (2015).
Preservation of stochastic orders under the formation of
generalized distorted distributions. Applications to coherent
systems. To appear in Methodology and Computing in
Applied Probability. DOI: 10.1007/s11009-015-9441-z.
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References

o For the more references, please visit my personal web page:

https : //webs.um.es/jorgenav/
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References

o For the more references, please visit my personal web page:

https : //webs.um.es/jorgenav/

@ Thank you for your attention!!
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