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Introduction

Theorem (Bartle-Dunford-Schwartz, 1955)

The range of a countably additive Y-valued measure is weakly
relatively compact.

(A
In general, the range is neither norm relatively compact nor separable,
even for indefinite Pettis integrals (Fremlin-Talagrand, 1979).

The indefinite integral of any Y-valued Pettis integrable function has
norm relatively compact range if ...

@ Y % (w,) (Talagrand, 1984).
@ Y =X*and X % ¢ (Rybakov, 1977).
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Introduction

Definition (Musial, 1991)

Y has the Pettis Separability Property if the indefinite integral
of any Y-valued Pettis integrable function has separable range.

Problem (Musial, 1991)
Which Banach spaces have the Pettis Separability Property?

Y has the Pettis Separability Property if ...

(1) Every weakly compact subset of Y is separable. Examples:

o (By.,w") is separable (Amir-Lindenstrauss, 1968).
e Y =C(K) and K is the support of a Radon probability
measure (Rosenthal, 1970).

(2) Y =C(K) and every sequentially continuous function f : K — R is
continuous (Plebanek, 1993).
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Introduction

We study the norm separability of the range of a

countably additive X*-valued measure with o-finite variation,

when X admits a projectional generator.

Examples of spaces with a projectional generator

o Weakly Lindelof determined (Valdivia, 1988).
@ Duals of Asplund spaces (Orihuela-Valdivia, 1990).
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Suppose that X admits a projectional generator.
The following statements are equivalent:

(i) (Bys,w™) has property (M), i.e. every Radon probability
measure on (By.,w") has w*-separable support.

(ii) Every countably additive X*-valued measure with o-finite
variation has norm separable range.

o If X is weakly #-countably determined, then (B,.,w") has
property (M) (Argyros-Negrepontis, 1983).

@ Under CH, there is a weakly Lindelof determined X such that
(By+,w") does not have property (M) (Kalenda, 2002).

@ Under MA+-CH, (By.,w*) has property (M) for every weakly
Lindeldf determined X (Argyros-Mercourakis-Negrepontis, 1982).
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Applications

A partial answer to Musial's question:

If

e X admits a projectional generator and
o (By.,w") has property (M),
then X* has the Pettis Separability Property.
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Applications

Theorem (Rybakov, 1977)
The following statements are equivalent:
(i) X 201

(i) Every countably additive X*-valued measure with o-finite variation
has norm relatively compact range.

Suppose that X admits a projectional generator. Then

Xpe = (By.,w") has property (M).
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(i)=(ii) Suppose that (By.,w") has property (M).

Fix a measurable space (Q,Z) and a countably additive measure
v X — X" with o-finite variation.

(A) 3 countably additive measure (X — [0,0) such that
im0 IV(A)|| = 0. Assume w.l.o.g. that u is complete.

(B) Particular case.- Suppose that |V|(A) < u(A) VA€ X,
e Fix a lifting p on (Q,Z, ).
o 3 Gelfand integrable function f : Q — B,. such that:
0@ p((f,x))=(fx)¥xeX.
@ (V(A),x) = [,(f.x) du Vxe X, VAe X
o fis 2-Borel(By.,w")-measurable and the image probability
measure (1f ' is Radon.
o J w-separable set T € Borel(B,.,w*) such that
W@\ F1(T)) =0,
Therefore

v(Z) c spait’ (T), which is w*-separable.
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(C) General case.- 3 partition of Q into countably many measurable sets
A, A,,... and 3 positive constants C;, G,,... such that
[V|(A) < C,uu(A) ¥ measurable set A C A,. By the Particular case,

’ v(Z) is contained in a w*-separable subset of X*.

Suppose that X admits a projectional generator.

Let S € X* be w*-separable.

Then 3 subspaces X, X; C X such that X = X, ® X, X, is separable
and (x*,x) =0 Vx* € S, Vx € X.

In particular, S is w*-metrizable.

(D) 3 separable subspace X, C X and 3 subspace Z C X* isomorphic
to X such that v(X) C Z.

Since (BXS*,W*) is separable, v(X) is norm separable. [J
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(ii)=-(i) Suppose that every countably additive X*-valued measure with
o-finite variation has norm separable range.

Fix a Radon probability measure (1 on (By.,w*).

(A) The ‘identity’ mapping / : By. — X* is bounded and Gelfand
integrable with respect to u.

Then there is a countably additive measure
v Borel(By.,w") — X* with finite variation such that

(V(A),x) = /(/ x) dit Wx € X, VA€ Borel(By., w").

(B) We have supp{it) C S :=spai (v(Borel(By.,w"))).
(C) Since v has norm separable range, S is w*-separable.
By the Lemma, supfit) is w*-metrizable.
It follows that supfut) is w*-separable. O
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