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» Fx(t) =Pr(X <t)and Fy(t) = Pr(Y < t) cumulative
distribution functions (CDF).

> Fx(t) =1— Fx(t) = Pr(X > t) and Fy(t) = Pr(Y > t)
survival (or reliability) functions (SF).

> fx = Fy and fy = F{, probability density functions (PDF).

> hx = fx/Fx and hy = fy/Fy hazard (or failure) rate (HR)
functions.

» hx = fx/Fx and hy = fy/Fy reversed hazard (or failure) rate
(RHR) functions.
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> Stochastic order (or first-order stochastic dominance):
X <s1 Y < Fx < Fy or, equivalently, E(¢(X)) < E(¢(X))
for all increasing functions ¢.
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Main stochastic orders

> Stochastic order (or first-order stochastic dominance):
X <s1 Y < Fx < Fy or, equivalently, E(¢(X)) < E(¢(X))
for all increasing functions ¢.

» Hazard rate order: X <yr Y < Fy/Fx increases.
> Reversed hazard rate order: X <gyr Y < Fy/Fx increases.
> Mean residual life order: X <prr Y & mx < my.
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Mean inactivity time order: X <py7 Y & mx > my.
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Main stochastic orders

> Stochastic order (or first-order stochastic dominance):
X <s1 Y < Fx < Fy or, equivalently, E(¢(X)) < E(¢(X))
for all increasing functions ¢.

Hazard rate order: X <yr Y < Fy/Fx increases.

Reversed hazard rate order: X <gyr Y < Fy/Fx increases.
Mean residual life order: X <ypt Y & mx < my.

Mean inactivity time order: X <py7 Y & mx > my.
Likelihood ratio order: X <;r Y < fy/fx increases.

vVvyVYyVvVvyy

Increasing concave order (or second-order stochastic
dominance) X <,cy Y & E(¢(X)) < E(¢(X)) for all
increasing and concave functions ¢.
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>

vVvyVYyVvVvyy

Stochastic order (or first-order stochastic dominance):

X <st Y & Fx < Fy or, equivalently, E(¢(X)) < E(¢(X))
for all increasing functions ¢.

Hazard rate order: X <yr Y < Fy/Fx increases.

Reversed hazard rate order: X <gyr Y < Fy/Fx increases.
Mean residual life order: X <ypt Y & mx < my.

Mean inactivity time order: X <py7 Y & mx > my.
Likelihood ratio order: X <;r Y < fy/fx increases.

Increasing concave order (or second-order stochastic
dominance) X <,cy Y & E(¢(X)) < E(¢(X)) for all
increasing and concave functions ¢.

Increasing convex order X <;cx Y < E(¢(X)) < E(¢(X)) for
all increasing and convex functions ¢.
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» Convex transform order, denoted briefly, X < Y, if
o(t) = Fy ' (Fx(t)) is convex in the support of X.
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» Convex transform order, denoted briefly, X < Y, if
o(t) = Fy ' (Fx(t)) is convex in the support of X.

> Star order, X <, Y, if ¢(t) = F;l(FX(t)) is starshaped, that
is, ¢(t)/t increases in the support of X.

MMR2025 - 13th Int. Conf. Math.l Meth. Reliab. Jorge Navarro, Email: jorgenav@um.es. 7/43



Preliminary results Stochastic orders
Distortions
Aging classes

Main stochastic orders

» Convex transform order, denoted briefly, X < Y, if
o(t) = Fy ' (Fx(t)) is convex in the support of X.

> Star order, X <, Y, if ¢(t) = F;l(FX(t)) is starshaped, that
is, ¢(t)/t increases in the support of X.

> Superadditive order, X <sy Y, if ¢(t) = F, }(Fx(t)) is
superadditive, that is, ¢(t +s) > ¢(t)d(s) in the support of X.
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Main stochastic orders

> Relationships:

X<irY = X<urY = XZur Y

N8 (3 (8
X<pHrY = X<sTY = X <iex Y
NS (3 (8

X<urY = XZievY = E(X)<E(Y)

and
X<cY=X<, Y=X<gyY.
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Distortions

» X has a distorted distribution from a CDF F if Fx = q(F)
where g : [0,1] — [0, 1] is a distortion function, that is, it is
a continuous and increasing function such that g(0) = 0 and
q(1) = 1.
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where g : [0,1] — [0,1] is a distortion function, that is, it is
a continuous and increasing function such that g(0) = 0 and
q(1)=1.
> Then the respective survival functions Fx =1 — Fx and
F =1 F satisfy Fx = g(F), where g(u) =1 —q(1 —u) is
another distortion function called dual distortion.
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Distortions

» X has a distorted distribution from a CDF F if Fx = q(F)
where g : [0,1] — [0, 1] is a distortion function, that is, it is
a continuous and increasing function such that g(0) = 0 and
a(1) = 1.
» Then the respective survival functions Fx = 1 — Fx and
F =1 F satisfy Fx = g(F), where g(u) =1 —q(1 —u) is
another distortion function called dual distortion.
» If Fx = q1(F) and Fy = g2(F), then following ordering
properties hold:
X <st Yforall F& g < go,
X <yr Y for all F < G»/g1 decreases in (0,1)
X <gur Y for all F < g2/q1 increases in (0,1),

X <ir Y for all F & g5/ decreases in (0,1).
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Introduction
to System
Reliability
Theory

Figure: Publicity of my book on System Reliability Theory.
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> If T is the lifetime of a coherent system with component
lifetimes Xi,...,X,, then T = ¢(X1,..., Xp).
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> If Xq,...,X, are identically distributed ID with a common
reliability function F, then the reliability function of the system
can be written as F1 = g(F) where G depends on ¢ and on
the copula of (Xi,...,X,).
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> If T is the lifetime of a coherent system with component
lifetimes Xi,...,X,, then T = ¢(X1,..., Xp).

> If Xq,...,X, are identically distributed ID with a common
reliability function F, then the reliability function of the system
can be written as F1 = g(F) where G depends on ¢ and on
the copula of (Xi,...,X,).

» The preceding ordering results can be used to compare
systems with ID components, see Navarro (2022).

MMR2025 - 13th Int. Conf. Math.l Meth. Reliab. Jorge Navarro, Email: jorgenav@um.es. 11/43



Preliminary results Stochastic orders
Distortions
Aging classes

Coherent systems

> If T is the lifetime of a coherent system with component
lifetimes Xi,...,X,, then T = ¢(X1,..., Xp).

> If Xq,..., X, are idgntically distributed ID with a common
reliability function F, then the reliability function of the system
can be written as Fr = §(F) where g depends on ¢ and on
the copula of (Xi,...,X,).

» The preceding ordering results can be used to compare
systems with ID components, see Navarro (2022).

> In this way we obtain distributions-free comparisons results
(they hold for all F).
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Coherent systems

> If T is the lifetime of a coherent system with component
lifetimes Xi,...,X,, then T = ¢(X1,..., Xp).

> If Xq,..., X, are idgntically distributed ID with a common
reliability function F, then the reliability function of the system
can be written as Fr = §(F) where g depends on ¢ and on
the copula of (Xi,...,X,).

» The preceding ordering results can be used to compare
systems with ID components, see Navarro (2022).

> In this way we obtain distributions-free comparisons results
(they hold for all F).

» The case of non-ID components is also studied in Navarro
(2022).
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Aging classes

> Xp = (X — t|X > t) residual lifetime with reliability
Fe(x) = F(t+x)/F(t).
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Aging classes

> X; = (X — t|X > t) residual lifetime with reliability
Fi(x) = F(t +x)/F(t).

» X has an Increasing (Decreasing) Failure Rate, IFR (DFR)
distribution if Xs >s1 X; for all s < t, that is,

Fx +5)F(t) = F(x + t)F(s) 2 0 (<) forall x > 0.
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Aging classes

> X; = (X — t|X > t) residual lifetime with reliability
Fi(x) = F(t +x)/F(t).

» X has an Increasing (Decreasing) Failure Rate, IFR (DFR)
distribution if Xs >s1 X; for all s < t, that is,

Fx +5)F(t) = F(x + t)F(s) 2 0 (<) forall x > 0.

> If X has an absolutely continuous distribution, the IFR
property is equivalent to: F is log concave. It can also be

characterized by an increasing hazard rate function hx in
(0, u) with F(u) = 0.
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Aging classes

> X; = (X — t|X > t) residual lifetime with reliability
Fi(x) = F(t +x)/F(t).

» X has an Increasing (Decreasing) Failure Rate, IFR (DFR)
distribution if Xs >s1 X; for all s < t, that is,

Fx +5)F(t) = F(x + t)F(s) 2 0 (<) forall x > 0.

> If X has an absolutely continuous distribution, the IFR
property is equivalent to: F is log concave. It can also be
characterized by an increasing hazard rate function hx in
(0, u) with F(u) = 0.

» X has an New Better (Worse) than Used, NBU (NWU)
distribution if X >g¢7 X; for all t > 0, that is,

F(x)F(t) — F(x+1t) >0 (<) forall x,t > 0.
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Aging classes

> X'is Increasing (Decreasing) Failure Rate Average, IFRA
(DFRA), if F<(t) < F(ct) for all t >0 and all c € (0,1).
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> X'is Increasing (Decreasing) Failure Rate Average, IFRA
(DFRA), if F<(t) < F(ct) for all t >0 and all c € (0,1).

» If X has an absolutely continuous distribution, the IFRA
property is equivalent to:

1_- 1 [t
A(t) = ?F(t) = E/o h(x)dx is increasing.
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> X'is Increasing (Decreasing) Failure Rate Average, IFRA
(DFRA), if F<(t) < F(ct) for all t >0 and all c € (0,1).

» If X has an absolutely continuous distribution, the IFRA
property is equivalent to:

1_ 1/t
A(t) = ?F(t) = E/o h(x)dx is increasing.

» X has an Increasing (Decreasing) Density, ID (DD), if Fis
concave (convex) in its support.
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Aging classes

> X'is Increasing (Decreasing) Failure Rate Average, IFRA
(DFRA), if F<(t) < F(ct) for all t >0 and all c € (0,1).

» If X has an absolutely continuous distribution, the IFRA
property is equivalent to:

1_ 1/t
A(t) = ?F(t) = E/o h(x)dx is increasing.

» X has an Increasing (Decreasing) Density, ID (DD), if Fis
concave (convex) in its support.

» If X has an absolutely continuous distribution, it is ID (DD) if
the PDF f is increasing (decreasing) for all t € (¢, u) and
f(t) = 0 elsewhere.
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» The relationships between these classes are as follows:
ID = IFR = IFRA = NBU

and
DD < DFR = DFRA = NWU.
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Aging classes

» The relationships between these classes are as follows:
ID = IFR = IFRA = NBU

and
DD < DFR = DFRA = NWU.

» The exponential model with F(t) = exp(—t/u) is an element
of the following classes: IFR, DFR, NBU, NWU, IFRA, DFRA
and DD. However, it does not belong to the ID class.
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and
DD < DFR = DFRA = NWU.

» The exponential model with F(t) = exp(—t/u) is an element
of the following classes: IFR, DFR, NBU, NWU, IFRA, DFRA
and DD. However, it does not belong to the ID class.

» The uniform model is a member of the ensuing classes: IFR,
NBU, IFRA, DD and ID.
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Aging classes

> The relationships between these classes are as follows:
ID = IFR = IFRA = NBU

and
DD < DFR = DFRA = NWU.

» The exponential model with F(t) = exp(—t/u) is an element
of the following classes: IFR, DFR, NBU, NWU, IFRA, DFRA
and DD. However, it does not belong to the ID class.

» The uniform model is a member of the ensuing classes: IFR,
NBU, IFRA, DD and ID.

> Note that these key distributions belong, in some cases, to
both positive and negative aging classes. In that sense, they
are the extreme elements of the above classes.
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Preservation results

Properties in:

» J. Navarro, T. Rychlik, M. Szymkowiak (2025). Key
distributions in the preservation of aging classes under the
construction of systems. Journal of Computational and
Applied Mathematics Volume 469, 1 December 2025, 116650.
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Preservation results

Properties in:
» J. Navarro, T. Rychlik, M. Szymkowiak (2025). Key
distributions in the preservation of aging classes under the

construction of systems. Journal of Computational and
Applied Mathematics Volume 469, 1 December 2025, 116650.

» A class C is preserved by a system T is Fr € C for all F € C,
where F is the common reliability function of the components.
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Properties in Arriaza, Navarro and Ortega-Jiménez (2025)

Preservation results IFR/DFR

Theorem

Let T be the lifetime of a system with homogeneous components
and distortion function . Then the ensuing requirements are
equivalent:

(1) T preserves the IFR (DFR) class.

(i) T preserves the IFR (DFR) class for the standard exponential
distribution.

(iit) The following condition holds
a(zu)a(v) < G(2v)q(u) (2) 0 u<v<1 0<z< L.

(iv) The function a(u) = ug'(u)/q(u) is decreasing (increasing).
(V) Tz <c Z (>cx), where Z ~ Exp(p = 1),
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Preservation results IFRA/DFRA

Theorem

Let T be the lifetime of a system with homogeneous components
and distortion function . Then the ensuing requirements are
equivalent:

(i) T preserves the IFRA (DFRA) class.

(i) T preserves the IFRA (DFRA) class for the standard
exponential distribution.

(iit) The following condition holds
G(u)<gu)(>)0<u<1,0<c<1.

(iv) The function 3(u) = log g(u)/u is decreasing (increasing).
(v) Tz <« Z (>+), where Z ~ Exp(u = 1).
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Preservation results NBU/NWU

Theorem

Let T be the lifetime of a system with homogeneous components
and distortion function G. Then the ensuing requirements are
equivalent:

(1) T preserves the NBU (NWU) class.

(i) T preserves the NBU (NWU) class for the standard
exponential distribution.

(i) The function
Y(u,v) = g(uv) — g(u)g(v) <0 (>)0<u<1,0<v<L

(iv) Tz <suy Z (>su), where Z ~ Exp(n = 1).
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Relationships

» The requirements of the first theorem are stronger than these
of the second and the latter ones are stronger than the
conditions of the third.
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Relationships

» The requirements of the first theorem are stronger than these
of the second and the latter ones are stronger than the
conditions of the third.

» In particular, if « decreases, then 3 is also decreasing, and the
latter entails nonpositivity of ~.
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Relationships

» The requirements of the first theorem are stronger than these
of the second and the latter ones are stronger than the
conditions of the third.

» In particular, if « decreases, then 3 is also decreasing, and the
latter entails nonpositivity of ~.

> These facts follow from the relations IFR C IFRA C NBU.
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Relationships

» The requirements of the first theorem are stronger than these
of the second and the latter ones are stronger than the
conditions of the third.

» In particular, if « decreases, then 3 is also decreasing, and the
latter entails nonpositivity of ~.

> These facts follow from the relations IFR C IFRA C NBU.

> Also, if v is not nonpositive, then « and 3 are not decreasing.
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Relationships

» The requirements of the first theorem are stronger than these
of the second and the latter ones are stronger than the
conditions of the third.

» In particular, if « decreases, then 3 is also decreasing, and the
latter entails nonpositivity of ~.

> These facts follow from the relations IFR C IFRA C NBU.
Also, if v is not nonpositive, then « and 3 are not decreasing.

> Similar properties holds for the reversed classes DFR, DFRA,
and NWU.

v
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Preservation results DD/ID

Theorem
Let T be the lifetime of a system with homogeneous components
and distortion function G. Then the ensuing requirements are
equivalent:

(1) T preserves the DD (ID) class.

(i) T preserves the DD (ID) class for the standard uniform
distribution.

(i) The function @ is concave (convex) in (0,1).
(V) Tu <ex U (Zex)-
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Examples

> The IFR property is preserved in k-out-of-n systems with 11D
components, Esary and Proschan (1963), that is, « is
decreasing.
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Examples

> The IFR property is preserved in k-out-of-n systems with 11D
components, Esary and Proschan (1963), that is, « is
decreasing.

» Then IFRA and NBU are preserved but the DFR property is
not preserved in k-out-of-n systems with [ID components

except in the case of series systems where « is constant,
Navarro (2022).
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Examples

> The IFR property is preserved in k-out-of-n systems with 11D
components, Esary and Proschan (1963), that is, « is
decreasing.

» Then IFRA and NBU are preserved but the DFR property is
not preserved in k-out-of-n systems with [ID components

except in the case of series systems where « is constant,
Navarro (2022).

» The IFRA and NBU property is preserved in coherent systems
with [ID components, Esary, Marshall and Proschan (1970).
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Examples

> The IFR property is preserved in k-out-of-n systems with 11D
components, Esary and Proschan (1963), that is, « is
decreasing.

» Then IFRA and NBU are preserved but the DFR property is
not preserved in k-out-of-n systems with [ID components

except in the case of series systems where « is constant,
Navarro (2022).

» The IFRA and NBU property is preserved in coherent systems
with [ID components, Esary, Marshall and Proschan (1970).

> The IFR property is preserved in all coherent systems with 11D
components.
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(D) —
o/

Figure: A coherent system with structure function
Tl = min(Xl, max(Xg, X3)
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Examples-1ID case

> If the components of T; = min(Xy, max(Xz, X3) are I1ID, the
dual distortion function is

gi(u) = 2u® — .
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Examples-1ID case

> If the components of T; = min(Xy, max(Xz, X3) are I1ID, the
dual distortion function is

gi(u) = 2u® — .

» Then
ugy(u)  4—-3u

() = Gi(u)  2-u’
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Examples-1ID case

> If the components of T; = min(Xy, max(Xz, X3) are I1ID, the
dual distortion function is

gi(u) = 2u® — .

» Then

> It is strictly decreasing in (0, 1).
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Examples-1ID case

> If the components of T; = min(Xy, max(Xz, X3) are I1ID, the
dual distortion function is

gi(u) = 2u® — .

» Then ugi(u) 4—3u
ag(u) = 7 () =5
> It is strictly decreasing in (0, 1).
> Then the IFR, IFRA and NBU properties are preserved..
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Examples-1ID case

> If the components of T; = min(Xy, max(Xz, X3) are I1ID, the
dual distortion function is

gi(u) = 2u® — .

» Then ugi(u) 4—3u
ag(u) = 71(0) =5

> It is strictly decreasing in (0, 1).
> Then the IFR, IFRA and NBU properties are preserved..
> However, the DFR property is not preserved.
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Figure: A coherent system with structure function
T2 = max(Xl, min(Xg,X3).
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Examples-1ID case

> If the components of T, = max(X1, min(Xa, X3) are |ID, the
dual distortion function is

Go(u) = u+ v — 3.
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Examples-1ID case

> If the components of T, = max(X1, min(Xa, X3) are |ID, the
dual distortion function is

Go(u) = u+ v? — 2.

" Then ugp(u) 14207302
p— q2 p— :

go(u) 14 uw?u?2’

ao(u
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Examples-1ID case

> If the components of T, = max(X1, min(Xa, X3) are |ID, the
dual distortion function is

Go(u) = u+ v? — 2.

" Then ugp(u) 14207302
P _ i

go(u) 14 uw?u?2’

ap(u) =

» It is not monotone in (0, 1).
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Examples-1ID case

> If the components of T, = max(X1, min(Xa, X3) are |ID, the
dual distortion function is

Go(u) = u+ v? — 2.

" Then ugp(u) 14207302
p— q2 p— :

go(u) 14 uw?u?2’

ao(u

» It is not monotone in (0, 1).
> Then the IFR and DFR properties are not preserved.
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Examples-1ID case

> If the components of T, = max(X1, min(Xa, X3) are |ID, the
dual distortion function is

Go(u) = u+ v? — 2.

" Then ugp(u) 14207302
p— q2 p— :

go(u) 14 uw?u?2’

ao(u

» It is not monotone in (0, 1).
> Then the IFR and DFR properties are not preserved.
> However, the IFRA and NBU properties are preserved.
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20

Alpha
1.0
HR

0.0
|

0.0 0.2 0.4 0.6 0.8 1.0

Figure: Alpha (left) and hazard rate (right) functions for the systems Ty
(blue) and T, (black) with three 1ID components with standard
exponential distributions.
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1.0

0.8
| 1

Reliability
0.6
|

04

0.2

0.0
|

Figure: Reliability functions (left) for the system T with [ID components
having a standard exponential distribution when new (black line) and
with ages t = 0.2,1.444,5 (blue, green, red). Hazard rate functions
(right) for T, when the components have Weibull distributions with
shape parameter 0.5,1,1.2,2 (green, black, red, blue). The dotted lines
represent the hazard rate functions of the components.
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Examples-DID case

> Now we assume that the components are DID with the
following M-O survival copula

Clu,v,w) = u* v 2w min(u?, v, w°)

with u,v,w € [0,1]and 1 >a>b>c > 0.
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Examples-DID case

> Now we assume that the components are DID with the
following M-O survival copula

Clu,v,w) = u* v 2w min(u?, v, w°)

with u,v,w € [0,1]and 1 >a>b>c > 0.
» The IID case is obtained with b = ¢ = 0.
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Examples-DID case

> Now we assume that the components are DID with the
following M-O survival copula

Clu,v,w) = u* v 2w min(u?, v, w°)
with u,v,w € [0,1]and 1 >a>b>c > 0.

» The IID case is obtained with b= ¢ = 0.
> For example, for the series system we get

g(u) = C(u,u,u) = >, uelo,1].
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Examples-DID case

> Now we assume that the components are DID with the
following M-O survival copula

Clu,v,w) = u* v 2w min(u?, v, w°)

with u,v,w € [0,1]and 1 >a>b>c > 0.
» The IID case is obtained with b= ¢ = 0.
> For example, for the series system we get

g(u) = C(u,u,u) = >, uelo,1].

> Hence it preserves the DD class since g is convex.
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Examples-DID case

> Now we assume that the components are DID with the
following M-O survival copula

Clu,v,w) = u* v 2w min(u?, v, w°)

with u,v,w € [0,1]and 1 >a>b>c > 0.
» The IID case is obtained with b= ¢ = 0.
> For example, for the series system we get

g(u) = C(u,u,u) = >, uelo,1].

> Hence it preserves the DD class since g is convex.

> Also
u(3—b—c)u>=b=c

u3—b—c

a(u) = =2—-b-c.
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Examples-DID case

> Now we assume that the components are DID with the
following M-O survival copula

Clu,v,w) = u* v 2w min(u?, v, w°)

with u,v,w € [0,1]and 1 >a>b>c > 0.
» The IID case is obtained with b= ¢ = 0.
> For example, for the series system we get

g(u) = C(u,u,u) = >, uelo,1].

> Hence it preserves the DD class since g is convex.

> Also
u(3—b—c)u>=b=c

u3—b—c
» Hence IFR/DFR, IFRA/DFRA and NBU/NWU are preserved.

=2—-b—c.

a(u) =
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Examples-DID case

> Let us consider again the system T; = min(Xi, max(Xz, X3)).
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Examples-DID case

> Let us consider again the system T; = min(Xi, max(Xz, X3)).

> |ts dual distortion is

gi(u) = 6(u, u, 1)+(_A'(u, 1, u)—f(u, u,u) = u?bpPme—yBbe

MMR2025 - 13th Int. Conf. Math.l Meth. Reliab. Jorge Navarro, Email: jorgenav@um.es. 30/43



Properties in Navarro, Rychlik and Szymkowiak (2025)
Preservation results Properties in Alimohammadi and Navarro (2024).
Properties in Arriaza, Navarro and Ortega-Jiménez (2025)

Examples-DID case

> Let us consider again the system T; = min(Xi, max(Xz, X3)).

> |ts dual distortion is

gi(u) = 6(u, u, 1)+(_A'(u, 1, u)—f(u, u,u) = u?bpPme—yBbe
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Examples-DID case

> Let us consider again the system T; = min(Xi, max(Xz, X3)).

> Its dual distortion is
gi(u) = 6(u, u, 1)+(_A'(u, 1, u)—f(u, u,u) = by P yBbe,

> In the IID case g(u) = 2u? — u® is neither convex nor concave.
Hence it does not preserve the ID/DD properties.
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Examples-DID case

> Let us consider again the system T; = min(Xi, max(Xz, X3)).

> Its dual distortion is
gi(u) = E(u, u, 1)+CA'(u, 1, u)—f(u, u,u) = by P yBbe,

> In the IID case g(u) = 2u? — u® is neither convex nor concave.
Hence it does not preserve the ID/DD properties.

» For1l>a>b=0.8>c=0.1we get the following alpha
function:
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Preservation results

Figure: Alpha (left) and hazard rate (right) functions for Ty under a M-O
copula with 1 > a > b=0.8 > ¢ = 0.1 and standard exponential

components.
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Examples-DID case

> Hence it does not preserve IFR/DFR classes.
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Examples-DID case

> Hence it does not preserve IFR/DFR classes.

» In this system beta function 5(u) = log g(u)/u is decreasing
for u € (0,1).
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Examples-DID case

> Hence it does not preserve IFR/DFR classes.

» In this system beta function 5(u) = log g(u)/u is decreasing
for u € (0,1).
> Hence it preserves the IFRA property.
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Examples-DID case

> Hence it does not preserve IFR/DFR classes.

» In this system beta function 5(u) = log g(u)/u is decreasing
for u € (0,1).

> Hence it preserves the IFRA property.

» So the NBU is preserved as well.
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Examples-DID case

v

Hence it does not preserve IFR/DFR classes.

v

In this system beta function 5(u) = log g(u)/u is decreasing
for u € (0,1).
> Hence it preserves the IFRA property.

v

So the NBU is preserved as well.
DFRA and NWU are not preserved.

v
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Comments

» The limit behaviour of the reliability and hazard rate function
can be determined from the dual distortion function, see
Navarro and Sarabia (2024).
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Comments

» The limit behaviour of the reliability and hazard rate function
can be determined from the dual distortion function, see
Navarro and Sarabia (2024).

> Preservation results for heterogeneous components based on
generalized distortions can be seen in Navarro (2022).
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Preservation of the IFR property in discrete distributions

Properties included in:

» M. Alimohammadi, J. Navarro (2024). Resolving an old
problem on the preservation of the IFR property under the
formation of k-out-of-n systems with discrete distributions.
Journal of Applied Probability 61, 644—653.
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Preservation of the IFR property in discrete distributions

P Let us assume now that X has a discrete distribution with
ordered support x; < xp < ....
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Preservation of the IFR property in discrete distributions

P Let us assume now that X has a discrete distribution with
ordered support x; < xp < ....

» Hence that hazard (or failure) rate function is

h(xi) = Pr(X = xi|1X = x) = 5o =1- =

for x; such that Pr(X > x;) > 0.
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Preservation of the IFR property in discrete distributions

P Let us assume now that X has a discrete distribution with
ordered support x; < xp < ....

» Hence that hazard (or failure) rate function is

h(x;) = Pr(X = x;| X > x;) = BrXS ) — =1-

for x; such that Pr(X > x;) > 0.
» This function is increasing in i if and only if

F(xi)F(x;)) — F(xi—1)F(xi11) >0, i =2,3,...
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Preservation of the IFR property in discrete distributions

P Let us assume now that X has a discrete distribution with
ordered support x; < xp < ....

» Hence that hazard (or failure) rate function is

h(x;) = Pr(X = x;| X > x;) = BrXS ) — =1-

for x; such that Pr(X > x;) > 0.
» This function is increasing in i if and only if

F(x;)lj'(x,-) — l:_(x,-_l),E(x,-_,_l) >0,i=2,3,...

» The preservation of the IFR property under the formation of
k-out-of-n systems has been an open question since it was
proved for the continuous case in Esary and Proschan (1963).
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Preservation of the IFR property in discrete distributions

Theorem
Let X1,...,X, be independent random variables with the same

discrete distribution with ordered support. If Xy is IFR, then Xy., is
IFR fork =1,...,n.
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Preservation of the IFR property in discrete distributions

» The proof is based on the distortion representation
Fr:n(t) = g(F(t)) with

G(u) = k (2) /Oux”_k(l — x)kldy

and in the fact that g(e) is log-concave.
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Preservation of the IFR property in discrete distributions

» The proof is based on the distortion representation
Fr:n(t) = g(F(t)) with

G(u) = k (2) /Oux"—ku — x)kldy

and in the fact that g(e) is log-concave.
» This can be proved by using that if ¥(x) = log g(e*), then

) €T
Y= e

where o is the function used in the first theorem.

= Oé(eX)7
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Preservation of the IFR property in discrete distributions

» The proof is based on the distortion representation
Fr:n(t) = g(F(t)) with

G(u) = k (2) /Oux"—ku — x)kldy

and in the fact that g(e) is log-concave.
» This can be proved by using that if ¥(x) = log g(e*), then

eX =/ eX
W0 = “EE) = (e,
where « is the function used in the first theorem.
» So, from the classic result, we know that « is decreasing for
k-out-of-n systems.
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Preservation of the IFR property in discrete distributions

» The proof is based on the distortion representation
Fr:n(t) = g(F(t)) with

G(u) = k (2) /Oux"—ku — x)kldy

and in the fact that g(e) is log-concave.
» This can be proved by using that if ¥(x) = log g(e*), then
X =/ X
W) = €3 (Xe )
q(e)
where « is the function used in the first theorem.
» So, from the classic result, we know that « is decreasing for
k-out-of-n systems.

> We can use this technique to extend the first theorem to
systems with discrete ID components as follows:

= Oé(eX)7
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Preservation of the IFR property in discrete distributions

Theorem

Let Xy,...,X, be independent random variables with the same
discrete distribution with ordered support and let T be the lifetime
of a coherent system based on these components with dual
distortion . Then the following conditions are equivalent:

(1) T preserves the IFR class.
(i1) The function o(u) = ug'(u)/q(u) is decreasing in (0,1).

MMR2025 - 13th Int. Conf. Math.l Meth. Reliab. Jorge Navarro, Email: jorgenav@um.es. 38/43



Properties in Navarro, Rychlik and Szymkowiak (2025)
Preservation results Properties in Alimohammadi and Navarro (2024).
Properties in Arriaza, Navarro and Ortega-Jiménez (2025)

Comments

» The IFR class can be defined int he general case with the
property Xs >s1 X; for all s < t, that is,

F(x+s)F(t) — F(x +t)F(s) >0 foralls<t, x>0.
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Comments

» The IFR class can be defined int he general case with the
property Xs >s1 X; for all s < t, that is,

F(x+s)F(t) — F(x +t)F(s) >0 foralls<t, x>0.

» The definition cannot be extended to the DFR class in discrete
times.
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Comments

» The IFR class can be defined int he general case with the
property Xs >s1 X; for all s < t, that is,

F(x+s)F(t) — F(x +t)F(s) >0 foralls<t, x>0.

» The definition cannot be extended to the DFR class in discrete
times.

> Note that the preceding theorem can be applied to systems
with dependent components.
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Comments

» The IFR class can be defined int he general case with the
property Xs >s1 X; for all s < t, that is,

F(x+s)F(t) — F(x +t)F(s) >0 foralls<t, x>0.

» The definition cannot be extended to the DFR class in discrete
times.

> Note that the preceding theorem can be applied to systems
with dependent components.

» The IFR property is not preserved in k-out-of-n systems when
the components are dependent.
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Properties in Arriaza, Navarro and Ortega-Jiménez (2025)

Results included in:

» A. Arriaza, J. Navarro, P. Ortega-Jiménez (2025). Risk times
in mission-oriented systems. Submitted.
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Comparisons of risks

> Here we assume that we have a system with lifetime T
satisfying some requirements at t = 0.
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Comparisons of risks

> Here we assume that we have a system with lifetime T
satisfying some requirements at t = 0.

» Then at a time t we know that a component (or more) have
failed nd we consider (T |Xy., = t).
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Comparisons of risks

> Here we assume that we have a system with lifetime T
satisfying some requirements at t = 0.

» Then at a time t we know that a component (or more) have
failed nd we consider (T |Xy., = t).

> What we want is to stochastically compare T with
(T|X1:p = t) orif (T|Xq.n = t) satisfies the conditions stated
for T.
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Comparisons of risks

> Here we assume that we have a system with lifetime T
satisfying some requirements at t = 0.

» Then at a time t we know that a component (or more) have
failed nd we consider (T |Xy., = t).

> What we want is to stochastically compare T with
(T|X1:p = t) orif (T|Xq.n = t) satisfies the conditions stated
for T.

> The results are base on distortion representations and on the
PELCoV concept introduced in Ortega-Jimeénez et al. (2022)
in the context of Risk Theory.
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> The slides and more references are in my web page
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> Or type jorgenav in Google.
» That's all. Thank you for your attention!!
» Questions?
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