Limits of Birkhoff integrable vector-valued functions

José Rodriguez

Instituto Universitario de Matematica Pura y Aplicada
Universidad Politécnica de Valencia

VIl Iberoamerican Conference on Topology and its Applications
Valencia, June 25th, 2008



Introduction

Summary of the talk

o Introduction

© The Core
@ Counterexamples
@ A Positive Result
@ New Approach to Convergence Theorems



Introduction

Integration of functions f: Q — X where
@ (Q,%,u) is a (complete) probability space,

@ X is a Banach space.



Introduction

Integration of functions f: Q — X where
@ (Q,%,u) is a (complete) probability space,

@ X is a Banach space.

Definition (Birkhoff, 1935)

A function f : Q — X is Birkhoff integrable, with integral x € X, iff for
each € > 0 there is a countable partition (A,) of Q in X such that

HZ ,u(A,,)f(tn)—xH <e

for any choice t, € A,

A




Introduction

Integration of functions f: Q — X where
@ (Q,%,u) is a (complete) probability space,

@ X is a Banach space.

Definition (Birkhoff, 1935)

A function f : Q — X is Birkhoff integrable, with integral x € X, iff for
each € > 0 there is a countable partition (A,) of Q in X such that

HZ ,u(A,,)f(tn)—xH <e

for any choice t, € A,, the series being unconditionally convergent.




Introduction

Integration of functions f: Q — X where
@ (Q,%,u) is a (complete) probability space,

@ X is a Banach space.

Definition (Birkhoff, 1935)

A function f : Q — X is Birkhoff integrable, with integral x € X, iff for
each € > 0 there is a countable partition (A,) of Q in X such that

HZ ,u(A,,)f(tn)—xH <e

for any choice t, € A,, the series being unconditionally convergent.

We always have

Bochner = Birkhoff = Pettis




Introduction

Integration of functions f: Q — X where
@ (Q,%,u) is a (complete) probability space,

@ X is a Banach space.

Definition (Birkhoff, 1935)

A function f : Q — X is Birkhoff integrable, with integral x € X, iff for
each € > 0 there is a countable partition (A,) of Q in X such that

HZ ,u(A,,)f(tn)—xH <e

for any choice t, € A,, the series being unconditionally convergent.

v No one of these arrows can be

We always have .
reversed in general.

Bochner = Birkhoff = Pettis




Introduction

Integration of functions f: Q — X where
@ (Q,%,u) is a (complete) probability space,

@ X is a Banach space.

Definition (Birkhoff, 1935)

A function f : Q — X is Birkhoff integrable, with integral x € X, iff for
each € > 0 there is a countable partition (A,) of Q in X such that

HZ ,u(A,,)f(tn)—xH <e

for any choice t, € A,, the series being unconditionally convergent.

v No one of these arrows can be
reversed in general.

Bochner = Birkhoff = Pettis v' X separable = Birkhoff = Pettis.

We always have




Introduction

The General Problem



Introduction

The General Problem

Problem

When do the classical convergence theorems of Lebesgue’s
integration theory hold true for the Birkhoff integral 77




Introduction

The General Problem

Problem

When do the classical convergence theorems of Lebesgue’s
integration theory hold true for the Birkhoff integral 77

Let f,: Q — X be a sequence of Birkhoff integrable functions
converging [-a.e. to a function f: Q — X.



Introduction

The General Problem

Problem

When do the classical convergence theorems of Lebesgue’s
integration theory hold true for the Birkhoff integral 77

Let f,: Q — X be a sequence of Birkhoff integrable functions
converging [-a.e. to a function f: Q — X.

(i) When is f Birkhoff integrable 77



Introduction

The General Problem

Problem

When do the classical convergence theorems of Lebesgue’s
integration theory hold true for the Birkhoff integral 77

Let f,: Q — X be a sequence of Birkhoff integrable functions
converging [-a.e. to a function f: Q — X.

(i) When is f Birkhoff integrable ??
Gi) [fodu — [Fdu ??



Introduction

The General Problem

Problem

When do the classical convergence theorems of Lebesgue’s
integration theory hold true for the Birkhoff integral 77

Let f,: Q — X be a sequence of Birkhoff integrable functions
converging [-a.e. to a function f: Q — X.

(i) When is f Birkhoff integrable ??
(i) [fodu — [fdu ??



Introduction

The General Problem

Problem

When do the classical convergence theorems of Lebesgue’s
integration theory hold true for the Birkhoff integral 77

Let f,: Q — X be a sequence of Birkhoff integrable functions
converging [-a.e. to a function f: Q — X.

(i) When is f Birkhoff integrable ??
(i) [fodu — [fdu ??

» We consider on X either the norm or the weak topology.
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Then f is Birkhoff integrable and

[ fadp — [ fdu weakly (resp. in norm).
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Let f,:Q — X be a sequence of Birkhoff integrable functions
converging pointwise in norm to f : Q — X.

(fy) equi-Birkhoff int. = {X*Ofn}X*GBX*.nGN uniformly int.

v The converse fails in general.

v" The equivalence holds if X is isomorphic to a subspace of /”.

When norm convergence is replaced by weak convergence . .. ‘
@ equi-Birkhoff integrability = uniform integrability
o But

equi-Birkhoff int. = uniform int. (V sequences)

\
X has the Schur property
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f :Q — X a function such that:
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x*of, = x*of ,u—a.e.‘

o {x of”}x*eBX*,neN is uniformly integrable.

Then f is Pettis integrable and [ f, du — [f du weakly.

Norm Convergence Theorem

Let f,: Q — X be a sequence of Pettis integrable functions converging
pointwise in norm to a function f : Q — X. TFAE:

(i) {x* of,,}x*eBx*‘nGN is uniformly integrable.

(ii) f is Pettis integrable and [,f, du — [,f dp in normV A € 2.
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