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> fx = Fy and fy = F{, probability density functions (PDF).

» hx = fx/Fx and hy = fy/Fy hazard rate (HR) functions.

» mx(t) = E(X — t|X > t)and my(t) = E(Y — t|Y > t)
mean residual (MRL) life functions.

> mx(t)=E(t—X|X <t)and my(t)=E(t—-Y|Y <t)
mean inactivity time (MIT) functions.
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Stochastic order: X <s7 Y < Fx < Fy.

Hazard rate order: X <pp Y & I-:y/l-:X increases.

Reversed hazard rate order: X <gyr Y < Fy/Fx increases.
Mean residual life order: X <ppL Y & mx < my.

Mean inactivity time order: X <7 Y < mx > my.
Likelihood ratio order: X <;r Y < fy/fx increases.

Increasing concave order X <;cy Y < E(¢(X)) < E(¢(X))
for all increasing and concave functions ¢.

Increasing convex order X <;cx Y < E(¢(X)) < E(¢(X)) for
all increasing and convex functions ¢.

v
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> Relationships:

X<irY = X<purY = XZur Y
N2 3| (8
X<pHrY = X<stY = X<exVY

4 ! I
X <miT Y = X <icv Y = E(X) < E(Y)
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Properties based on residual lifetimes

Proposition
If Xy = (X —t|X >t)and Yy = (Y — t|Y > t), the following
conditions are equivalent:
) X <ur Y,
) Xe <pr Y: for all t;
i) Xt <st Y for all t;
) hx > hy (abs. cont. case).

DEMO02024 - Workshop on Dependence Modelling Jorge Navarro, Email: jorgenav@um.es. 8/46



Preliminary results Stochastic orders
Properties
Dependence notions

Properties based on residual lifetimes

Proposition
The following conditions are equivalent:
) X<(rY;
) Xt <ir Y for all t;
i) Xe <gur Yt for all t;
v) (Xls< X <t)<st(Y|s<Y<t)forall0<s<t.

DEMO02024 - Workshop on Dependence Modelling Jorge Navarro, Email: jorgenav@um.es. 9/46



Preliminary results Stochastic orders
Properties
Dependence notions

Properties based on residual lifetimes

Proposition

The following conditions are equivalent:
) X <mrL Y

i) Xt <mrL Ye for all t;

i) Xe <jex Y: for all t.

DEMO2024 - Workshop on Dependence Modelling Jorge Navarro, Email: jorgenav@um.es. 10/46



Preliminary results Stochastic orders
Properties
Dependence notions

Properties based on inactivity times

Proposition
Ife X =(t—X|X<t)and:Y =(t—Y|Y <t), the following
conditions are equivalent:

) X <grur Y
i) tX >pr ¢Y forallt >0;
|||) tX ZST tY for all t > 0.
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Proposition

The following conditions are equivalent:
DX < Y

i) ¢X >mRre ¢Y forallt >0;

i) X >jcx Y forall t > 0.
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(X]Y = t) is HR-increasing in t.

» SDRL(X|Y) (Stochastically Decreasing in Residual Life) iff
(XY =t) is HR-decreasing in t.

» PRLD (Positive Likelihood Ratio Dependent) iff its joint
density function is TP, or, equivalently, if (X|Y = t)
LR-increasing in t.

» NRLD (Negative Likelihood Ratio Dependent) iff its joint
density function is RR; or, equivalently, if (X|Y = t)
LR-decreasing in t.
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Copula representations

» (X, Y) non-negative random vector.

» The joint distribution function can be written as
F(x,y) =Pr(X < x,Y < y) = C(Fx(x), Fy(y))

for all x,y € R, where C : [0,1]> — [0,1] is a copula function.

» The joint survival (or reliability) function can be written as
Flx,y) = Pr(X > x.Y > y) = C(Fx(x). Fy (¥))

for all x,y € R, where C : [0,1]2 — [0,1] is a copula function
called survival copula.
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Properties

Proposition
The following conditions are equivalent:
) X <s1 (X|Y >s) forall s and all Fx, Fy;
i) Y <st (Y|X >t) forall t and all Fx, Fy;
i) C(u,v) > uv forall u,v € (0,1);
) Cov(1(X), ¢2(Y)) > 0 for all increasing functions ¢1 and ¢;;
wv) (X,Y) is PQD.

iv
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Properties

Proposition
If Xes = (X —t|]X >t Y >5s)and Yes=(Y —s|X >t Y >s5s),
for continuous Fx, Fy the following conditions are equivalent:
) X <pr (X|Y > s) forall s and all Fx, Fy;
) Xt <nr Xt for all t,s and all Fx,Fy;
i) Xe <st Xt forall t,s and all Fx,Fy;
)
)

iv 6(u, v)/u is decreasing in u for all v € (0,1);

V) RTI(Y|X).
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Properties

Proposition
The following conditions are equivalent:
) X <tr (X|Y >s) forall s and all Fx, Fy;
i) Xe <tr Xt for all t,s and all Fx, Fy;
i) Xe <gpHr Xt,s for all t,s and all Fx,Fy;
)

iv (u, v) is concave in u (or 01 C(u, v) is decreasing in u) for all
v e (0,1);
v) SI(Y]X).
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Properties

Proposition
The following conditions are equivalent:

) (XY > s1) <pr (X|Y > ) for all s1 < s, and all I:_X, F_y,'

Yio.s <sT Yus for all s, all t; < to and all Fx, Fy;
6(u v) is TPy;
(X

i)
i)
iv)
V) Ytl,s SHR Ytz,s for all s, a// t1 g ty and all Fx, Fy;
)
i)
i) (X,Y) is RCSI.
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Properties

Proposition
The following conditions are equivalent:
) (X|Y > s1) <1r (X|Y > ) forall s; < s5 and all Fx, Fy;
i) (XelY > s1) <ir (Xt|]Y > ) forall t, s; < s, and all Fx, Fy;

i) (XelY > s1) <gur (Xe|Y > s1) forall t, sy < s, and all
FXaFYr.

) o1 6(u, v) is TPy,
v) SIRL(Y|X).

DEMO2024 - Workshop on Dependence Modelling Jorge Navarro, Email: jorgenav@um.es. 22/46



Preliminary results Stochastic orders
Properties
Dependence notions

Properties

Proposition
The following conditions are equivalent:

) (YIX =t) <r(Y|X =t) forall t <ty and all Fx, Fy;
) (X|Y =s1) <1r (X|Y =) forall s < s, and all Fx, Fy;
i) (XelY = s1) <tr (Xe]Y = s2) forall t, s1 < sp and all Fx,Fy;
iv) (_Xt|\_’ = s51) <gHrR (Xt|Y = s2) for all t, s; < sy and all

Fx, Fy;

V) (Y5|X = tl) <IR (Y5|X = tz) for all s, t; < t» and all f:_)(, :Ey,'

Vi) (_Ysl)_< = tl) <RHR (Y5|X = t2) for all s, t; < t and all
Fx,Fy;

vii) Of,QC(u, v) is TPa;
viil) PLRD.
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New dependence notions
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New dependence notions

> We say that (X, Y) is Stochastically Increasing (Decreasing)
in the order ORD, denoted Slorp(X|Y) (SDorp(X|Y)) if

(X|Y =t1) <orp (X|Y = t2) (>orD)

holds for all t; < t, for a given stochastic order ORD.
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> We say that (X, Y) is Stochastically Increasing (Decreasing)
in the order ORD, denoted Slorp(X|Y) (SDorp(X|Y)) if

(X|Y =t1) <orp (X|Y = t2) (>orD)

holds for all t; < t, for a given stochastic order ORD.
» With this definition SI(X|Y) = Slst(X]Y),
SIRL(X|Y) = SIyr(X|Y) and PLRD = Sl r(Y|X).

DEMO02024 - Workshop on Dependence Modelling Jorge Navarro, Email: jorgenav@um.es. 25/46



Weak dependence notions
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New dependence notions

> We say that (X, Y) is Stochastically Increasing (Decreasing)
in the order ORD, denoted Slorp(X|Y) (SDorp(X|Y)) if

(X|Y =t1) <orp (X|Y = t2) (>orD)

holds for all t; < t, for a given stochastic order ORD.

» With this definition SI(X|Y) = Slst(X]Y),
SIRL(X|Y) = SIyr(X|Y) and PLRD = Sl r(Y|X).

> Note that S/ g(Y|X) is equivalent to S/ r(X]|Y) and so we
can just write S/ g.
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Weak dependence notions

New dependence notions Rk

New dependence notions

» We say that (X, Y) is Right Tail Increasing (Decreasing) in
the order ORD, denoted RT/ORD(X’Y) (RTDORD(X’Y)), if

(X|Y > t1) <orp (X|Y > t2) (>o0rD)

holds for all t; < t, for a given stochastic order ORD.
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New dependence notions

» We say that (X, Y) is Right Tail Increasing (Decreasing) in
the order ORD, denoted RT/ORD(X’Y) (RTDORD(X’Y)), if

(X|Y > t1) <orp (X|Y > t2) (>o0rD)

holds for all t; < t, for a given stochastic order ORD.

» We say that (X, Y) is Left Tail Decreasing (Increasing) in the
order ORD, denoted LTDorp(X|Y) (LTIorn(X|Y)), if

(X|Y < t1) <orp (X]Y < t2) (>orD)

holds for all t; < t, for a given stochastic order ORD.
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Weak dependence notions

New dependence notions Rk

New dependence notions

» We say that (X, Y) is Right Tail Increasing (Decreasing) in
the order ORD, denoted RT/ORD(X’Y) (RTDORD(X’Y)), if

(X|Y > t1) <orp (X|Y > t2) (>o0rD)

holds for all t; < t, for a given stochastic order ORD.

» We say that (X, Y) is Left Tail Decreasing (Increasing) in the
order ORD, denoted LTDorp(X|Y) (LTIorn(X|Y)), if

(X|Y < t1) <orp (X]Y < t2) (>orD)

holds for all t; < t, for a given stochastic order ORD.
» Then RTI(X|Y) = RTlst(X]Y),

RCSI = RTIyr(X|Y) = RTlyr(Y|X) and

SIRL(Y|X) = RTI.gr(X|Y).
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Weak dependence notions

New dependence notions Rk

New dependence notions

» We say that (X, Y) is Right Tail Increasing (Decreasing) at
zero in the order ORD, denoted RTI3q,(X|Y)
(RTDSgp(X|Y)), if

X <orp (X|Y >5s) (>orp)

holds for all s > 0 for a given stochastic order ORD.
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Weak dependence notions

New dependence notions Rk

New dependence notions

» We say that (X, Y) is Right Tail Increasing (Decreasing) at
zero in the order ORD, denoted RTI3q,(X|Y)
(RTDSgp(X|Y)), if

X <orp (X|Y >5s) (>orp)

holds for all s > 0 for a given stochastic order ORD.

» We say that (X, Y) is Left Tail Decreasing (Increasing) at
infinity in the order ORD, denoted LTDZ,,(X]|Y)
(LTIgp (X)), i

X >orp (XY <s) (<orp)

holds for all s > 0 for a given stochastic order ORD.
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New dependence notions Rk

New dependence notions

> With these definitions:
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New dependence notions

> With these definitions:
> PQD = RTIST(Y|X) = RTI_QT(X|Y) =LTD(Y|X) =
LTDZ(X]Y).
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Weak dependence notions
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New dependence notions

> With these definitions:

> PQRD = RTIS-,-(Y|X) = RTI_QT(X|Y) =LTD(Y|X) =
LTDZ(X]Y).

» Analogously, RTI(Y|X) = RTIS&(X]Y) and
LTD(Y|X) = LTDZ,r(X|Y).
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Weak dependence notions

New dependence notions Rk

New dependence notions

> With these definitions:

> PQD = RTI2 (Y|X) = RTIZ(X|Y) = LTDE(Y|X) =
LTDZ (X|Y).

» Analogously, RTI(Y|X) = RTIS&(X]Y) and
LTD(Y|X) = LTDZ,r(X|Y).

> Also, SI(Y|X) = RTI%(X|Y) = LTD,(X]Y).
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Weak dependence notions

New dependence notions Rk

New dependence notions

» With these definitions:

> PQD = RTIZ(Y|X) = RTIZ(X|Y) = LTDZ(Y|X) =
LTDZE(X|Y).

» Analogously, RTI(Y|X) = RTIS&(X]Y) and
LTD(Y|X) = LTDZ,p(X]Y).

> Also, SI(Y|X) = RTI%(X|Y) = LTDZ(X]Y).

> The proofs of these equivalences can be found in Navarro and
Sordo (2018) and Longobardi and Pellerey (2019).
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New dependence notions

» With these definitions:

> PQD = RTIZ(Y|X) = RTIZ(X|Y) = LTDZ(Y|X) =
LTDZE(X|Y).

» Analogously, RTI(Y|X) = RTIS&(X]Y) and
LTD(Y|X) = LTDZ,p(X]Y).

> Also, SI(Y|X) = RTI%(X|Y) = LTDZ(X]Y).

> The proofs of these equivalences can be found in Navarro and
Sordo (2018) and Longobardi and Pellerey (2019).

» Some of these notions are actually equivalent, like, e.g.,
RTI2&(Y|X) and Sls7(X|Y), or RTIS&(Y|X) and
RTIst(X|Y) (see Foschi and Spizzichino (2013) for details).

DEMO02024 - Workshop on Dependence Modelling Jorge Navarro, Email: jorgenav@um.es. 28/46



Weak dependence notions

New dependence notions Rk

Relationships

PQD(X,Y) <« RTI(Y|X) <  SI(Y|X)
fr 1) 1)
RTI(X|Y) <« RCSI(X,Y) <« SIRL(Y|X)
f 1) 1)

SI(X|Y) <« SIRL(X|Y) <« PLRD(X,Y)

Table: Relationships among positive dependence properties.
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Weak dependence notions

New dependence notions Rk

Relationships

SI(Y|X) = LTD(Y|X) = PQD(X,Y)
1) () ()
Slkur(Y|X) = LCSD(X,Y) = LTD(X|Y)

1) () ()
PLRD(X,Y) = Slkur(X|Y) =  SI(X|Y)

Table: Relationships among reversed positive dependence properties.
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Weak dependence notions

New dependence notions ST

Weak dependence notions

> New dependence notions can be introduced and discussed.
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» They are defined as those satisfying RTlorp(X|Y) or
RTI%rp(X|Y) where ORD is one of the orders ICX or MRL,
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> New dependence notions can be introduced and discussed.

» They are defined as those satisfying RTlorp(X|Y) or
RTI%rp(X|Y) where ORD is one of the orders ICX or MRL,

> They are “weak” in the sense that they do not imply the PQD
property.
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> New dependence notions can be introduced and discussed.

» They are defined as those satisfying RTlorp(X|Y) or
RTI%rp(X|Y) where ORD is one of the orders ICX or MRL,

> They are “weak” in the sense that they do not imply the PQD
property.

» However, they imply non-negativity of the linear Pearson's
correlation coefficient rx y .
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Weak dependence notions

> New dependence notions can be introduced and discussed.

» They are defined as those satisfying RTlorp(X|Y) or
RTI%rp(X|Y) where ORD is one of the orders ICX or MRL,

> They are “weak” in the sense that they do not imply the PQD
property.

» However, they imply non-negativity of the linear Pearson's
correlation coefficient rx y .

> For that reason, they can be considered as “weak positive
dependence notions”.
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Weak dependence notions

New dependence notions ST

Weak dependence notions

> New dependence notions can be introduced and discussed.

» They are defined as those satisfying RTlorp(X|Y) or
RTI%rp(X|Y) where ORD is one of the orders ICX or MRL,

> They are “weak” in the sense that they do not imply the PQD
property.

» However, they imply non-negativity of the linear Pearson's
correlation coefficient rx y .

> For that reason, they can be considered as “weak positive
dependence notions”.

» The negative dependence properties are defined in a similar
way.
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Weak dependence notions

New dependence notions ST

Weak dependence notions

Proposition
The following conditions are equivalent:
) X <icx (X|Y > y) forally (i.e. RTI(X|Y));

i) The survival copula C satisfies

/Z[(Af(u, v) —uv] dFt(u) <0, Yz € [0,1], Vv € [0,1].
’ (2.1)
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Weak dependence notions

New dependence notions ST

Weak dependence notions

Proposition

The following conditions are equivalent:

) X <mre (X|Y >y) forally (ie. RTIGp (X]Y)):

i) Xe <mre Xe,s for all t,s;

i) Xe <jcx Xes forall t,s;
)

iv) The survival copula C satisfies

/OZ[ZE(U, v) — uC(z,v)) dFgt(u) <0 Vz,v €[0,1] (2.2)
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Weak dependence notions

New dependence notions ST

Weak dependence notions

» The Positive Quadrant Dependence in Expectation property
(PQDE) was defined in Balakrishnan and Lai (2009) with
PQDE(X|Y) iff E(X) < E(X]Y > y) for all y > 0.
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Weak dependence notions

» The Positive Quadrant Dependence in Expectation property
(PQDE) was defined in Balakrishnan and Lai (2009) with
PQDE(X|Y) iff E(X) < E(X]Y > y) for all y > 0.

» Thus we have the following proposition:

Proposition
The following conditions are equivalent:
) E(X) < E(X|Y > y) forall y (i.e. PQDE(X|Y) = RTI%.. (X|Y));

~

i) The survival copula C satisfies

/1((/:\(u7 v) —uv) dFyH(u) <0, Yt € [0,1], Vv €[0,1]. (2.3)
0
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Weak dependence notions

» The Positive Quadrant Dependence in Expectation property
(PQDE) was defined in Balakrishnan and Lai (2009) with
PQDE(X|Y) iff E(X) < E(X]Y > y) for all y > 0.

» Thus we have the following proposition:

Proposition

The following conditions are equivalent:
) E(X) < E(X|Y > y) forall y (ie. PQDE(X|Y) = RTI%.. (X|Y));

~

i) The survival copula C satisfies

/1((/:\(u7 v) —uv) dFyH(u) <0, Yt € [0,1], Vv €[0,1]. (2.3)
0

> Then PQD = PQDE(X|Y) = rx.y > 0.
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Weak dependence notions

New dependence notions R kit

Relationships between weak dependence notions

rx,y >0
f
PQDE(X]Y) <« RTI,OCX(X|Y) ~= RTI,(\)/,RL(X|Y)
f i f
RTIS (YIX) < PQD(X,Y) 4 RTlur(X]Y)
f # f

RTIYR (YIX) < RTiyr(Y|X) <  RCSI(X,Y)

Table: Relationships among weak positive dependence properties.
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Weak dependence notions

New dependence notions R kit

Relationships between weak dependence notions

rx,y >0
f

PQDE(X]Y) <« RTleg(X]Y) <« RTlyg (X]Y)
fr ) f

RTIZ(X|Y) < RThex(X]Y) < RTlygu(X]Y)
fr 1) fr

PQD(X.Y) <« RTIst(X]Y) <« RCSI(X,Y)

Table: Relationships among weak positive dependence properties.
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Weak dependence notions

New dependence notions R kit

Other dependence properties

> All the properties mentioned above are not independent on the
marginal distributions.
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> All the properties mentioned above are not independent on the
marginal distributions.

» However, interesting properties of the survival copula of the
vector are introduced when we assume uniform marginals.
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Other dependence properties

> All the properties mentioned above are not independent on the
marginal distributions.

» However, interesting properties of the survival copula of the
vector are introduced when we assume uniform marginals.

» They can be used to define new weak dependence properties
that do not depend on the marginals.
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Weak dependence notions

New dependence notions R kit

Other dependence properties

> All the properties mentioned above are not independent on the
marginal distributions.

» However, interesting properties of the survival copula of the
vector are introduced when we assume uniform marginals.

» They can be used to define new weak dependence properties
that do not depend on the marginals.

> In fact, letting P denote the property

/ [C(u,v) — uv] du > 0,Vz € [0,1],¥v € [0, 1],
0
and letting P denote the property

X <jex (X]Y > y) Vy

one immediately observes that both are positive dependence
properties weaker than PQD.

DEMO02024 - Workshop on Dependence Modelling Jorge Navarro, Email: jorgenav@um.es. 37/46



Weak dependence notions

New dependence notions ST

Other dependence properties

> Property P satisfies
PQD = P = pxy >0,
where
1,1
Xy = 12/ / C(u, v)dudv — 3
0 Jo

is the Spearman’s rho coefficient for X and Y (for the formula
of px v, see (5.1.15c) in Nelsen (2006)), and the first
implication follows from (2.1).
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Other dependence properties

> Property P satisfies
PQD = P = pxy >0,

where .
Xy = 12/ / C(u, v)dudv — 3
0 JO

is the Spearman’s rho coefficient for X and Y (for the formula
of px v, see (5.1.15c) in Nelsen (2006)), and the first
implication follows from (2.1).

> Property P satisfies

PQD = P = rx.y > 0. (2.4)
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Weak dependence notions

New dependence notions ST

Other dependence properties

> Property P satisfies
PQD = P = pxy >0,
where

11
Xy = 12/ / C(u, v)dudv — 3
0 JO

is the Spearman’s rho coefficient for X and Y (for the formula
of px v, see (5.1.15c) in Nelsen (2006)), and the first
implication follows from (2.1).

> Property P satisfies

PQD = P = rx.y > 0. (2.4)

> One can define weak dependence properties as it has been
done for P, by letting the margins to be uniformly distributed
on (0,1) in the definitions above.
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New dependence notions ST

Reversed weak positive dependence properties

> Reversed weak positive dependence properties are defined in a
similar way by using MIT and ICV orders.
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Weak dependence notions

New dependence notions ST

Reversed weak positive dependence properties

> Reversed weak positive dependence properties are defined in a
similar way by using MIT and ICV orders.

> In the paper we also include counterexamples showing that
these classes are different.
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Weak dependence notions

New dependence notions ST

Reversed weak positive dependence properties

> Reversed weak positive dependence properties are defined in a
similar way by using MIT and ICV orders.

> In the paper we also include counterexamples showing that
these classes are different.

> Finally, we conclude with a diagram that connect all these
properties.
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Preliminary results
New dependence notions

Conclusions

[N Name | |

0 PQDE E(X) < E(X]Y > 5) E(X) > E(X]Y <5s)
1 PQD RTIZ(Y[X) LTDZ (YX)
2 | RTI(YX) RTlst(Y|X) RTISR(X]Y)
2" | RTI(X]Y) RTlst(X|Y) RTIS(YX)
3| SI(YIX) | Slst(Y[X) or RTIZ(X]Y) LTD(X]Y)
3| SIKXTY) | SIst(X]Y) or RTIS(Y[X) LTD(Y|X)
4 | LTD(Y|X) LTDst(Y]X) LTDRs(X[Y)
4 [ LTD(X]Y) LTDs7(X[Y) LTD,(YX)
5 RCSI RTIur(Y1X) RTIur(X]Y)
6 LCSD LTDrur(Y|X) LTDrur(X]Y)
7 | SIRL(Y|X) Slur(Y[X) RTIRr(X]Y)
7 | SIRL(X|Y) SIhr(X]Y) RTIr(Y]X)
8 Slrur(Y'|X) LTD.r(X]Y)
8’ Slrrr(X|Y) LTDr(Y[X)
9 PLRD Slir(Y|X) Slir(X]Y)
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Preliminary results
New dependence notions

Conclusions

‘ N ‘ Name ‘ New dependence notions ‘
10 RT/MRL(Y|X) (Y‘X > S) <MRL (YlX > t) forall s <t
10 RT/MRL(X‘Y) (X|Y > S) <MRL (X|Y > t) foralls <t
11 | RTIS (YIX) Y <mre (Y|X >t)forall0 <t
11" | RTI%R (X]Y) X <mre (X|Y >t)forall0 <t
12 RTI/C)((Y‘X) (Y|X > S) <icx (Y‘X > t) forall s <t
12' RTllcx(X|Y) (X|Y > S) <icx (X|Y > t) forall s <t
13 | RTIZ(Y]X) Y <iex (Y|X >t)forall0< ¢t
13" | RTIZ(X]Y) X <jex (X|Y > t) forall 0 < ¢t
14 | LTDmr(YIX) | (YIX <) <mur (Y[|X < t)forall s <t
14’ LTDM/T(X|Y) (X‘Y < 5) <miT (X‘Y < t) foralls <t
15 | LTDw+(Y|X) (Y|X <s)<mpr Y for all s
15" | LTDg+(X]Y) (XY <s) <myr X for all s
16 LTD/C\/(Y|X) (Y‘X < S) <icv (Y|X < t) forall s <t
16" | LTDicy(X|Y) | (XY <5s) <jev (XY < t)forall s<t
17 | LTDE, (Y|X) (Y|X <s)<jev Y forall s
17" | LTDR,(X]Y) (XY <) <jcy X forall s
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Conclusions

Conclusions

> We have proposed new positive dependence properties.
» All of them imply a positive Pearson's correlation coefficient.
> Similar negative dependence can be proposed as well.

» The main disadvantage of the new dependence notions
proposed here is that they depend on the marginal
distributions (as the Pearson’s correlation coefficient).
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Conclusions

. Main references
Conclusions

Conclusions

>
>
>
>

We have proposed new positive dependence properties.
All of them imply a positive Pearson’s correlation coefficient.
Similar negative dependence can be proposed as well.

The main disadvantage of the new dependence notions
proposed here is that they depend on the marginal
distributions (as the Pearson’s correlation coefficient).

» This problem can be solved by replacing them with the
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Similar negative dependence can be proposed as well.

The main disadvantage of the new dependence notions

proposed here is that they depend on the marginal
distributions (as the Pearson’s correlation coefficient).

This problem can be solved by replacing them with the
respective copula properties obtained by assuming uniform
marginals.

They can also be related with properties of coherent systems
(see Navarro, Durante and Fernandez-Sanchez (2021) and
Navarro (2022)).
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