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ABSTRACT. Let X be a Banach space and p a probability measure. A set
K C L'(u, X) is said to be a §S-set if it is uniformly integrable and for every
§ > 0 there is a weakly compact set W C X such that pu(f~1(W)) >1-46
for every f € K. This is a sufficient, but in general non necessary, condition
for relative weak compactness in L!(p1, X). We say that X has property (5S,)
if every relatively weakly compact subset of L(u, X) is a §S-set. In this
paper we study 6S-sets and Banach spaces having property (6S,). We show
that testing on uniformly bounded sets is enough to check this property. New
examples of spaces having property (6S,,) are provided. Special attention is
paid to the relationship with strongly weakly compactly generated (SWCG)
spaces. In particular, we show an example of a SWCG (in fact, separable
Schur) space failing property (6S,,) when p is the Lebesgue measure on [0, 1].

1. INTRODUCTION

Weak compactness is perhaps one of the most interesting topics in the theory
of Lebesgue-Bochner spaces. Many efforts to understand weakly compact sets in
such spaces were done prior the striking characterization found by Ulger [28] and
Diestel, Ruess and Schachermayer [8]. One of those attempts was based on the
natural idea of generating a weakly compact set of vector-valued functions from a
weakly compact set of the Banach space in the range. This idea was developed
in [2, 3, 5] leading to the notion of §S-set. Throughout this paper X is a Banach
space and (92, %, u) is a probability space.

Definition 1.1. A set K C L'(u,X) is said to be a §S-set if it is uniformly
integrable and for every § > 0 there exists a weakly compact set W C X such that
w(f~E(W)) > 1—4 for every f € K.

The following result was essentially proved in [5]:

Theorem 1.2 (Diestel). Every §S-set of L*(u, X) is relatively weakly compact.
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The converse of Theorem 1.2 is true if p is purely atomic and also, for an arbitrary
probability u, whenever X is reflexive or X = L!(v) for any non-negative measure v,
see [2, Theorem 4.3] (cf. [3, Theorem 14]). A typical example of relatively weakly
compact but non 6S-set is {r,z, : n € N} C L([0,1],X), where (r,) is the
sequence of Rademacher functions and (x,) is a weakly Cauchy sequence in X
which is not weakly convergent (see [2, Proposition 4.1]); this construction can be
done whenever X is not weakly sequentially complete (WSC for short). A nice
example of Batt and Hiermeyer showed that the converse of Theorem 1.2 may also
fail for a WSC space (see [2, Section 3]).

Our motivation to study dS-sets comes from several attempts to solve an open
problem of Schliichtermann and Wheeler [23] asking if the property of being strongly
weakly compactly generated (SWCG for short) passes from X to L'(u, X), see
[16, 17, 20]. To be more precise we need a definition:

Definition 1.3. A family C of subsets of a Banach space Z is said to be strongly
generated if there exists Cy € C such that, for every C € C and every € > 0, there
is n € N such that C CnCy + eBy.

A Banach space is called SWCG if the family of its weakly compact sets is
strongly generated. This class of spaces is included in that of WSC spaces and
contains all reflexive spaces, all L'-spaces of a probability measure and all separable
Schur spaces. It is not difficult to check that X is SWCG if and only if the family
of all §S-sets of L'(u, X) is strongly generated (see [20, Theorem 2.7]). Thus, in
[20, Problem 2.10] we raised the following question:

Problem 1.4. Suppose that X is SWCG. Is every relatively weakly compact subset
of L' (u, X) a 6S-set?

In Section 2 we study the connection between SWCG spaces and JS-sets. We
show that Problem 1.4 has negative answer in general. The example is based on the
construction of Talagrand [26] of a separable Schur dual Banach space E* for which
L'([0,1], E*) fails the Dunford-Pettis property. We also revisit the aforementioned
example of Batt and Hiermayer, and provide yet another proof that their Banach
space is not SWCG (see [23, Example 2.6] and [24, 4.6]), neither a subspace of a
SWCG space (see [19, Example 2.9]).

In Section 3 we give some further results on 6S-sets and Banach spaces having
the following property:

Definition 1.5. We say that X has property (5S,,) if every relatively weakly com-
pact subset of L*(u, X) is a 0S-set.

Testing on uniformly bounded sets is enough to check this property (Theo-
rem 3.2). We also prove its stability by countable ¢"-sums for any 1 < r < oo
(Theorem 3.3). We finish the paper with some remarks on the concept of 6S-set in
the space LP(u, X) for 1 < p < 0.

Terminology. Our Banach spaces are over the real field. Given a Banach space Z,
its norm is denoted by | - || z. The symbol Bz stands for the closed unit ball of Z.
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The topological dual of Z is denoted by Z*. By a subspace of Z we mean a closed
linear subspace. We say that a Banach space Y is a subspace of Z if it is isomorphic
to a subspace of Z. An operator is a linear continuous map between Banach spaces.

Given A € X, its characteristic (or indicator) function is denoted by x4. We
write X4 := {B € ¥ : B C A} for the trace o-algebra on A. If pu(A) > 0, then
i denotes the probability measure on X4 defined by pa(B) := u(B)/u(A) for all
BeXy,.

A function f:Q — X is called:

o simpleif f =31 xa,x;, wheren € N, z; € X and A4; € 5;
o strongly measurable if there is a sequence of simple functions f,, : @ — X
converging to f p-a.e.;
e Bochner integrable if it is strongly measurable and [, || f(-)[|x dyp < oo.
We denote by L!(u, X) the Banach space of all (equivalence classes of ) Bochner
integrable functions f :  — X, equipped with the norm

”NDwXVﬁéHﬂthw

The monographs [4, 9, 18] are excellent sources of information on the Lebesgue-
Bochner space L'(u, X). As usual, we denote in the same way a single Bochner
integrable function and its equivalence class in L!(u, X). Any strongly measurable
function coincides p-a.e. with a 3-Borel(X) measurable function. In particular,
each f € L'(p, X) induces a probability measure py on Borel(X) via the formula

ps(C) = u(f~1(C)).

Recall that a set H C L!(u, X) is said to be uniformly integrable if it is bounded
and for every & > 0 there is § > 0 such that supc g [, If(-)]x du < € for every
A € ¥ with u(A) < 4. It is well-known that every relatively weakly compact subset
of L' (u, X) is uniformly integrable (see e.g. [9, p. 104, Theorem 4]).

We denote by A the Lebesgue measure on the o-algebra L of all Lebesgue mea-
surable subsets of [0, 1]. As usual, we write L'([0,1], X) instead of L'(), X).

2. SWCG SPACES AND 0S-SETS

The results on the examples of Talagrand and Batt-Hiermeyer are included at
the end of this section (see Subsections 2.1 and 2.2). To deal with them we need
some previous work on dS-sets, property (4S,,) and SWCG spaces.

Lemma 2.2 below shows that property (4S,,) depends only on the measure algebra
of (Q,%, 1). For complete information on measure algebras we refer to [10]. In the
proof of Lemma 2.2 we will use the following standard result.

Fact 2.1. Let f: Q — X be a strongly measurable function and A € X.. Then there
is a sequence of simple functions f, : Q@ — X such that:
() fo > f poae;
(i) Ifn()llx < 1/n+||f(w)||x for every w € Q and every n € N;
(iii) fn(A4) C f(A)U{0} for every n € N.
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Lemma 2.2. Let (A,0,v) be a probability space whose measure algebra is isomor-
phic to that of (2,3, ). Then there is an isometry T : L*(u, X) — L' (v, X) such
that both T and T~ preserve 6S-sets. In particular, X has property (3S,) if and
only if it has property (6S,).

Proof. The isomorphism between the measure algebras induces in a natural way an
isometry T : L'(u, X) — L'(v, X) satisfying:

(i) aset K C L*(u, X) is uniformly integrable if and only if T'(K) is;

(ii) vp(p) = py for every simple f € L'(u, X).

We claim that T(K) is a 6S-set of L(v, X) whenever K C L' (i, X) is a §S-set.
Indeed, T'(K) is uniformly integrable by (i). Fix § > 0 and a weakly compact set
W C X such that sup ;e py(X \ W) < 4. Of course, we can assume that 0 € W.
Take any f € K. We will prove that vy (X \ W) < 6. By Fact 2.1, there is
a sequence (f,,) of simple functions converging to f in the norm of L!(u, X) such
that s, (X \ W) <0 for all n € N. Then (ii) implies that vy, (X \ W) < 0 for
all n € N. On the other hand, we also have ||T'(f.) —T'(f)|z1(v,x) — 0 and so, by
passing to a subsequence, we can assume further that (7°(f,)) converges to T'(f)
v-a.e. Since X \ W is open, the function g : X — R defined by

@ 1 ifzeX\W
)=
I 0 ifzeW

is lower semicontinuous and so
goT(f) <liminf goT(f,) wv-a.e.
n— o0

By integrating and applying Fatou’s lemma, we get

I/T(f)(X\W):/AgoT(f)dug/AliminfgoT(fn)du

n—oo

n— oo

< lim inf / goT(fn)dv =liminf vy (X \ W) < 0.
A n—oo

This proves that T'(K) is a 0S-set, as claimed.
By a symmetric argument, we also have that T-1(K’) is a 6S-set of L'(u, X)
whenever K’ C L'(v, X) is a S-set. O

A probability space/measure is said to be separable if its L!-space is separable
or, equivalently, its measure algebra equipped with the Fréchet-Nikodym metric is
separable. A well-known result of Carathéodory states that the measure algebra of
any non-atomic separable probability space is isomorphic to the measure algebra
of ([0,1], £, A) (see e.g. [22, Theorem 15.3.4]).

Corollary 2.3. The following assertions hold:

(i) If p is separable and X has property (6Sy), then X has property (6S,,).
(ii) If p is not purely atomic and X has property (6S,), then X has prop-
erty (6Sx).
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Proof. Note first that Lemma 2.2 and Carathéodory’s theorem above imply that
properties (3S,,) and (6Sy) are equivalent whenever i is non-atomic and separable.

(i): It only remains to consider the case in which p is neither non-atomic nor
purely atomic. Write Q = A; U As, where A; € ¥ with p(A4;) > 0, A1 N Ay = 0,
(b4, is non-atomic and p 4, is purely atomic. The later implies automatically that
X has property (6S,.,,). Since pa, is non-atomic and separable, X has property
(68,.4,)- It is now clear that X has property (S, as well.

(ii): Fix A € ¥ with p(A) > 0 such that pa is non-atomic. There is a sub-
o-algebra ¥y C Y4 such that the restriction |y, is non-atomic and separable.
Let T : L'(pals,, X) — L'(u, X) be the isomorphic embedding that maps each
J € LY (pals,, X) to the function T(f) € L'(u, X) defined by T'(f)(w) := f(w) if
we A and T(f)(w) :=0if w € Q\ A. It is easy to check that K C L'(uals,, X)
is a 0S-set whenever T(K) C L'(u, X) is a 6S-set. So, X has property (684415, )
which is equivalent to (4Sy). O

We next focus on Banach spaces which are subspaces of SWCG spaces. It is
important to stress that subspaces of SWCG spaces need not be SWCG, even in
the separable case, see [19, Section 3.

The following well-known fact is due to Grothendieck (see e.g. [7, p. 227,
Lemma 2]) and will be used several times in the sequel.

Fact 2.4. A set W C X is relatively weakly compact if and only if for every e > 0
there is a relatively weakly compact set W, C X such that W C W, + eBx.

Lemma 2.5. A set K C L' (u, X) is a §S-set if and only if it is uniformly integrable
and for every 6 > 0 and every € > 0 there exists a weakly compact set W C X such
that u(f~Y(W +eBx)) > 1—6 for every f € K.

Proof. We only have to prove the “if” part. Fix § > 0. Let (W,,) be a sequence of
weakly compact subsets of X such that u(f~*(W,, +2""Bx)) > 1—§/2" for every
f € K. Then .

W QN (Wn + 2719;()
is weakly compact (Fact 2.4) and for each f € K we have

p(@\ £ ) < S u(0\ 57 (Wt 5 Bx)) <6

neN
This shows that K is a dS-set. O

Proposition 2.6. Suppose X is a subspace of a SWCG space. Let K C L*(u, X).
If every countable subset of K is a dS-set, then K is a 6S-set.

Proof. Clearly, we can assume without loss of generality that X is SWCG. Let
G C X be a weakly compact set which strongly generates the family of all weakly
compact subsets of X. Since every countable subset of K is uniformly integrable, so
is K. By contradiction, suppose that K is not a 6S-set. According to Lemma 2.5,
there exist 6 > 0, ¢ > 0 and a sequence (f,) in K such that

n(fi'(nG+¢eBx)) <1-4§ forallneN.
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On the other hand, since every countable subset of K is a dS-set, there is a weakly
compact set W C X such that u(f,'(W)) > 1—4 for all n € N. It follows that
W & nG + eBx for all n € N, which contradicts the choice of G. (]

Corollary 2.7. Suppose that X is a subspace of a SWCG space and that p is not
purely atomic. Then X has property (3S,,) if and only if it has property (Sx).

Proof. In view of Corollary 2.3(ii) it only remains to prove the “if” part. By
Proposition 2.6, in order to show that X has property (6S,) it suffices to check
that every countable relatively weakly compact set K C L(u, X) is a 6S-set. The
fact that K is countable ensures the existence of a sub-o-algebra 3y C X such that
the restriction pu|s, is separable and K C L'(uls,, X) (identified as a subspace
of L'(u, X)). Since X has property (S, ) (by Corollary 2.3(i)), K is a §S-set

N‘Eo

of L(u|s,,X), and so of L'(u, X). O
For any weakly compact set W C X we have an obvious 6S-set, namely,

(2.1) LW):={feL'(u,X): f(w) €W for pra.e. w € Q}.

We next consider a generalization of such sets. Let wk(X) be the family of all

weakly compact non-empty subsets of X. Given a multi-function F : Q — wk(X),
we define

SYF):={f e L' (1, X): f(w) € F(w) for p-a.e. we Q}.
Any uniformly integrable subset of S1(F) is relatively weakly compact in L!(u, X),

see [8, Corollary 2.6]. The following result is implicit in the proof of [16, Lemma 2]
— we include a detailed proof for the reader’s convenience.

Proposition 2.8. Suppose X is a subspace of a SWCG space. Let F : Q — wk(X)
be a multi-function such that

(2.2) {we: Flw)CC}eX forevery conver closed set C C X.

Then:

(i) For every § > 0 there exist A € ¥ with p(A) > 1— 0§ and a weakly compact
set W C X such that F(w) CW for every w € A.
(ii) Every uniformly integrable subset of S*(F) is a 0S-set.

Proof. (ii) follows immediately from (i). To prove (i) we can suppose without loss
of generality that X is SWCG, i.e. wk(X) is strongly generated by some weakly
compact set G C X. By the Krein-Smulyan theorem we can assume further that
G is absolutely convex. For each n, k € N, the set C), ,, :==nG + (1/k)Bx is convex
and closed, hence (2.2) ensures that

Apr ={weQ: Flw) CCh} €.

For each k € N we have Q = J,,cy An,k, the union being increasing since G is
balanced. Fix § > 0. For each k € N we can choose nj € N large enough such that
w(Q\ Apy i) < 6/2%. Define A := (N, oy Anyk € 3, so that p(Q\ A) < 5. Now,
the set W := [, cyy Cn,  is weakly compact (by Fact 2.4) and F(w) € W for every
w € A. This finishes the proof. O
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The examples of Subsections 2.1 and 2.2 below are built over Banach spaces
constructed using the dyadic tree T := |J, cn10,1}", that is, the set of all (non-
empty) finite sequences of 0’s and 1’s. T is equipped with the partial order »=
defined by declaring that 7 = o if 7 extends o. By a chain (resp. antichain) of T
we mean a set of pairwise comparable (resp. incomparable) elements of 7. We
denote by coo(7) the linear space of all finitely supported real-valued functions
on 7. For each 0 € T, let e, € coo(T) be defined by e,(7) := 0 for all 7 # o, and
es(0) = 1.

2.1. The Talagrand space. The Banach space E is defined as the completion of
coo(T) equipped with the norm

el =sup [ 37 (sup|x<r>|)2

neN sef0,1}m T=O

1/2

This space was introduced by Talagrand in [26] and served to refute conjectures
about the Dunford-Pettis, Banach-Saks and Kadec-Klee properties in Lebesgue-
Bochner spaces (cf. [18, Section 5.5]). The set {e, : 0 € T} is an unconditional
basis of E. The dual E* is separable and has the Schur property, see [26, Corollary 2]
(cf. [18, Theorem 5.5.3]), hence it is SWCG.

Theorem 2.9. E* fails property (6S) ).

Proof. We work with Q := ], .5{0,1}" and the usual probability measure pu
on ¥ := Borel(Q), that is, the product of the probability measures assigning mea-
sure 27" to each singleton of {0,1}™. Since (2, X, ) is non-atomic and separable,
Corollary 2.3 makes clear that it suffices to show that E* fails property (6S,).

Let {e : 0 € T} C E* be the set of biorthogonal functionals associated to the
basis {e, : 0 € T}. For each n € N, let P, : Q@ — {0,1}"™ be the nth-coordinate
projection and define a simple function f, : Q@ — E* by

fn(Ww) = €p, ()
The sequence ( f,,) is weakly null in L!(u, E*), see [26], proof of Theorem 3 (cf. [18,
Theorem 5.5.4]). We claim that the relatively weakly compact set
K :={f,: neN}C Ly, E*)

is not a dS-set. Actually, we will prove that for every § > 0 and every weakly
compact set W C E* there is n € N such that u(f,, }(W)) < 4.

By contradiction, suppose that there exist 6 > 0 and a weakly compact set
W C E* such that u(f,1(W)) > 6 for all n € N. Since E* has the Schur property,
W is norm compact. Note that

w(N U ftov) 26
neNm>n
In particular, there exist w € €2 and a subsequence n; < ng < ... of N such that
fr (w) = e};nk(w) € W for all £ € N. Since P,, (w) # P,,, (w) whenever k # k'

and {e, : 0 € T} is a normalized unconditional basis of F, the sequence (e}, (w))
"k
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g = 1 for all o € T, it follows that
(ep ( w)) cannot have norm convergent subsequences, which contradicts the norm
Tk

is w*-null in E*. Bearing in mind that ||e |

compactness of W. This finishes the proof. O
2.2. The Batt-Hiermeyer space. Let X :={z: T — R: ||z| x, < oo}, where

1/2

2] x, == sup (D (Z Iw(0)|> ;

i=1 \oeC;

the supremum being taken over all finite sets {Ci,...,C,} of pairwise disjoint
finite chains of 7. The Banach space (Xo,| - ||x,) was introduced in [2]. A more
general construction dealing with the so-called “adequate families” was considered
by Kutzarova and Troyanski [15] (cf. [1, Section 3]).

The set {e, : 0 € T} is a boundedly complete unconditional basis of Xy. In
particular, Xy is separable and WSC. As we mentioned in the introduction, it is
known that Xy cannot be embedded into a SWCG space. We next give another
proof of this fact. To this end, we use Proposition 2.8 and the example of [2,
Section 3] showing that Xy fails property (dSy).

Theorem 2.10. X is not a subspace of a SWCG space.

Proof. We work with Q := {0, 1} equipped with the standard probability u on
¥ := Borel(Q2). For each n € N, we define A,, : Q — {0,1}" by

Ap(w) = (W1, y,wp—1,1 —wy), w=(wg) €9Q,

and we define a simple function f,, : @ — X by fn(w) := ea, (). Observe that
for each w €  the set {A,(w) : n € N} is an infinite antichain of 7 and so the
sequence (ea,, (w)) is equivalent to the usual basis of £2. In particular, the sequence
(fn(w)) is weakly null in X for every w € Q. Bearing in mind that (f,) is uniformly
bounded, it is easy to check that (f,) is weakly null in L' (u, Xo).

In [2, Section 3] it was proved that K := {f, : n € N} is not a §S-set of
L'(i, Xo). On the other hand, the multi-function

F:Q— wk(Xy), F(w):={fn(w):neN}u{o},

satisfies condition (2.2) of Proposition 2.8. Indeed, for every weakly closed set
C C X, we have

{weQ: Flwyccr=a\J f,'(Xo\C) ez,
neN
because each f,, is a simple function. Note that K is a uniformly integrable subset
of S1(F) which is not a §S-set. From Proposition 2.8(ii) it follows that X cannot
be a subspace of a SWCG space. O

3. FURTHER RESULTS

We begin this section with a Grothendieck-type stability result for §S-sets which
involves the sets L(W) defined in (2.1).

Proposition 3.1. Let K C L'(u, X). The following statements are equivalent:
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(i) K is a S-set.
(ii) For every e > 0 there is a weakly compact set W C X such that

K g L(W) + EBLl(u,,X)~
(iii) For every e > 0 there is a 0S-set K. C L*(u, X) such that
KCK.+ EBLI(#’X).

Proof. (1)=-(ii): See [20, Fact 2.5] for an easy proof.

(if)=(iii): Obvious.

(iii)=-(i): Clearly, K is uniformly integrable. Fix § > 0. Bearing in mind (i)=-(ii)
applied to the sets K., we can choose a sequence (W,,) of weakly compact subsets
of X such that

]
(3.1) KCL(W,) + EBU(N,X) for every n € N.
By Fact 2.4, the set

1
e () ()

m W, + o Bx

neN
is weakly compact. We claim that u(f~*(W)) > 1— 4§ for every f € K. Indeed,
for each n € N we use (3.1) to find h,, € L*(u, X) such that f — h,, € L(W,,) and
|hnl L1 (u,x) < 0/4™. Chebyshev’s inequality applied to h,, yields

M(Q\f’l(Wn + 2inBX)) < u({w €Q: ||hn(w)|x > i}) < 2%

27’L
Therefore
—1 —1 1
p(@\ S ) < 3 (@0 £ (W 273)()) <
neN
This proves the claim. It follows that K is a dS-set. 0

We say that a set H C L'(u, X) is uniformly bounded if there is a constant
C > 0 such that for every f € H we have || f(-)||x < C p-a.e. Recall that a subset
of a Banach space is said to be conditionally weakly compact if every sequence in it
admits a weakly Cauchy subsequence.

Theorem 3.2. X has property (0S,,) if and only if every uniformly bounded rela-
tively weakly compact subset of L'(u, X) is a §S-set.

Proof. Suppose that p is not purely atomic (otherwise any Banach space has prop-
erty (6S,)) and that every uniformly bounded relatively weakly compact subset
of L'(u, X) is a §S-set. We begin by proving the following:

Claim. X is WSC. The argument is the same that property (6S,) implies weak
sequential completeness (cf. [2, Section 4]), but we include it for the reader’s
convenience. By arguing as in the proof of Corollary 2.3(ii), we can assume without
loss of generality that 4 = A. Let (r,) be the sequence of Rademacher functions
on [0,1]. Given any weakly Cauchy sequence (z,) in X, the sequence (r,z,) is
weakly null in L([0, 1], X) (see [2, Proposition 4.1]). The set {r,z, : n € N} is
uniformly bounded and relatively weakly compact, hence it is a dS-set. Let W C X
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be a weakly compact set such that A\((r,x,)~1(W)) > 0 for all n € N. Then the
(weakly Cauchy) sequence (z,,) is contained in the weakly compact set W U (=)
and so it is weakly convergent. This proves that X is WSC, as claimed.

Let K C L'(u, X) be a relatively weakly compact set. In particular, K is
conditionally weakly compact and so the same holds for {fxa : f € K, A € ¥},
see [3, Proposition 10] (cf. [2, Corollary 4.2]). A standard argument (cf. [11,
Theorem 2.18]) now ensures that for every ¢ > 0 there is a wuniformly bounded
conditionally weakly compact set K. C L'(u, X) such that

K CK, +5BL1(H,X)'

On the other hand, since X is WSC, the same holds for L!(u, X), thanks to a
deep result of Talagrand, [27, Theorem 11] (cf. [18, Theorem 5.3.14]). Hence the
K.’s above are relatively weakly compact and so they are dS-sets. An appeal to
Proposition 3.1 ensures that K is a 0S-set. O

The following result provides new examples of Banach spaces having prop-
erty (6S,). For instance, it shows that the space ¢"(¢') has property (5S,) for
any 1 < r < oo. This space is not a subspace of a SWCG space, see [14, Corol-
lary 2.29] (cf. [17, Corollary 2.9]).

Recall that the £"-sum (1 < 7 < c0) of a sequence of Banach spaces (X,,) is the

Banach space ¢"(X,,) consisting of all sequences (z,,) € [],,cy Xn such that

1/r
vy = (D lell,) " <o

neN

[ (n)

Theorem 3.3. Let (X,,) be a sequence of Banach spaces having property (6S,,).
Then €7 (X,) has property (8S,,) for every 1 <r < oco.

Proof. Write X := ("(X,,) and, for each n € N, let 7, : X — X,, be the nth-
coordinate projection and 7, : L'(u,X) — L'(u,X,) the operator defined by
Fn(f) :=m, o f for all f e L'(u, X).

Fix an arbitrary relatively weakly compact set K C L'(u, X). For each n € N,
the set 7, (K) = {m, o f : f € K} is relatively weakly compact (hence a dS-set)
in L'(u, X,,), and so for every § > 0 there is a weakly compact set W C X,, such
that

(3.2) w((mno f)TTWE)) > 1 - 2% for every f € K.

We now divide the proof that K is a §S-set into two cases.
Case r = 1. It is easy to prove that the map

L', X) = (L' (1, X)),  ®(f) = (mn 0 f),

is an isometric isomorphism. We will show that K is a §S-set by checking condi-
tion (iii) in Proposition 3.1. Fix € > 0. Since ®(K) is relatively weakly compact,
there is N € N such that

(3.3) sup D [lmn o fllrigux,) <€
n>N
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(see e.g. [13, Lemma 7.2(ii)]). For each f € L(u, X), we define P(f) € L*(u, X)
by declaring

mpof ifn<N,
0 ifn>N.

Since P : L'(pu, X) — L'(u, X) is an operator, P(K) is relatively weakly compact
in L*(p, X). Observe also that (3.3) yields

7 0 P(f) :{

K C P(K) +€BL1(;,L,X)-

We claim that P(K) is a 6S-set. Indeed, fix § > 0 and consider the weakly compact
subset of X defined by

N
W= () W0 () m({0).
n=1 n>N
Then for each f € K we have
N 2
W@\ P ) < 3 (@0 (mo WD) S

This shows that P(K) is a 6S-set. The proof of the case r = 1 is finished.

Case 1 < r < 0o. By Theorem 3.2, we can assume that K is uniformly bounded.
Let C' > 0 be a constant such that for every f € K we have ||f(")||lx < C p-a.e.
Fix 6 > 0. Then the set

W= (7, (W3) N CBx
neN

is weakly compact in X (here we use that 1 < r < co) and satisfies

(3.2)
pQ\ ) <D u(Q\ (mo /)TN (W) < 6 for every f € K.
neN
This shows that K is a 6S-set and finishes the proof of the theorem. O

Remark 3.4. In general, it is not true that for every relatively weakly compact set
K C L'(u, X) there a weakly compactly generated (WCG) subspace Y C X such
that u(f~1(Y)) = 1 for every f € K, see [25, Remark on p. 434] and [21]. However,
this is the case if K is a 0S-set. Indeed, if (W,)) is a sequence of weakly compact
subsets of X such that u(f=1(W,)) > 1—1/n for every f € K and every n € N,

then
Y :=Sspan ( ”LEJN Wn)

is WCG and p(f~1(Y)) =1 for every f € K.

We finish the paper by discussing the concept of §S-set in the Lebesgue-Bochner
space LP(u, X) for 1 < p < oo. Recall that LP(u, X) is the Banach space of all
(equivalence classes of) strongly measurable functions f : Q — X such that

1/p
11l 2o (u,x) = (/Q IFCI% du) < o0.
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We denote by
Jp o LP (i, X) = Lt (n, X)

the inclusion operator. The following result collects two well-known properties of jj,.

Fact 3.5. Let H C LP(u, X) be a bounded set. Then:

(1) jp(H) is uniformly integrable.
(ii) H is relatively weakly compact if and only if j,(H) is relatively weakly
compact.

Statement (i) is a simple consequence of Hélder’s inequality. The non-trivial
implication of (ii) can be proved easily by using the standard representation of
LY(u, X)* and LP(u, X)* as spaces of vector-valued functions. It also follows im-
mediately from the characterizations of relative weak compactness in L!(u, X) and
LP(u,X) given in [8]. In operator theoretic terms, (ii) means that j, is tauberian
(see [12, Section 3.4]).

A set K C LP(u, X) is said to be a 6S-set (see [6, Section 3]) if it is bounded and
for every & > 0 there is a weakly compact set W C X such that u(f~t(W)) >1-4
for every f € K. By Fact 3.5(i), this is equivalent to saying that K is bounded and
Jp(K) is a dS-set of L' (u, X). From Fact 3.5(ii) and Theorem 1.2 it follows at once
that every 0S-set of LP(u, X) is relatively weakly compact.

Corollary 3.6. X has property (6S,,) if and only if every relatively weakly compact
subset of LP(u, X) is a 6S-set.

Proof. The “only if” part is immediate. Conversely, suppose that every relatively
weakly compact subset of LP(u, X) is a 6S-set. We next check that X has prop-
erty (6S,) by testing on uniformly bounded sets (Theorem 3.2). Let K be a uni-
formly bounded relatively weakly compact subset of L!(u, X). Since K is uniformly
bounded, it can be identified with a bounded subset K of L?(u, X), i.e. j,(K) = K.
By Fact 3.5(ii), K is relatively weakly compact in LP(u, X) and so it is a 6S-set.
Hence K is a 0S-set of L*(u, X). O

It is worth pointing out that, in general, the implication (i)=(ii) in Proposi-
tion 3.1 does not work for LP(u, X). More precisely:

Remark 3.7. For each weakly compact set W C X, let
LW):={feLP(u,X): flw) €W for p-a.e. w e N}.

Suppose that the following condition holds:

(*) For every 6S-set K C LP(u, X) and every € > 0 there is a weakly compact
set W C X such that K C L(W) + B, x)-

Then we have:
(i) If X is SWCG, then the family of all 6S-sets of LP(u, X) is strongly gen-

erated (imitate the argument in [20, proof of Theorem 2.7]).
(ii) Therefore, if X is SWCG and has property (6S,), then LP(u, X) is SWCG.
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Suppose in addition that L'(u) is infinite-dimensional. In this case, LP(u, X) is
SWCG if and only if X is reflexive (see [20, Corollary 3.7]). Summing up, we
conclude that condition (*) fails for spaces like X = L'[0,1] or X = ¢1.
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