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Systems

» A (binary) system with (binary) components of order n is a
Boolean structure function (map)

¢ :{0,1}" = {0, 1},

where ¢(x1,...,xp) € {0,1} represents the system'’s state that
is determined by the components’ states xi,...,x, € {0,1}.
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» A (binary) system with (binary) components of order n is a
Boolean structure function (map)

¢ :{0,1}" = {0, 1},

where ¢(x1,...,xp) € {0,1} represents the system'’s state that
is determined by the components’ states xi,...,x, € {0,1}.
» ¢(x1,...,xn) =1 means that the system works,

» @(x1,...,xn) = 0 means that the system has failed and the
same for the components.
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Semi-coherent systems

Definition
A semi-coherent system of order n is a system

¢:{0,1}" — {0,1}

satisfying the following properties:
(1) ¢ is increasing;

(i) ¢(0,...,0) =0and ¢(1,...,1) = 1.
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Semi-coherent systems

Definition
A semi-coherent system of order n is a system

¢:{0,1}" — {0,1}

satisfying the following properties:
(1) ¢ is increasing;

(i) ¢(0,...,0)=0and ¢(1,...,1) =1.
» The ith component is irrelevant for the system ¢ if

A(xt, .o Xi—1,0, Xit1, .-, Xn) = A(X1, .., Xi—1, L, Xit1, .- -, Xn)

forall x1,...,xj—1,Xi11,--.,%, € {0,1}.
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Definition
A coherent system of order n is a system

¢:{0,1}" — {0,1}

satisfying the following properties:
(1) ¢ is increasing;

(ii) ¢ is strictly increasing in each variable in at least a point.
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Definition
A coherent system of order n is a system

¢:{0,1}" — {0,1}

satisfying the following properties:
(1) ¢ is increasing;

(ii) ¢ is strictly increasing in each variable in at least a point.

» All the coherent systems are semi-coherent systems but the
reverse is not true.
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Coherent systems

Definition
A coherent system of order n is a system

¢:{0,1}" — {0,1}

satisfying the following properties:
(1) ¢ is increasing;

(ii) ¢ is strictly increasing in each variable in at least a point.

» All the coherent systems are semi-coherent systems but the
reverse is not true.

» A coherent system is a semi-coherent system without
irrelevant components.
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Examples

» The coherent systems ¢1(x1, x2, x3) = min(x, max(x2, x3))
and ¢o(x1, x2, x3) = min(x2, max(x1, x3)) are different.
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Examples

» The coherent systems ¢1(x1, x2, x3) = min(x, max(x2, x3))
and ¢o(x1, x2, x3) = min(x2, max(x1, x3)) are different.

» However, they have a similar “structure’:

Figure: Two coherent systems of order 3 with a similar structure.
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Path and cut sets

» A non-empty set P C {1,...,n} is a path set of a system ¢ if
d(x1,...,%xn) =1 when x; =1 for all i € P.
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Path and cut sets

» A non-empty set P C {1,...,n} is a path set of a system ¢ if
d(x1,...,%xn) =1 when x; =1 for all i € P.

» A non-empty set C C {1,...,n} is a cut set of ¢ if
o(x1,...,%,) =0 when x; =0 for all i € C.

» A path set P is a minimal path set if it does not contain
other path sets.

» A cut set C is a minimal cut set if it does not contain other
cut sets.

» The dual system of a system ¢ is the system

¢D(x1,...,xn) =1—-¢(l—x,...,1—x,)

for all x1,...,x, € {0,1}.
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» The series system of order n is

G1:n(X1,s oy Xn) = min(xy, ..., Xp).
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» The series system of order n is
G1:n(X1,s oy Xn) = min(xy, ..., Xp).
» The parallel system of order n is

Grn(X1, - -y Xn) i= max(xy, . . ., Xn).
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Examples

» The series system of order n is
G1:n(X1,s oy Xn) = min(xy, ..., Xp).
» The parallel system of order n is
Gnin(X1y oy Xp) = max(xq, ..., Xp).
» The series system with components in the set P is

d)P(Xl? cee aXn) = r;rélp Xi-
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Examples

» The series system of order n is
G1:n(X1,s oy Xn) = min(xy, ..., Xp).
» The parallel system of order n is
Gnin(X1y oy Xp) = max(xq, ..., Xp).
» The series system with components in the set P is
op(x1, ..., Xn) = r’_’gilr; X;.
» The parallel system with components in the set P is

OP(x1, . xn) = max x;.
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» The k-out-of-n system is defined for k =1,...,n by
1, ifxx+-+x,>k

¢n—k+1:n(X17 ce 7Xn) = { 0, if x|+ xy < k = Xn—k+1:n-
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Examples

» The k-out-of-n system is defined for k =1,...,n by

é (X X)_ 1, if xg 4+ -+ x, >k — x
n—k+1:n\X15 .-+, Xn) — 07 ifX1+"'—|-Xn<k — Xn—k+1:n-

» They are also called k-out-of-n:G (good) systems.
» The series system ¢1., is an n-out-of-n system.
» The parallel system ¢,., is a 1-out-of-n system.
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Examples

» The k-out-of-n system is defined for k =1,...,n by

17 ifX1+"‘+XnZk

¢n—k+1:n(X17 ce 7Xn) = { 0, if x|+ xy < k = Xn—k+1:n-

They are also called k-out-of-n:G (good) systems.

The series system ¢1., is an n-out-of-n system.

The parallel system ¢,., is a 1-out-of-n system.

Its minimal path (cut) sets are all the sets P with |P| = k
(n—k+1).

vV vV v VY
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Examples

» The k-out-of-n system is defined for k =1,...,n by

17 ifX1+"‘+XnZk

07 if X1+t xy < K = Xn—k+1:n-

Gn—kt1:n(X1y ooy Xn) = {

They are also called k-out-of-n:G (good) systems.

The series system ¢1., is an n-out-of-n system.

The parallel system ¢,., is a 1-out-of-n system.

Its minimal path (cut) sets are all the sets P with |P| = k
(n—k+1).

The k-out-of-n:F (failed) systems is the system that fails
when k components (or more) fail. Its structure is

vV vV v VY

v

¢k:n(X17 ce aXn) = Xk:n-

Jorge Navarro, SMCS 2021 Universidad de Murcia.  10/83



Coherent systems Definitions
Examples
System lifetime
System reliability

Examples

» The coherent system ¢1(xi, x2, x3) = min(xy, max(xz, x3)) has
the “structure™
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Examples

» The coherent system ¢1(xi, x2, x3) = min(xy, max(xz, x3)) has
the “structure™

» Its minimal path sets are P; = {1,2} and P, = {1, 3}.
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Examples

» The coherent system ¢1(xi, x2, x3) = min(xy, max(xz, x3)) has
the “structure™

» Its minimal path sets are P; = {1,2} and P, = {1, 3}.
> Its minimal cut sets are G; = {1} and G, = {2, 3}.
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Minimal path (cut) set representation

Theorem (Minimal path/cut sets representations)

Let ¢ be a coherent (or semi-coherent) system of order n and let
Pi,...,P, and Cy,..., Cs be its minimal path and minimal cut
sets, respectively. Then

d(x1,y ..., xn) = ’:r?ax”rg;g)g (1.1)
and
O(X1, ..y Xn) = i:rrf’i.rls Snealgl(xj (1.2)

for all (x,...,xn) € {0,1}".
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» T lifetime of the system (positive random variable).
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> Xi,...,X, lifetimes of the components.

» Distribution functions (DF) Fr(t) = Pr(T < t) and
F,'(t) = PF(X,' < t).
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>

T lifetime of the system (positive random variable).

Xi, ..., X, lifetimes of the components.

Distribution functions (DF) Fr(t) = Pr(T < t) and
F,'(t) = Pr(X,- < t).

Reliability or survival functions _

Fr(t) =Pr(T > t) =1— Fr(t) and Fi(t) = Pr(X; > t).
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Notation

T lifetime of the system (positive random variable).

v

> Xi,...,X, lifetimes of the components.

Distribution functions (DF) Fr(t) = Pr(T < t) and
F,'(t) = Pr(X,- < t).

Reliability or survival functions _

Fr(t) =Pr(T > t) =1— Fr(t) and Fi(t) = Pr(X; > t).
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Distribution functions (DF) Fr(t) = Pr(T < t) and
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Notation

>

>

>

>

T lifetime of the system (positive random variable).

Xi, ..., X, lifetimes of the components.

Distribution functions (DF) Fr(t) = Pr(T < t) and

F,'(t) = Pr(X,- < t).

Reliability or survival functions _

Fr(t) =Pr(T >t)=1-— Fr(t) and Fi(t) = Pr(X; > t).
Probability density functions (PDF) fr = Ff. = —F/ and
fi=F =—F].

Hazard rate (HR) or failure rate (FR) functions ht = fr/Fr
and h,‘ = f,/F,

Identically distributed (ID) components, F; =--- = F, = F.
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Minimal path (cut) set representation

Theorem (Barlow and Proschan (1975))

Let ¢ be a coherent (or semi-coherent) system of order n with
lifetime T and let Py,...,P, and Cy,..., Cs be its minimal path
and minimal cut sets, respectively. Then

T = in X; 1.3
2 % (13)
and
T = min maxX; (1.4)
i=1,...,s jeG;
where X1, ..., X, > 0 are the component lifetimes.
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Stochastic comparison

Preservation o

If T is the lifetime of a coherent (or semi-coherent) system with
minimal path sets Py, ..., P, and component lifetimes
(Xl, c. ,Xn), then

r r=1 r
Fr(t) =Y Fe ()= > Feup(t)+. ..+ (1) Fp.up, (1)
i=1 i=1 j=i+1
(1.5)
for all t, where Fp(t) = Pr(Xp > t) and Xp = minjep X; for
PC{1,...,n}.
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Copula representation

» (Xi,...,X,) random vector with joint distribution

F(x1,...,%xn) = Pr(X1 < xq,..., X5 < xp).
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» (Xi,...,X,) random vector with joint distribution
F(x1,...,%xn) = Pr(X1 < xq,..., X5 < xp).
» Marginal distributions

Fi(xi)=Pr(Xi < x;))= lim  F(x1,...,%n).

xj—r00, Vj#i
» Sklar’'s theorem: There exist a copula C such that
F(xi,...,xn) = C(F1(x1),. .., Fo(xn)), Xx1,-..,Xxn € R.

Moreover, if Fy,..., F, are continuous, then C is unique.
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» (Xi,...,X,) random vector with joint distribution
F(x1,...,%xn) = Pr(X1 < xq,..., X5 < xp).
» Marginal distributions

Fi(xi)=Pr(Xi < x;))= lim  F(x1,...,%n).

xj—r00, Vj#i
» Sklar’'s theorem: There exist a copula C such that
F(xi,...,xn) = C(F1(x1),. .., Fo(xn)), Xx1,-..,Xxn € R.

Moreover, if Fy,..., F, are continuous, then C is unique.
» A copula C is a multivariate distribution function with uniform
marginals over the interval (0, 1).
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Copula representation

» (Xi,...,X,) random vector with joint distribution
F(x1,...,%xn) = Pr(X1 < xq,..., X5 < xp).
» Marginal distributions

Fi(xi)=Pr(Xi < x;))= lim  F(x1,...,%n).

xj—r00, Vj#i
» Sklar’'s theorem: There exist a copula C such that
F(xi,...,xn) = C(F1(x1),. .., Fo(xn)), Xx1,-..,Xxn € R.

Moreover, if Fy,..., F, are continuous, then C is unique.

» A copula C is a multivariate distribution function with uniform
marginals over the interval (0, 1).

> Note that we just need C in [0, 1]".
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Survival copula representation

» (Xi,...,X,) with joint reliability (survival) function

F(x1,- -, %n) = Pr(X1 > x1,..., Xn > xp).
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» (Xi,...,X,) with joint reliability (survival) function
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Fi(x;) = Pr(X; > x;) = lim  F(x1,..., %)

Xj—r—00, Vj#i

Jorge Navarro, SMCS 2021 Universidad de Murcia.  17/83



Coherent systems Definitions
Examples
System lifetime
System reliability

Survival copula representation

» (Xi,...,X,) with joint reliability (survival) function
F(x1,- -, %n) = Pr(X1 > x1,..., Xn > xp).
» Marginal reliability functions

Fi(x;) = Pr(X; > x;) = lim  F(x1,..., %)

Xj——00, Vj#i

» Sklar's theorem: There exist a copula C (called survival
copula) such that

F(xt,...,%n) = C(FL(x1), - -, Fa(xn))s Xis-.-,%n € R.

Moreover, if F1,..., F, are continuous, then C is unique.

Jorge Navarro, SMCS 2021 Universidad de Murcia.  17/83



Coherent systems Definitions
Examples
System lifetime
System reliability

Survival copula representation

» (Xi,...,X,) with joint reliability (survival) function
F(x1,- -, %n) = Pr(X1 > x1,..., Xn > xp).
» Marginal reliability functions

Fi(x;) = Pr(X; > x;) = lim  F(x1,..., %)

Xj——00, Vj#i

» Sklar's theorem: There exist a copula C (called survival
copula) such that

F(xt,...,%n) = C(FL(x1), - -, Fa(xn))s Xis-.-,%n € R.

Moreover, if Fi,. .., F, are continuous, then Cis unique.
» Cis a copula (distribution), not a survival function.
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Series systems

» The reliability function of Xi., is

Fin(t) =Pr(Xy > t,..., Xy > t) = C(F1(t),. .., Fa(t)).
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Series systems

» The reliability function of Xi., is

Fin(t) =Pr(Xy > t,..., Xy > t) = C(F1(t),. .., Fa(t)).

» The reliability function of X1.x (k < n) is

Fre(t) =Pr(Xy > t,..., X > t) = C(Fi(t),.. ., Fi(t),1,. ..
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Series systems

» The reliability function of Xi., is
Fra(t) = Pr(Xy > t,.... Xy > t) = C(Fi(2),..., Fa(t)).
» The reliability function of X1.x (k < n) is
Fr(t) =Pr(Xy > t,..., X > t) = C(Fi(t), ..., Fu(t),1,...,1).

» The reliability function of Xp = min;ecp X; is

where R R
Cp(ur,...,up) = C(uf, ... uf)

with uJP:uJ- for j € P and uJleforj¢P.
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Distortion representation

Theorem (Distortion representation, general case)

If T is the lifetime of a semi-coherent system and the component
lifetimes (X1, ..., Xy,) have the survival copula C, then the
reliability function of T can be written as

:ET(t) = Q('El(t)w-'?’En(t)) (16)

for all t, where Q is a distortion function which depends on ¢ (that
is, on Py,...,P,) and C.
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Distortion representation, IND case

Theorem (Distortion representation, IND case)

If T is the lifetime of a semi-coherent system with independent
component lifetimes X1, ..., Xy, then the reliability function of T
can be written as

F_T(t) = @(F_l(t), ey F_n(t))

for all t, where Q is a multinomial (called reliability structure
function in Barlow and Proschan (1975)) which only depends on ¢
(structure).
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Distortion representation, |ID case

Theorem (Distortion representation, ID case)

If T is the lifetime of a semi-coherent system and the component
litetimes (X1, ..., Xy) have the survival copula C and a common
reliability F, then the reliability function of T can be written as

Fr(t) = a(F (1))

for all t, where G is a distortion function which only depends on ¢
and on C.
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Distortion representation, |ID case

Theorem (Distortion representation, IID case)

If T is the lifetime of a semi-coherent system with 11D component
lifetimes X1, ..., X, having a common reliability F, then the
reliability function of T can be written as

Fr(t) = q(F(t))

for all t, where G(u) = >.7_, a;ju’ is a distortion function and
a=(ai1,...,an) is the minimal signature which only depends on ¢.
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System reliability

Distortion representation, |ID case

Theorem (Distortion representation, IID case)

If T is the lifetime of a semi-coherent system with 11D component
lifetimes X1, ..., X, having a common reliability F, then the
reliability function of T can be written as

Fr(t) = q(F(t))

for all t, where G(u) = >.7_, a;ju’ is a distortion function and
a=(ai1,...,an) is the minimal signature which only depends on ¢.

» Fr(t) = q(F(t)), where g(u) = Y_7_, bju' is a distortion
function and b = (b, ..., by,) is the maximal signature.
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Example 1

» T = min(X7, max(Xz, X3)).
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Fr(t) = ":{1,2}(t) + ":{1,3}(t) - ":{1,2,3}(t)-

Jorge Navarro, SMCS 2021 Universidad de Murcia.  23/83



Coherent systems Definitions
Examples
System lifetime
System reliability

Example 1

» T = min(X7, max(Xz, X3)).

» General case
Fr(t) = ":{1,2}(t) + ":{1,3}(t) - ":{1,2,3}(t)-
» General case

Fr(t) = C(Fi(t), Fa(t), 1)+ C(Fi(t), 1, F5(t))— C(Fi(t), Fa(t), F3(t)).
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Coherent systems Definitions
Examples
System lifetime
System reliability

Example 1

» T = min(Xy, max(Xz, X3)).

» General case
Fr(t) = ":{1,2}(t) + ":{1,3}(t) - ":{1,2,3}(t)-
» General case
Fr(t) = C(Fi(t), Fa(t), 1)+ C(Fi(t), 1, F3(£))— C(Fi(t), Fa(t), Fa(t)).
» General case
Fr(t) = Q(Fu(t), Fa(t), F3(t))
with Q(uy, up, u3) = 6(u1, up, 1)+ 6(u1, 1,u3)— E(ul, up, U3).
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Example 1

» IND case B o B B
Fr(t) = Q(Fu(t), F2(t), F3(t))

with Q(u1, up, u3) = uup + vruz — UL U3.
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Example 1

» IND case B o B B
Fr(t) = Q(Fu(t), F2(t), F3(t))

with Q(u1, up, u3) = uup + vruz — UL U3.

» ID case B B
Fr(t) = g(F (1))
with G(u) = Q(u, u,u) = C(u,u,1) + C(u,1,u) — C(u, u, u).
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Coherent systems Definitions
Examples
System lifetime
System reliability

Example 1

» IND case B o B B
Fr(t) = Q(Fu(t), Fa(t), F3(t))
with Q(uy, to, u3) = tyus + Uy — Uy L U3,
» ID case B
Fr(t) = a(F(t))
with G(u) = Q(u, u,u) = C(u,u,1) + C(u, 1, u) — C(u, u, u).
> |ID case B _
Fr(t) = q(F(t))

with g(u) = Q(u,u, u) = 2u® — u® and a = (0,2, —1).
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Example 1

» If we choose the FGM copula:
f(ul, up,u3) = upupuz(1 4+ 60(1 — ug)(1 — wp)(1 — u3))

for 0 € [-1,1], then

O(Ul, us, U3) = U1U2+U1U3—U1U2U3(1+9(1—ul)(l—UQ)(].—U3)).
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Example 1

» If we choose the FGM copula:
Cluy, up, u3) = unwpus(1+ 60(1 — u1)(1 — wp)(1 — us3))
for 0 € [-1,1], then
Q(uy, to, u3) = tyn+uyuz—urtpuz(14+0(1—uy)(1—w2)(1—u3)).

» IND case Q(u1, up, u3) = urup + ujus — Uy LpUs3.
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Example 1

» If we choose the FGM copula:
Cluy, up, u3) = unwpus(1+ 60(1 — u1)(1 — wp)(1 — us3))
for 0 € [-1,1], then
Q(uy, to, u3) = tyn+uyuz—urtpuz(14+0(1—uy)(1—w2)(1—u3)).

» IND case Q(u1, t, u3) = uytn + uiuz — U U U3.
» ID case Fr(t) = g(F(t)) with g(u) = 2u? — v® — 0u3(1 — u)3.
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Example 1

v

If we choose the FGM copula:
f(ul, up,u3) = upupuz(1 4+ 60(1 — ug)(1 — wp)(1 — u3))
for 0 € [-1,1], then

O(Ul, us, U3) = U1U2+U1U3—U1U2U3(1+9(1—ul)(l—UQ)(].—U3)).

v

IND case Q(u1, tn, u3) = uytn + uiuz — U Uz U3.
ID case Fr(t) = g(F(t)) with §(u) = 2u? — v — 0u3(1 — u)3.
IID case Fr(t) = g(F(t)) with g(u) = 2u® — 4.

v

v
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Example 1: Reliability and hazard rate functions
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Figure: Reliability (left) and hazard rate (right) functions of T for a
standard exponential distribution, a FGM survival copula and
6 =—1,-0.5 (red), 0 (black) and 8 = 0.5,1 (blue).
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# Reliability functions
C<-function(ul,u2,u3,z)ul*u2*ud*(1+z* (1-ul)*(1-u2)*(1-u3))
bQ<-function(ul,u2,u3,z)
C(ul,u2,1,z)+C(ul1,1,u3,z)-C(ul,u2,ul,z)
bg<-function(u,z) bQ(u,u,u,z)

R<-function(t) exp(-t)

RT<-function(t,z) bq(R(t),z)
curve(RT(x,0),0,2,xlab="t’,ylab="Reliability’)
curve (RT(x,0.5) ,add=T,col="blue’)
curve(RT(x,1),add=T,col="blue’)
curve(RT(x,-0.5) ,add=T,col="red’)

curve (RT(x,-1) ,add=T,col=’red’)
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#Hazard rate functions

f<-function(t) exp(-t)
bgp<-function(u,z)

4¥u-3%u” 2-3*kz*u” 2x(1-u)” 3+3*z*u” 3*x(1-u)” 2
fT<-function(t,z) bgp(R(t),z)*f(t)
hT<-function(t,z) fT(t,z)/RT(t,z)

curve (hT(x,0),0,3,xlab="t’,ylab="Hazard
rate’,ylim=c(1,2))
curve(hT(x,0.5),add=T,col="blue’)

curve (hT(x,1),add=T,col="blue’)
curve(hT(x,-0.5),add=T,col="red’)

curve (hT(x,-1) ,add=T,col="red?)
abline(h=2,1ty=2)
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Minimal and maximal signatures

Table: Minimal a and maximal b signatures of all the coherent systems
with 1-4 [ID components.

i T | a | b |
1| Xi1=Xa (1) (1)
2 | Xi2 = min(X1, X2) (2-series) (0,1) (2,-1)
3 | Xo.2 = max(Xz, Xz2) (2-parallel) (2,-1) (0,1)
4 | Xi.3 = min(Xz, X2, X3) (3-series) (0,0,1) (3,-3,1)
5 | min(X1, max(Xz, X3)) (0,2,-1) (1,1,-1)
6 | X2:3 (2-out-of-3) (0,3,-2) (0,3,-2)
7 | max(X1, min(Xz, X3)) (1,1,-1) (0,2,-1)
8 | Xsz:z = max(Xz, Xz, X3) (3-parallel) (3,-3,1) (0,0,1)
9 | Xua = min(Xa, Xz, Xa, Xa) (series) (0,0,0,1) | (4,6,4,-1)
10 | max(min(Xy, X2, X3), min(Xz2, X3, X4)) | (0,0,2,-1) | (2,0,-2,1)
11 | min(Xzs, Xa) (0,0,3,-2) | (1,3,-5,2)

Jorge Navarro, SMCS 2021 Universidad de Murcia.  29/83



Coherent systems Definitions
Examples
System lifetime
System reliability

Minimal and maximal signatures

i T a b

12 | min(Xz1, max(Xz, X3), max(Xs, X4)) (0,1,1,-1) | (1,2,-3,1)

13 | min(Xy, max(Xz, X3, Xa)) (0,3,-3,1) | (1,0,1, 1)

14 | Xza (3-outof-4) (0,0,4,-3) | (0,6,-8,3)
max(min(Xy, X2), min(X1, X3, Xa),

15 in(Xo. X, 50)) (0,1,2,—-2) | (0,5,-6,2)

16 | max(min(Xy, X2), min(Xz, Xa)) (0,2,0,—1) | (0,4,—4,1)
max(min(Xy, X2), min(Xz, X3), B B

17 in(Xs. X0, X0)) (0,2,0,—1) | (0,4, —4,1)
max(min(Xy, X2), min(Xz, X3), B B

18 min(Xs, Xs)) (0,3,-2,0) | (0,3,—2,0)
max(min( Xy, max(Xz, X3, Xa)), B _

19 min(Xa, Xa, X)) (0,3,-2,0) | (0,3,—2,0)
min(max(Xy, X2), max(Xz, X3), B B

20 (e X 50)) (0,4,-4,1) | (0,2,0,-1)

21 | min(max(X1, X2), max(Xz, Xs)) (0,4,—4,1) | (0,2,0,—1)
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Minimal and maximal signatures

i T a b
min(max(Xi, X2), max(X1, X3, Xa),

22 (e, %0, X) (0,5,-6,2) | (0,1,2,-2)
23 | Xaa (2-out-of-4) (0,6,-8,3) | (0,0,4,-3)
24 max(Xl,min(Xz,X3,X4)) (1,0,1,—1) (0,3, —3,1)
25 | max(X1, min(Xz2, X3), min(X3, Xs)) (1,2,-3,1) (0,1,1,-1)
26 | max(Xa:3, Xa) (1,3,-5,2) | (0,0,3,-2)
27 | min(max(X1, Xz, X3), max(Xa, X3, Xa)) | (2,0,—2,1) | (0,0,2, —1)
28 | Xaa = max(Xy, Xz, X3, Xs) (4-parallel) | (4,-6,4,—1) | (0,0,0,1)
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Comparisons of systems with ID components
Comparisons of systems with non-ID components
A Parrondo paradox in reliability

Stochastic comparison of systems

Comparisons of systems with ID components

Theorem
If T; has the DF Fi(t) = qi(F(t)), i = 1,2, then:
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Comparisons of systems with ID components

Theorem
If T; has the DF Fi(t) = qi(F(t)), i = 1,2, then:
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Stochastic comparison of systems

Comparisons of systems with ID components

Theorem
If T; has the DF Fi(t) = qi(F(t)), i = 1,2, then:

» Ty <g7 Taforall Fiff g1 <g»(org2<gqi)in(0,1).
» T1 <ur T for all F iff §2/@1 decreases in (0,1).
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Comparisons of systems with non-ID components
A Parrondo paradox in reliability

Comparisons of systems with ID components

Theorem
If T; has the DF Fi(t) = qi(F(t)), i = 1,2, then:

» Ty <g7 Taforall Fiff g1 <g»(org2<gqi)in(0,1).
» T1 <ur T for all F iff §2/@1 decreases in (0,1).
» T1 <gur T2 for all F iff g2/q; increases in (0,1).
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Comparisons of systems with non-ID components
A Parrondo paradox in reliability

Stochastic comparison of systems

Comparisons of systems with ID components

Theorem
If T; has the DF Fi(t) = qi(F(t)), i = 1,2, then:
» Ty <g7 Taforall Fiff g1 <g»(org2<gqi)in(0,1).
» T1 <ur T for all F iff §2/@1 decreases in (0,1).
» T1 <gur T2 for all F iff g2/q; increases in (0,1).
» Ty <(r T> for all Fiff @,/g; decreases in (0,1).
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Comparisons of systems with ID components
Comparisons of systems with non-ID components
A Parrondo paradox in reliability

Stochastic comparison of systems

Comparisons of systems with ID components

Theorem
If T; has the DF Fi(t) = qi(F(t)), i = 1,2, then:
» Ty <g7 Taforall Fiff g1 <g»(org2<gqi)in(0,1).
» T1 <ur T for all F iff §2/@1 decreases in (0,1).
» T1 <gur T2 for all F iff g2/q; increases in (0,1).
» Ty <(r T> for all Fiff @,/g; decreases in (0,1).

» Ty <mrL To for all F such that E(Tl) < E(Tg) if C_]Q/C_]]_ is
bathtub in (0, 1).
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Comparisons of systems with ID components
Comparisons of systems with non-ID components
A Parrondo paradox in reliability

Stochastic comparison of systems

Comparisons of systems with ID. Example 1.

> Xl,X2 ID~ F.

Jorge Navarro, SMCS 2021
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Comparisons of systems with ID components
Comparisons of systems with non-ID components
A Parrondo paradox in reliability

Stochastic comparison of systems

Comparisons of systems with ID. Example 1.

> Xl,X2 ID~ F.
» X122 = min(X1, X2) is a DD with g12(uv) = C(u, u).
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Comparisons of systems with ID components
Comparisons of systems with non-ID components
A Parrondo paradox in reliability

Stochastic comparison of systems

Comparisons of systems with ID. Example 1.

> Xl,X2 ID~ F.
> Xi2 = min(Xl,Xz) is a DD with (71;2(U) = C(u’ u)_
> X2:2 = maX(Xl,X2) is a DD with 62:2(u) =2u
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Comparisons of systems with ID components
Comparisons of systems with non-ID components
A Parrondo paradox in reliability

Stochastic comparison of systems

Comparisons of systems with ID. Example 1.

> Xl,X2 ID~ F.

» X122 = min(Xy, X2) is a DD with gi12(uv) = C(u, u).

> Xo.o = max(X1, X2) is a DD with go2(u) = 2u — C(u, u).
> |

X102 <s7 Xi <sT Xo:> holds for all F and all C.
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Comparisons of systems with ID components
Comparisons of systems with non-ID components
A Parrondo paradox in reliability

Stochastic comparison of systems

Comparisons of systems with ID. Example 1.

> Xl,X2 ID~ F.
» X122 = min(X1, X2) is a DD with gi2(u) = 6(u, u).
» X2 = max(Xi, X2) is a DD with gpo(u) = 2u — 6(u, u).
> Xpo <s7 Xi <sT Xa:2 holds for all F and all C.
> X120 <pr X holds for all F iff the ratio
qu2(u) C(u, u)
gi(u) u

is increasing in (0, 1).
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Comparisons of systems with ID components
Comparisons of systems with non-ID components
A Parrondo paradox in reliability

Stochastic comparison of systems

Comparisons of systems with ID. Example 1.

> Xl,X2 ID~ F.
» X122 = min(X1, X2) is a DD with gi2(u) = 6(u, u).
» X2 = max(Xi, X2) is a DD with gpo(u) = 2u — 6(u, u).
> Xpo <s7 Xi <sT Xa:2 holds for all F and all C.
> X120 <pr X holds for all F iff the ratio
qu2(u) C(u, u)
gi(u) u

is increasing in (0, 1).
> X,' <HR X2;2 holds for all F iff

Go:2(u) _ 2u— C(u, u)
gi(u) u
is decreasing in (0, 1).
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Comparisons of systems with ID components
Comparisons of systems with non-ID components
A Parrondo paradox in reliability

Stochastic comparison of systems

Comparisons of systems with ID. Example 1.

> |If the components are 11D, that is, (.A'(u, v) = uv, then

~

C(u,u)/u = u is increasing and so

X1:2 <Hr Xi <pr Xo:2 VF. (2.1)
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Comparisons of systems with ID components
Comparisons of systems with non-ID components
A Parrondo paradox in reliability

Stochastic comparison of systems

Comparisons of systems with ID. Example 1.

> If the components are IID, that is, C(u v) = uv, then
C(u u)/u = u is increasing and so

X1:2 <Hr Xi <pr Xo:2 VF. (2.1)

> |If the components are ID with the Clayton copula

Cluv)=—Y
u+v—uv
(positive dependence), then
f(u, u)y P 1
v 28— 2—u

which is increasing in (0,1). So (2.1) holds for all F.
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Comparisons of systems with ID components
Comparisons of systems with non-ID components
A Parrondo paradox in reliability

Stochastic comparison of systems

Comparisons of DD. Example 1.
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Figure: Reliability (left) and hazard rate (right) functions for Xi.» (black),
X; (red) and Xz.2 (blue) for the case of 11D (dashed lines) or ID
components with a Clayton survival copula (continuous lines).
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Comparisons of systems with ID components
Comparisons of systems with non-ID components
A Parrondo paradox in reliability

Stochastic comparison of systems

Comparisons of systems with ID. Example 1.

» Note that Xllsz <HR X1C;2 (>#Hr) holds for all F iff

6(u, u) u? 1

2 22—d3 u2—u)

is decreasing (increasing) in (0, 1).
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Comparisons of systems with non-ID components
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Stochastic comparison of systems

Comparisons of systems with ID. Example 1.

» Note that Xllfg <HR X1C;2 (>#Hr) holds for all F iff

6(u, u) u? 1

2 22—d3 u2—u)

is decreasing (increasing) in (0, 1).
» As it is decreasing, X!'® <pr X5, holds for all F.
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. . Comparisons of systems with ID components
Stochastic comparison of systems ) .
Comparisons of systems with non-ID components

A Parrondo paradox in reliability

Comparisons of systems with ID. Example 1.

» Note that Xllfg <HR X1C;2 (>#Hr) holds for all F iff

6(u, u) u? 1

2 22—d3 u2—u)

is decreasing (increasing) in (0, 1).
» As it is decreasing, X!'® <pr X5, holds for all F.
» Analogously Xi/® >,z X5, holds for all F since

2u—u?  2u—u? (2 u)?

2u—6(u,u)_2U—25u 3—u

is increasing in (0, 1).
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Comparisons of systems with ID components
Comparisons of systems with non-ID components
A Parrondo paradox in reliability

Stochastic comparison of systems

Comparisons of systems with ID. Example 1.

» Note that Xi.2 <;g X; holds for all abs. cont. F iff 1/g}.,(u)
is decreasing in (0,1), that is, g1.2 is convex.
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Comparisons of systems with non-ID components
A Parrondo paradox in reliability

Comparisons of systems with ID. Example 1.

» Note that Xi.2 <;g X; holds for all abs. cont. F iff 1/g}.,(u)
is decreasing in (0,1), that is, g1.2 is convex.

> In the IID case g(u) = u? is convex, and so this order holds for
all abs. cont. F.
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Comparisons of systems with ID components
Comparisons of systems with non-ID components
A Parrondo paradox in reliability

Stochastic comparison of systems

Comparisons of systems with ID. Example 1.

» Note that Xi.2 <;g X; holds for all abs. cont. F iff 1/g}.,(u)
is decreasing in (0,1), that is, g1.2 is convex.

> In the IID case g(u) = u? is convex, and so this order holds for
all abs. cont. F.

» In the ID case with this Clayton copula g(u) = u/(2 — u) is
convex, and so this order holds for all abs. cont. F and this
copula.
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Comparisons of systems with ID components
Comparisons of systems with non-ID components
A Parrondo paradox in reliability

Stochastic comparison of systems

Comparisons of systems with ID.

Proposition

Let X1 and X5 be the lifetimes of two components having a
common distribution function F and copula and survival copulas C
and C, respectively. Then the following properties are equivalent:

(1) X1.2 <pr Xy for all F;
(i) X1 <pr Xa.2 for all F;
(1) X1.2 <pr X2 for all F;
(iv) C(u,u)/u is increasing in (0,1);
(v) (1 = C(u,u))/(1 — u) is increasing in (0,1).
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Comparisons of systems with ID components
Comparisons of systems with non-ID components
A Parrondo paradox in reliability

Stochastic comparison of systems

Comparisons of systems with ID.

Proposition

Let X1 and X, be the lifetimes of two components having a
common absolutely continuous distribution function F and copula
and survival copulas C and C, respectively. Then the following
properties are equivalent:

(1) X1.2 <y r X1 for all F;

(i) X1 <pr Xa2 for all F;

(i) Xi.2 <pr Xon2 for all F;
(iv) C( u,u) is convex in (0,1).
(v) C(u,u) is convex in (0,1).
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Comparisons for systems with ordered components

Theorem (Navarro and del Aguila (2017))
If T; has DF FT,- = Q,'(Fl, ce Fn), i=1,2, then:
> Ty <st Taforall Fy >s7 -+ >s7 Fy iff Q1 < @z in
D={(u1,...,up) €[0,1]" 1y > --- > up};
» Ty <pgr T forall F; >yr -+ >R Fn iff the function
I:I(V]_,...,Vn): ?2(V17V1V2;...,V1...Vn) (22)
Ql(V]_, Vivo,...,V1... V,-,)

is decreasing in (0,1)";
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Comparisons for systems with ordered components

Theorem (Navarro and del Aguila (2017))
If T; has DF FT,- = Q,'(Fl, ce Fn), i=1,2, then:
> Ty <st Taforall Fy >s7 -+ >s7 Fy iff Q1 < @z in
D={(u1,...,un) €[0,1]" 11 > -+ > up};
» Ty <pgr T forall F; >yr -+ >R Fn iff the function
w )_Q2(V17V1V25"'7V1---Vn)

H(vi,...,vy) = = 2.2
( ! " Ql(V]_,V1V2,...,V1...V,-,) ( )

is decreasing in (0,1)";
» T1 <gur To for all F; <gpr -+ <gur F, iff the function
Q2(vi,viva, ..., vi... V)
Ql(vl7 Vive,..., V1... VI‘I)

H(vi,...,vp) = (2.3)

is increasing in (0,1)".
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Comparisons of systems. Example 2.

> X1, X2~ C,C,F, P
» X122 = min(X1, X2) is a GDD with Ql;z(ul, w) = C(ur, w2).

> Xop = max(Xl,Xg) is a GDD with Q2;2(U1, U2) = C(Ul, U2)
and

Qz:z(UL W) =up + up — 6(”1, u2).
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> X1, Xo ~ C,C, Fy, Fy.
» X1 = min(Xy, X2) is a GDD with Qqo(ug, u2) = 6(u1, u).
> Xop = max(Xl,Xg) is a GDD with Q2;2(U1, U2) = C(Ul, U2)
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@2(u1, 1) =t + ux — C(uy, wp).
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Stochastic comparison of systems

Comparisons of systems. Example 2.

» X1, X ~ C,C, Fi, Fo.
» X1 = min(Xy, X2) is a GDD with Qqo(ug, u2) = 6(u1, u).
> Xop = max(Xl,Xg) is a GDD with Q2;2(U1, U2) = C(Ul, U2)
and ~

Qao(u1, up) = uy + up — C(uy, up).
Does X1;2 SST X,' SST X2;2 hold for all Fl, Fg?
Does X1;2 SHR X1 hold for all Fl, Fg?

v

v
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Comparisons of systems. Example 2.

>

>

>

v

v

v

X1, X ~ C,C, Fi, Fo.
X102 = min(X1, X2) is a GDD with Qp.a(u1, up) = 6(u1, u).
Xop = max(Xl,Xg) is a GDD with Q2;2(U1, U2) = C(Ul, U2)
and ~
@2(u1, 1) =t + ux — C(uy, wp).
Does X1;2 SST X,' SST X2;2 hold for all Fl, Fg?
Does X1;2 SHR X1 hold for all F]_, Fg?
It holds iff 6(u, v)/u is increasing in (0,1)2.
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Comparisons of systems. Example 2.

> X1, Xo ~ C,C, Fy, Fy.
» X1 = min(Xy, X2) is a GDD with Qqo(ug, u2) = 6(u1, u).
> Xop = max(Xl,Xg) is a GDD with Qg;g(ul, U2) = C(Ul, U2)
and ~
@2(u1, 1) =t + ux — C(uy, wp).

» Does X1;2 SST X,' SST X2;2 hold for all Fl, Fg?
» Does X1;2 <HR X1 hold for all F]_, Fg?
> It holds iff 6(u, v)/u is increasing in (0,1)2.
» For the Clayton survival copula
C(u,v) B v
u U4 v—uv

is decreasing in u and increasing in v.

Jorge Navarro, SMCS 2021 Universidad de Murcia.  45/83



Comparisons of systems with ID components
Comparisons of systems with non-ID components
A Parrondo paradox in reliability

Stochastic comparison of systems

Comparisons of systems. Example 2.
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Figure: Reliability (left) and hazard rate functions (right) for Xi.» (black),
X; (red) and Xz.2 (blue) for IND (dashed lines) and dependent
(continuous lines) components with a Clayton survival copula.
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Comparisons of systems. Example 2.

» Does X1;2 SHR X1 hold for all F1 ZHR Fg?
» It holds iff the function

Q1(vi, viva) _ Vi
Qu2(vi,viva)  C(v,viva)

Hi(vi, va) =

is decreasing in (0,1)2.
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Comparisons of systems. Example 2.

» Does X1;2 SHR X1 hold for all F1 ZHR Fg?
» It holds iff the function

Ql(vl,vlvz) _ Vi
Qu2(vi,viva)  C(v,viva)

Hi(vi, va) =

is decreasing in (0,1)2.

» It holds for the Clayton copula since

q B v1(v1+v1v2—v12v2) 14+ ve—viw
1(vi, v2) = > = )
Vivo V2

is decreasing in (0,1)2.
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» Does X1;2 SHR X2 hold for all F1 ZHR Fg?
» It holds iff the function

@(v1, vivo) _ v
Qu2(vi,viva)  C(v,viva)

Ha(vi, v2) =

is decreasing in (0,1)2.
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Stochastic comparison of systems

Comparisons of systems. Example 2.

» Does X1;2 SHR X2 hold for all F1 ZHR Fg?
» It holds iff the function

@(v1, vivo) _ v
Qu2(vi,viva)  C(v,viva)

Ha(vi, v2) =

is decreasing in (0,1)2.
» It does not hold for the Clayton copula since
viva(vi + vivo — v12v2)

Ha(vi, v2) = > =1+wv—viv,
Vivo

is decreasing in vi and increasing in v5 in (0,1)2.
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Figure: Reliability (left) and hazard rate functions (right) for Xi.» (black),
X; (red) and Xz.2 (blue) for the case of IND components (dashed lines)
and dependent (continuous lines) components a Clayton survival copula.
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Systems with IND components

Table: Dual distortions functions of coherent systems with 1-3 IND

components.
N T = ¢(X17X27X3) Q(U]_,U2,U3)
1 X1;3 = min(Xl,Xz,Xg,) ujusus
2 min(Xg,X3) usus
3 min(Xy, X3) uu3
4 min(X17X2) ujyun
5 | min(X3, max(X1, X2)) | viuz + vaus — uupus
6 min(Xg, max(Xl, X3)) uius + upuz — Ui U U3
7 | min(X1, max(Xz2, X3)) | viup + vius — uiuous
8 X3 u3
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Systems with IND components

N T = 1/)(X1,X2,X3) Q(U]_,UZ,U3)

9 X5 u»

10 X1 ui

11 X2:3 urup + upu3 + touz — 2ui b U3

12 | max(X3, min(X1, X2)) uz + Uil — Ul U3

13 | max(Xz, min(X1, X3)) Us + ujuz — uplou3

14 | max(X1, min(X2, X3)) U+ Uouz — Ui lr U3

15 max (X2, X3) Up + Uz — U3

16 max (X1, X3) u + uz — uu3

17 max(Xl, Xg) uy + up — uiUn

18 | X3.3 = max(X1, X2, X3) | u1 + u2 + u3s — ugupr — uuz — waU3
+uiupus
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Systems with IND components

Table: Relationships for the ST order between the coherent systems with
independent components given in Table 2. The value 2 indicates that

Ti <st T; holds for any F1, F>, F3 (i denotes the row and j the column).
The value 1 indicates that T; <s7 T holds for all F1 >s7 F> >s7 F3. It
also indicates that T; <st T; does not hold for all F, F, F3. The value
0 indicates that T; <s7 T; does not hold for all F; >s7 F> >s7 F3.

ST 10

=
=
=
N

13 14 15 16 17 18

NR N RN NDoO
H R NN R NN
o O NN N ®
N RN RN N
NN N
NN N
NNNNNDN

OO NONDNDDNDOGO

O OO O ONNDN
O OO ONHEDNW
OO ONREKFND

~No o W=
NHEEFEFNNEHEDN
NNMNNMNNNDNDN
NNMNNMNNDNDNDN
NNMNNMNNNDDNDN
NNMNNNNONDNDN
NNNMNDNMNNDNDN

0 2 0 O 2 2 2
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Systems with IND components

ST|2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18
8 |0 0O O OO O 2 1 1 0 2 1 1 2 2 1 2
9/0 0 0 0 0 0O 0O 2 1 0 0 2 1 2 1 2 2
/0 0 0 0 0 0 0 O 2 0 0 0 2 0 2 2 2
11/0 0 0 0 0 O O O O 2 2 2 2 2 2 2 2
12/0 0 0 0 0 O O O O 0 2 1 1 2 2 1 2
30 0 0 0 0 O O O O 0 0 2 1 2 1 2 2
14|10 0 0 0 O O O O O 0 0 0 2 0 2 2 2
15/0 0 0 0 O O O O O 0 0 0 0 2 1 1 2
6|0 0 0 0 0 O O O O 0 0 0 0 0 2 1 2
7|10 0 0 0 O O O O O 0 0 0 0 0 0 2 2
88/0 0 0 0 0O 0O O O O 0 0 0 0 0 0 0 2
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Stochastic comparison of systems

Systems with IND components

Table: Relationships for the HR order between the coherent systems with
independent components given in Table 2. The value 2 indicates that

Ti <ur Tj holds for any Fy, F>, F3 (i denotes the row and j the column).
The value 1 indicates that T; <yg T; holds for all F; >pr Fo >Hr F3. It
also indicates that T; <ygr T; does not hold for all Fi, F,, F3. The value
0 means that T; <pr T; does not hold for all F; >pr F2 >Hr Fs.

HR 10 11 12 13 14

[y
(6,
[y
()}

17 18

N O OOHKFDNO
O O O~ NN
O N ONDN N
N =N~ DNDNO
OO OO N
O OKFFEN

coococo N NN
Ccooo N~ NW
cCooOo N R RN
coNvOoOOR NG

~NOoO U~ WN R
N R R NNRN
OO OO KFN
H R R ORHEN
NO R OFRNDN
H DR ON RN
—H R NN =N
MNNNORKFN

0 2 0 O 0 0
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Systems with IND components

HR|2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18
8 /0 0 0 OO O 2 1 1 0 0 0 0 1 1 1 1
9|0 0 0 0 0 0 0 2 1 0 0 0 0 0 0 1 0
/0 0 0 0O 0 0O OO0 2 0 0 0 0 0 0 0 0
11 /0 0 0 0 0 O O O O 2 0 1 1 2 2 2 2
120 0 0 0 0 0 O O O 0 2 0 1 1 1 1 1
3(/0 0 0 0 0 O O O O 0 0 2 1 0 0 1 0
14 (/0 0 0 0 0 O O O O 0 0 0 2 0 0 0 0
5|0 0 0 0 O O O O O 0 0 0 0 2 1 1 1
6(0 0 0 0 0 0 O O O 0 0 0 0 0 2 0 0
70 0 0 0 O O O O O 0 0 0 0 0 0 2 0
8|0 0 0 0 0 O O O O 0 0 0 0 0 0 0 2
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» The Parrondo’s paradox shows how, in some games, a random
strategy might be better than any deterministic strategy.

» Di Crescenzo (2007) note that a similar paradox holds in
reliability for series systems with IND components.

» Let T = min(Xy, X2) with IND~ Fy, .
» We can assume F; > F.

Jorge Navarro, SMCS 2021 Universidad de Murcia.  57/83



Comparisons of systems with ID components
Comparisons of systems with non-ID components
A Parrondo paradox in reliability

Stochastic comparison of systems

A Parrondo paradox in reliability

» The Parrondo’s paradox shows how, in some games, a random
strategy might be better than any deterministic strategy.

» Di Crescenzo (2007) note that a similar paradox holds in
reliability for series systems with IND components.

» Let T = min(Xy, X2) with IND~ Fy, .

» We can assume F; > F.

> Let S =min(Y1, Y2), with [ID G = 3F; + 1F.

NI—=
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A Parrondo paradox in reliability

» The Parrondo’s paradox shows how, in some games, a random
strategy might be better than any deterministic strategy.

» Di Crescenzo (2007) note that a similar paradox holds in
reliability for series systems with IND components.

» Let T = min(Xy, X2) with IND~ Fy, .

» We can assume F; > F.

> Let S =min(Y1, Y2), with IID G = 3£, + 3 F,.

» This system represents the case in which we choose the

components randomly from a mixed population with a 50% of
units of type F1 and a 50% of units of type F».
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A Parrondo paradox in reliability

» The Parrondo’s paradox shows how, in some games, a random
strategy might be better than any deterministic strategy.

» Di Crescenzo (2007) note that a similar paradox holds in
reliability for series systems with IND components.

» Let T = min(Xy, X2) with IND~ Fy, .

» We can assume F; > F.

> Let S =min(Y1, Y2), with IID G = 3£, + 3 F,.

» This system represents the case in which we choose the

components randomly from a mixed population with a 50% of
units of type F1 and a 50% of units of type F».
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Stochastic comparison of systems

A Parrondo paradox in reliability

» The Parrondo’s paradox shows how, in some games, a random
strategy might be better than any deterministic strategy.

» Di Crescenzo (2007) note that a similar paradox holds in
reliability for series systems with IND components.

» Let T = min(Xy, X2) with IND~ Fy, .

» We can assume F; > F.

> Let S =min(Y1, Y2), with IID G = 3£, + 3 F,.

» This system represents the case in which we choose the

components randomly from a mixed population with a 50% of
units of type F1 and a 50% of units of type F».

» Which one is the best option?
» Does this property depend on F; and F>?
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Stochastic comparison of systems

A Parrondo paradox in Reliability

» The respective reliability functions are
F_T(t) = Pr(X1 > t, Xo > t) = ﬁl(t)ﬁg(t) = QT(F_l(t), F_Q(t)),
2

Fs(t)=Pr(Y1>t,Ya>1t) = (%I:_l(t) + —ﬁz(t)) = Qs(F1(t), Fa(t)),

where

Qr(u1, u2) = uru and Qs(u1, up) =
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Stochastic comparison of systems

A Parrondo paradox in Reliability

» The respective reliability functions are
F_T(t) = Pr(X1 > t, Xo > t) = ﬁl(t)ﬁg(t) = QT(F_l(t), F_Q(t)),
2

Fs(t)=Pr(Y1>t,Ya>1t) = (%I:_l(t) + —ﬁz(t)) = Qs(F1(t), Fa(t)),

where

Qr(u1, u2) = uru and Qs(u1, up) =

» It is easy to prove that Q7 < Qs since

Vi <

up + up
2.
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» The respective reliability functions are
F_T(t) = Pr(X1 > t, Xo > t) = ﬁl(t)ﬁg(t) = QT(F_l(t), F_Q(t)),
2

Fs(t)=Pr(Y1>t,Ya>1t) = (%I:_l(t) + —ﬁz(t)) = Qs(F1(t), Fa(t)),

where

Qr(u1, u2) = uru and Qs(u1, up) =

» It is easy to prove that Q7 < Qs since

Vi <

» Hence T <g7 S for all Fy, Fo.
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n independent components.
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>

When this “Parrondo paradox” holds?

It is easy to see that it can be extended to series systems with
n independent components.

These systems are better when the units are similar
(homogeneous).

Hence, it is not a paradox but an expectable property.

v

v

v

Jorge Navarro, SMCS 2021 Universidad de Murcia.  60/83



Comparisons of systems with ID components
Comparisons of systems with non-ID components
A Parrondo paradox in reliability

Stochastic comparison of systems

A Parrondo paradox in Reliability

» When this “Parrondo paradox” holds?

» |t is easy to see that it can be extended to series systems with
n independent components.

These systems are better when the units are similar
(homogeneous).

Hence, it is not a paradox but an expectable property.

This property is reverted for parallel systems since, in this case,
the systems are better when the units are different
(heterogeneous).

v

v

v

Jorge Navarro, SMCS 2021 Universidad de Murcia.  60/83



Comparisons of systems with ID components
Comparisons of systems with non-ID components
A Parrondo paradox in reliability

Stochastic comparison of systems

A Parrondo paradox in Reliability

>

When this “Parrondo paradox” holds?

It is easy to see that it can be extended to series systems with
n independent components.

These systems are better when the units are similar
(homogeneous).

Hence, it is not a paradox but an expectable property.

This property is reverted for parallel systems since, in this case,
the systems are better when the units are different
(heterogeneous).

What happen in other system structures?

v

v

v

v

v
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» When this “Parrondo paradox” holds?

» |t is easy to see that it can be extended to series systems with
n independent components.

» These systems are better when the units are similar
(homogeneous).

» Hence, it is not a paradox but an expectable property.

» This property is reverted for parallel systems since, in this case,
the systems are better when the units are different
(heterogeneous).

» What happen in other system structures?

» Do these properties hold when the components are dependent?
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» When this “Parrondo paradox” holds?

» |t is easy to see that it can be extended to series systems with
n independent components.

» These systems are better when the units are similar
(homogeneous).

» Hence, it is not a paradox but an expectable property.

» This property is reverted for parallel systems since, in this case,
the systems are better when the units are different
(heterogeneous).

» What happen in other system structures?

» Do these properties hold when the components are dependent?

» The answers to these questions were obtained in Navarro and
Spizzichino (2010) and they are based on the notions of
Schur-concave and weakly Schur-concave functions.

Jorge Navarro, SMCS 2021 Universidad de Murcia.  60/83



Comparisons of systems with ID components
Comparisons of systems with non-ID components
A Parrondo paradox in reliability

Stochastic comparison of systems

A Parrondo paradox in Reliability

Definition (Durante and Papini (2007))
A function g : R” — R is weakly Schur-concave (convex) if

g(ut,...,up) < g(a,...,a) (>)

for all (u1,...,upn), where &= (uy + -+ u,)/n.
Definition
A function g : R” — R is Schur-concave (convex) if

glur,...,up) < g(vi,...,va) (>)

forall uy,...,up,v1,...,vysuchthat ug +-- -+, =vi+---+v,
and such that Y %_; uj.p < 34, vi-p where uj.p and vj., are the
ordered values obtained from the respective vectors.
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Theorem (Navarro and Spizzichino (2010))

Let Q be the dual distortion function of a system. The Parrondo
paradox holds (is reverted) for this system if and only if Q is weakly
Schur-concave (convex).
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A Parrondo paradox in Reliability

» For series systems with independent components,
Qun(ur, ..., up) =u1...up

is Schur-concave and the Parrondo paradox holds.
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» For series systems with independent components,
Qun(ur, ..., up) =u1...up

is Schur-concave and the Parrondo paradox holds.
» |If the components are dependent with a survival copula C,

@1;n(u1, ceyUp) = C'(ul, ey Up).

» The Parrodo paradox holds iff € is weakly Schur-concave.
Many copulas are Schur-concave (e.g. all the Archimedean
copulas are Schur-concave).

» There are no strict Schur-convex copulas.
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» For series systems with independent components,
Qun(ur, ..., up) =u1...up

is Schur-concave and the Parrondo paradox holds.
» |If the components are dependent with a survival copula C,

@]Jn(ul) ey un) = 6(”1, ey Un).

» The Parrodo paradox holds iff € is weakly Schur-concave.
Many copulas are Schur-concave (e.g. all the Archimedean
copulas are Schur-concave).

» There are no strict Schur-convex copulas.

» Durante and Papini (2007) obtained a weakly Schur-convex
copula.
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A Parrondo paradox in Reliability

» For series systems with independent components,

Ql:n(ul,...,un) = Uuy...Up

is Schur-concave and the Parrondo paradox holds.
» |If the components are dependent with a survival copula C,

Ql:n(ula ey un) = 6(”1, ey Un).

» The Parrodo paradox holds iff € is weakly Schur-concave.
Many copulas are Schur-concave (e.g. all the Archimedean
copulas are Schur-concave).

» There are no strict Schur-convex copulas.

» Durante and Papini (2007) obtained a weakly Schur-convex
copula.

» For this survival copula, the Parrondo paradox is reverted in

this series system with dependent components.
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» For parallel systems with independent components,
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» For parallel systems with independent components,
Qnin(Ut,y ... Up) = U1 ... Uy

is Schur-concave and the Parrondo paradox is reverted.
» |If the components are dependent with a copula C,

Qn:n(ula cey Un) = C(Ul, RN Un)-

» The Parrodo paradox is reverted iff C is weakly Schur-concave.
Many copulas are Schur-concave (e.g. all the Archimedean
copulas are Schur-concave).

It does not exist Schur-convex copulas.

» Durante and Papini (2007) obtained a weakly Schur-convex
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» For parallel systems with independent components,
Qnin(Ut,y ... Up) = U1 ... Uy

is Schur-concave and the Parrondo paradox is reverted.
» |If the components are dependent with a copula C,

Qn:n(ula cey Un) = C(Ul, RN Un)-

» The Parrodo paradox is reverted iff C is weakly Schur-concave.
Many copulas are Schur-concave (e.g. all the Archimedean
copulas are Schur-concave).

It does not exist Schur-convex copulas.

» Durante and Papini (2007) obtained a weakly Schur-convex
copula.

» For this survival copula, the Parrondo paradox holds in this
parallel system with dependent components.
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» The red and orange lines only use one kind of components.
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» The red and orange lines only use one kind of components.
» What is the green line?

» |t can be proved that it is the best option for series system
(with randomized options), see Navarro, Pellerey and Di
Crescenzo (2015).
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A Parrondo paradox in Reliability

» The red and orange lines only use one kind of components.
» What is the green line?

» |t can be proved that it is the best option for series system
(with randomized options), see Navarro, Pellerey and Di
Crescenzo (2015).

> Tgreen = Min(X1, X{) where X1, X are [ID with reliability Fi
and probability 1/2 and Tgreen = min(X2, X3) where Xo, X3
are 11D with reliability 7, and probability 1/2.
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A Parrondo paradox in Reliability

» The red and orange lines only use one kind of components.
» What is the green line?

» |t can be proved that it is the best option for series system
(with randomized options), see Navarro, Pellerey and Di
Crescenzo (2015).

> Tgreen = Min(X1, X{) where X1, X are [ID with reliability Fi
and probability 1/2 and_ Tgreen = min( X2, X5') where X5, X5
are 11D with reliability F, and probability 1/2.

» What to do in practice?
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Main aging classes

>

X >0 (lifetime).

Xe = (X — t|X > t) (residual lifetime) for t > 0.

X is Increasing (Decreasing) Failure Rate, IFR (DFR), if
Xs >s1 Xt (<g7) for all 0 <'s <t (or hx increases).

X is New Better (Worse) than Used, NBU (NWU), if

X >s7 X; (SST) forall t > 0.

X is Increasing (Decreasing) Failure Rate Average, IFRA
(DFRA), if A(t) = 1 [ h(x)dx = —1In F(t) is increasing
(decreasing) (or F(ct) > Fc(t) 0< c < 1) forall t > 0.
X is Increasing (Decreasing) Likelihood Ratio, ILR (DLR), if
Xs >1r Xt (Ss1) forall 0 < s <t (or f is logconcave).

v

v

v

v

v
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Main among the main aging classes

LR = IFR = IFRA = NBU

DLR =* DFR = DFRA = NWU

Table: Relationships among the main aging classes (* when the support is

(a,00). ).
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Distorted distributions

Theorem
Let Fq = q(F) and o(u) = ug'(u)/q(u). Then:
» The IFR (DFR) class is preserved by q iff o is decreasing
(increasing) for u € (0,1).

» The NBU (NWU) class is preserved by q iff G is
submultiplicative (supermultiplicative), that is,

G(uv) < a(u)a(v), (=) foralluve 0,1, (31)
» The IFRA (DFRA) class is preserved by q iff G satisfies

G(u) > (G(u))°, (<) forallu,ce[0,1].  (3.2)
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Preservation in systems with 11D

» If the IFR class is preserved, then the NBU and IFRA classes
are also preserved.

» If the DFR class is preserved, then the NWU and DFRA
classes are also preserved.
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Preservation in systems with 11D

» If the IFR class is preserved, then the NBU and IFRA classes
are also preserved.

» |If the DFR class is preserved, then the NWU and DFRA
classes are also preserved.

» The IFR class in preserved in k-out-of-n systems with [ID
components (Barlow and Proschan (1975)) and the DFR not.
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Preservation in systems with 11D

» If the IFR class is preserved, then the NBU and IFRA classes
are also preserved.

» |If the DFR class is preserved, then the NWU and DFRA
classes are also preserved.

» The IFR class in preserved in k-out-of-n systems with [ID
components (Barlow and Proschan (1975)) and the DFR not.

» The NBU class is preserved in all the coherent systems with
[ID components (Barlow and Proschan (1975)).
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> Xl,XQ,X3 [ID~ F and T1 = min(Xl,max(Xg,Xg)).
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Example 1.

> X1,X2,X3 [ID~ F and T1 = min(Xl,max(Xg,Xg)).
» Then g1(u) = 2u? — 3 for u € [0,1].
» s the IFR (DFR) class preserved?
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Example 1.

>

X1,X2,X3 [ID~ F and T1 = min(Xl, max(Xg,Xg,)).
Then g1(u) = 2u? — u3 for u € [0,1].
Is the IFR (DFR) class preserved?

For this system

v

v

v

~ugy(u)  4-3u
() = Giu)  2-u’
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Preservation of aging classes g a
ging Preservation in systems with non-ID components

Example 1.

v

X1,X2,X3 [ID~ F and T1 = min(Xl, max(Xg,Xg,)).
Then g1(u) = 2u? — u3 for u € [0,1].
Is the IFR (DFR) class preserved?

For this system

v

v

v

o) = u_c’yi(L;) _ 42—_3uu'

» As «j is strictly decreasing, then IFR, NBU and IFRA classes
are preserved and DFR, NWU and DFRA are not.
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Preservation of IFR/DFR. Example 1.
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Figure: Alpha (left) and hazard rate (right) functions of T; (continuous
lines) for an exponential distribution with h(t) = 1 (black) and a Weibull
distribution with h(t) = 2t for t > 0. The dashed lines are 2h(t).
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Example 2.

> X1,X2,X3 [ID~ F and T2 = max(Xl, min(X2,X3)).
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Preservation of aging classes g a
ging Preservation in systems with non-ID components

Example 2.

>

X1, X2, X3 1ID~ F and T, = max(X1, min(Xz, X3)).
Then Go(u) = u+ uv? — v for u € [0,1].

Is the IFR (DFR) class preserved?

For this system

v

v

v

ugh(u) 14 2u—3u?
Go(u) 1+u—u?

ao(u) =
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Example 2.

» X1, X2, X3 lID~ F and T, = max(X1, min(Xz, X3)).
» Then go(u) = u+ u? — 1 for u € [0,1].

» s the IFR (DFR) class preserved?

» For this system

ugh(u) 14 2u—3u?
Go(u) 1+u—u?

ao(u) =

» As ap is strictly increasing and then decreasing, the IFR and
DFR, NWU are not preserved. The NBU and IFRA are
preserved.
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Preservation of aging classes

Preservation of IFR/DFR. Example 2.
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Figure: Alpha function (left) and hazard rate (right) functions of T,
(continuous lines) for an exponential distribution with h(t) = 1 (black)
and a Weibull distribution with h(t) = 2t (blue) for ¢t > 0.

Jorge Navarro, SMCS 2021 Universidad de Murcia.  74/83



Main aging classes
Preservation in systems with ID components

Preservation of aging classes g a
ging Preservation in systems with non-ID components

Example 3.

» We consider the series and parallel systems with dependent ID
components (X1, X2) having the Clayton survival copula

~ uv
C(u,v) = u+v—uv
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» We consider the series and parallel systems with dependent ID
components (X1, X2) having the Clayton survival copula
~ uv
Cluv) = u+v—uv
» Their respective dual distortion functions are
u
2—u

u
671:2(U) = 5o and (72:2(u) =2u —
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Example 3.

» We consider the series and parallel systems with dependent ID
components (X1, X2) having the Clayton survival copula

~ uv
C(u,v) = u+v—uv

» Their respective dual distortion functions are

Gua(u) = 5 and Go(u) = 2u — ——.
» Their respective alpha functions are
2 2u®> — 8u+6
: = d as. ==\
a1:2(u) 2" az2(u) 2u2 —7Tu+6
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Example 3.

» We consider the series and parallel systems with dependent ID
components (X1, X2) having the Clayton survival copula

~ uv
C(u,v) = u+v—uv

» Their respective dual distortion functions are

Gua(u) = 5 and Go(u) = 2u — ——.
» Their respective alpha functions are
2 2u®> — 8u+6
: = d as. ==\
a1:2(u) 2" az2(u) 2u2 —7Tu+6

> (1.0 is increasing and ap.» is decreasing.
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Example 3.

» We consider the series and parallel systems with dependent ID
components (X1, X2) having the Clayton survival copula

~ uv
C(u,v) = u+v—uv

» Their respective dual distortion functions are

Gua(u) = 5 and Go(u) = 2u — ——.
» Their respective alpha functions are
2 2u®> — 8u+6
: = d as. ==\
a1:2(u) 2" az2(u) 2u2 —7Tu+6

> (1.0 is increasing and ap.» is decreasing.
» The IFR class is preserved in X5.5 but it is not preserved in
X1.2 and the opposite for the DFR class.

Jorge Navarro, SMCS 2021 Universidad de Murcia.  75/83



Coherent systems
Stochastic comparison of

Preservation of aging classes
References

) )
o 7 o 7
w4 w
w - -
S 2
2 g
S < o < |
=R 5 =
£ b}
=3 T
<
0 0
c 7 [SEN
o | o
S S
T T T T T T T T T T T T
0.0 0.2 0.4 0.6 0.8 1.0 0 1 2 3 4 5
u t

Alpha functions (left) and hazard rate functions for the series
(black) and parallel (blue) systems with a Clayton survival copula. The
dotted line represents the hazard rate of the components.
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Generalized distorted distributions

Theorem
Let Fo = Q(F1,...,Fn), u=(u1,...,u,) and
ai(u) = u;0;Q(u)/Q(u). Then:
» Ifaig,...,ap are decreasing (increasing) for uy, ..., u, € (0,1)
and i =1,...,n, then the IFR (DFR) class is preserved.

» The NBU (NWU) class is preserved by Q if Q is
submultiplicative (supermultiplicative), that is,

Q(ulvl, cey UpVy) < Q(ul, cel, u,,)@(vl, cey V), () uiyvi €]0,1].
» The IFRA (DFRA) class is preserved by @ if @ satisfies

QUuS, ... uS) > (Qui, ..., un))S, (<) ujc € [0,1]:
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Systems with IND components

» If the IFR class is preserved, then the NBU and IFRA classes
are also preserved.
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Systems with IND components

» If the IFR class is preserved, then the NBU and IFRA classes
are also preserved.

» If the DFR class is preserved, then the NWU and DFRA
classes are also preserved.
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Systems with IND components

» If the IFR class is preserved, then the NBU and IFRA classes
are also preserved.

» |If the DFR class is preserved, then the NWU and DFRA
classes are also preserved.

» |t can be proved that both NBU and IFRA classes are
preserved in coherent systems with IND components (Barlow
and Proschan (1975)).
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Systems with IND components

» If the IFR class is preserved, then the NBU and IFRA classes
are also preserved.

» |If the DFR class is preserved, then the NWU and DFRA
classes are also preserved.

» |t can be proved that both NBU and IFRA classes are
preserved in coherent systems with IND components (Barlow
and Proschan (1975)).

» The IFR and DFR classes are not always preserved.
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> Xl,X2 IND~ Fl, F2, X1;2 = min(Xth).
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Example 4.

> X1,X2 IND~ Fl, F2, X1;2 = min(Xth).
» Then (_)1;2(u1, up) = uyup and

on(u1, 1) = 51_01:2(U1, u) _1

Qu2(u1, w2)

and ap(ug, up) = 1.
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Example 4.

> X1,X2 IND~ Fl, F2, X1;2 = min(Xth).
» Then (_)1;2(u1, up) = uyup and

on(u1, 1) = 51_01:2(U1, u) _1

Qu2(u1, w2)

and ap(ug, up) = 1.
» As «; are constant, all the aging classes IFR, NBU, IFRA,
DFR, NWU, and DFRA are preserved.
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Example 4.

> X1,X2 IND~ Fl, F2, X1;2 = min(Xth).
» Then @1;2(u1, up) = uyup and

01Q12(u1, up)
a1\ u ,U =y = 1
1(u1, u2) ' Qu2(u1, up)

and ap(ug, up) = 1.
» As «; are constant, all the aging classes IFR, NBU, IFRA,
DFR, NWU, and DFRA are preserved.

> If Xo.0 = max(Xl,Xz), then @2;2(u1, U2) = uy + up — u1Up and

01 Qaa(u1, ) _ ur(1— w)
Qo:2(u1, ) Uy + up — Ul

ag(ur, ) = u

is not monotone. IFR and DFR are not preserved because
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Preservation of IFR/DFR. Example 4.
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Figure: Alpha function «1(0.5, v) and as(u,0.5) (left) and hazard rate
(right) functions of Xj.» (black), X; (red) and Xz.» (blue) for two
exponential distributions.
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Example 5

» Let us consider the system Ty = max(Xi, max(Xz, X3)) with
IND components.
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» Let us consider the system Ty = max(Xi, max(Xz, X3)) with
IND components.

> Let us see that NBU is preserved.
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Example 5

» Let us consider the system Ty = max(Xi, max(Xz, X3)) with
IND components.

> Let us see that NBU is preserved.
» We have already seen that IFR/DFR are not preserved.
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Example 5

v

Let us consider the system T, = max(Xi, max(Xz, X3)) with
IND components.

Let us see that NBU is preserved.
We have already seen that /FR/DFR are not preserved.

v

v

The distortion function is

v

Q(u1, up, uz) = up + upu3z — UL U3.
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Example 5

» Let us consider the system Ty = max(Xi, max(Xz, X3)) with
IND components.
> Let us see that NBU is preserved.
» We have already seen that IFR/DFR are not preserved.
» The distortion function is
Q(u1, t2, u3) = Uy + Upuz — UrLpUs.
» A straightforward calculation show that Q is submultiplicative.
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Reliability Fr, (left) and hazard rate ht (right) functions of T
(continuous lines) for an exponential distribution with h(t) = 1 (black)
and t =0.1,0.2,...,1 (blue), 1.4 (red), 2,3,4,5 (green) and 10
(orange).
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hT(x)
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Reliability Fr, (left) and hazard rate hy (right) functions of T,
(continuous lines) for three exponential distribution with h(t) =1,2,3
(black) and t = 0.05,0.1,0.2 (blue), 0.3 (red), 0.7,1 (green) and 2
(orange).
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The slides and more references can be seen in my webpage:

https : //webs.um.es/ jorgenav / miwiki /doku.php
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Exercises

Determine the minimal path and minimal cut sets
of a coherent system with four components.
Compute the reliability of a coherent system with
four components in the general case.

Compute the reliability of a coherent system with
four components in the IND case.

Compute the reliability of a coherent system with
four components in the ID case.

Compute the reliability of a coherent system with
four components in the IID case.

Compute the reliability of a plane with four
engines, two in each wing, that can fly if at least
one engine works in each wing.
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Compute the minimal and maximal signatures of a
system with four components.

Check an arrow in the figures for the ST, HR and
LR orders of systems with 1ID components

Check a no arrow in the figures for the ST, HR
and LR orders of systems with IID components
Check if X; <yr X5., holds for IND components.
Check if X; <yr X5, holds for IND HR-ordered
components.

Check if X; <yr X5., holds for dependent
components with the Clayton copula in the slides.

Check if X; <yr X5.o holds for HR-ordered
components with the Clayton copula in the slides.

Check an arrow in the tables and figure for the ST
and HR orders of systems with IND components.
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Check a no arrow in the figures for the ST, HR
and LR orders of systems with IID components

Check if the IFR class is preserved in a system
with four IID components.

Check if the Parrondo paradox holds in a system
with three IND components.
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That's all.
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That's all.
Thank you for your attention!!
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That's all.
Thank you for your attention!!
Questions?
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