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CONVEX COMPACT SETS THAT ADMIT A LOWER
SEMICONTINUOUS STRICTLY CONVEX FUNCTION

L. GARCIA-LIROLA, J. ORIHUELA, AND M. RAJA

ABSTRACT. We study the class of compact convex subsets of a topological
vector space which admits a strictly convex and lower semicontinuous function.
We prove that such a compact set is embeddable in a strictly convex dual
Banach space endowed with its weak* topology. In addition, we find exposed
points where a strictly convex lower semicontinuous function is continuous.

1. INTRODUCTION

A well-known result of Hervé [6] says that a compact convex subset K C X of
a locally convex space is metrizable if and only if there exists f: K — R which
is both continuous and strictly convex. It happens that lower semicontinuity is
a very natural hypothesis for a convex function, so it is natural to wonder if the
existence of a strictly convex lower semicontinuous function on compact convex
subset K C X of a locally convex space enforces special topological properties on
K. Ribarska proved [I6], [I7] that such a compact is fragmentable by a finer metric,
and in particular it contains a completely metrizable dense subset. The third named
author proved [14] that the same is true for the set of its extreme points ext(K).
On the other hand, Talagrand’s argument in [2, Theorem 5.2.(ii)] shows that [0, w1]
is not embeddable in such a compact set. In addition, Godefroy and Li showed [5]
that if the set of probabilities on a compact group K admits a strictly convex lower
semicontinuous function then K is metrizable.

Our purpose here is to continue with the study of the class of compact convex
subsets which admits a strictly convex lower semicontinuous function. We shall
denote this class by SC. The first remarkable fact that we have got is a Banach
representation result.

Theorem 1.1. Let X be a locally conver topological vector space and let K C X be
convexr compact subset. Then there exists a function f: K — R which is both lower
semicontinuous and strictly convex if and only if K imbeds linearly into a strictly
convex dual Banach space Z endowed with its weak™ topology.

Notice that the strictly convex norm of the dual Banach space in the statement is
weak™ lower semicontinuous, which is a stronger condition that just being a strictly
convex Banach space isomorphic to a dual space.

If f: K — R is a strictly convex function, then the symmetric defined by

flz) + fy)

plz,y) = 5 — f(

z+y)
2
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provides a consistent way to measure diameters of subsets of K. This idea was
successfully applied in renorming theory [9]. We will prove that every nonempty
subset of K has slices of arbitrarily small p-diameter, we can mimic some arguments
of the geometric study of the Radon—Nikodym property which leads to results as
the following one.

Theorem 1.2. Let X be a locally convex topological vector space and let f: X — R
be lower semicontinuous, strictly conver and bounded on compact sets. Then for
every K C X compact and convez, the set of points in K which are both exposed
and continuity points of f|i is dense in ext(K).

The organization of the paper is as follows. In the second section we present
stability properties of the class SC, which allow us to prove the embedding The-
orem [[.T] The third and fourth sections are devoted to the search of faces and
exposed points of continuity, respectively. Finally, a characterization of the class
SC in terms of the existence of a symmetric with countable dentability index is
given in Section 5.

2. EMBEDDING INTO A DUAL SPACE

Along this section X will denote a locally convex topological vector space. Our
first goal is to study the properties of following class of compact sets.

Definition 2.1. The class SC(X) consists of all the nonempty compact convex
subsets K of X such that there exists a function f: K — R which is lower semi-
continuous and strictly convex. In addition, SC denotes the class composed of all
the families SC(X) for any locally convex space X.

Since a lower semicontinuous function on a compact space attains its minimum,
the function f is bounded below. Later we shall show that we may always take f
to be bounded. Notice that metrizable convex compacts admits continuous strictly
convex functions, so they are in the class. In particular, if X is metrizable then
SC(X) contains all the convex compact subsets of X. If X is a Banach space
endowed with its weak topology, then SC(X) is made up of all convex weakly
compact subsets as a consequence of the strictly convex renorming results for WCG
spaces.

Proposition 2.2. The class SC satisfies the following stability properties:
a) SC(X) is stable by translations and homothetics;
b) SC is stable by Cartesian products;
¢) SC is stable by linear continuous images;
d)

If A, B € SC(X), then A+ B € SC(X).

Proof. Statement a) is obvious. To prove b) suppose that f; witnesses A; € SC(Xj;)
for i = 1,...,n. Then I, f; o m;, where m;: @;_, X; — X, is the coordinate
projection, witnesses that A; x --- x A,, € SC(Q; X;).

To prove c¢) assume that A € SC(X) and T: X — Y is linear and continuous.
Obviously T'(A) is convex and compact. Let f: A — R be lower semicontinuous
and strictly convex. It is straightforward to check that the function g: T(A) — R
defined by

gly) =inf {f(z): 2 € T (y)}
does the work. Finally, d) follows by a combination of b) and c). O

We will need a kind of external convex sum of convex compact sets.
Definition 2.3. Given A, B C X convex compact define a subset of X x X x R by
AdB={(Az,1-Ny,N):x€ A,ye B,Ae€0,1]}.
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Lemma 2.4. Let A, B C X be convex compact subsets. Then
a) A® B is a conver compact subset of X x X x R;
b) if f: A= R and g: B — R are convez, then h: A® B — R defined by
h((Az, (1 =Xy, A)) = Af(z) + (1 = Ng(y)
is convex as well;
c) if A,B e SC(X), then A® B € SC(X x X x R).

Proof. Compactness is clear in statement a). Given (\;z;, (1 — \;)yi, i) € A® B
for i = 1,2, just observe that

()\1301 +Xxe (1—=A)yr+(1—A2)y2 A1+ )\2)

2 ’ 2 ’ 2
_ ()\14—)\2 A1 + A2z (1_ A1+>\2)(1—)\1)y1+(1—)\2)y2 )\1+)\2)
2 M+ 2 (I=2)+0=X) = 2

(the case where Ay = A2 = 0,1 can be handed in a different way). Thus, A® B is
convex. For the convexity of function h notice that

h((>\1$1 + Xz (1—=XA)yr + (1 —A)y2 A+ >\2))

2 ’ 2 ’ 2
ATt A2 Aim + Aeo A1+ A2 1=y + (1 — A2)y2
R+ (1) o )
AL+ A2 Auf(an) + Ao f(22) ALt A) (1=A)g(y) + (1 —A2)g(y2)
ST A +(1_ 2 ) (= )+ (1= )
= % (h(()\ll'l, (1 — )\1)91,)\1)) + h(()\gwg, (1 — )\2)y2, )\2))) .

If f and g were strictly convex, the above inequality for A would become strict if
1 # X9 or Y1 # y2. To overcome this difficulty consider the function

E((Az, (1= Ny, A) = h((Az, (1= Ny, A) + A2
and notice that A\? provides the strict inequality when z; = 22 and y1 = . (I

Proposition 2.5. Suppose that A,B € SC(X). Then conv(AU B) € SC(X) and
aconv(A) € SC(X).

Proof. Consider the map T: X x X x R — X defined by T'((z,y,t)) = =z +y
and observe that T(A & B) = conv(A U B). Since T is linear and continuous,
the combination of the previous results gives us that conv(A U B) € SC(X). The
application to the symmetric convex hull follows by applying it with B = —-A. O

Lemma 2.6. Let B C X be a symmetric compact convex set and let Z = span(B).
Then the following hold:

a) Z, with the norm given by the Minkowski functional of B, is isometric to
a dual Banach space;

b) B imbeds linearly into (Z,w*);

c) if f+ X = R is conver and lower semicontinuous, then f|z is weak™ lower
semicontinuous.

Proof. Notice that Z = UZO:1 nB, and thus the Minkowski functional of B is a
norm on Z. Of course, B is the unit ball of Z endowed with this norm. By a
result of Dixmier-Ng, see for instance [10], the space Z is isometric to the dual of
the Banach space W of all linear functionals f on Z such that f|p is 7-continuous.
If f: X — R is convex and lower semicontinuous, then the sets {f < a} are
convex and closed for any a € R. We have {f|z < a} = {f < a} N Z, and thus
{flz <a}nNnB={f <a}NnB is compact, and so it is weak™® compact as subset
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of Z for every n € N. By the Banach-Dieudonné theorem, {f|z < a} is a weak*
closed subset of Z. O

Proof of Theorem[I1l Let B = aconv(K) which is in SC(X). The function f
witnessing that B € SC(X) is weak* lower semicontinuous and strictly convex. By
Lemma we only need to renorm the dual space Z. Notice that the function f
can be taken symmetric and bounded. Indeed, for the symmetry just take g(x) =
f(z) + f(—z). Now apply the Baire theorem to the B = [J7—, g7 ((—o0,n]) to
obtain a set of the form AB with A > 0 where g is bounded. Then redefine f as
f(z) = g(Az).

Without loss of generality we may assume that f takes values in [0, 1]. Consider
the function defined on Bz by

() = 5Bl + ()

and consider the set C = {z € By : h(x) < 1}. Clearly %BZ cCcC %BZ, and
C is convex, symmetric and weak® closed. Moreover, if h(z) = h(y) = 1, then
h(ITer) < 1. Therefore, C' is the unit ball of an equivalent strictly convex dual
norm on Z. (]

Corollary 2.7. If K € SC(X), then it is witnessed by the square of a lower semi-
continuous strictly convex norm defined on span(K).

We shall finish this section by showing the connection between the class SC and
(x) property. The following notion was introduced in [I1I] in order to characterize
dual Banach spaces that admit a dual strictly convex norm:

Definition 2.8. A compact space K is said to have (x) if there exists a sequence
(Upn)S2; of families of open subsets of K such that, given any z,y € K, there exists
n € N such that:

a) {z,y} N UU, is non-empty;

b) {z,y} N U is at most a singleton for every U € U,,.

Here we are using the agreement that (JU, = |J{U : U € U, }. Recall that if
K is a subset of a locally convex topological vector space then a slice of K is an
intersection of K with an open halfspace. If the elements of |J;~ ; U, can be taken
to be slices of K, then K is said to have (%) with slices. It is shown in [IT, Theorem
2.7] that if Z is a dual Banach space then (Bz,w*) has (x) with slices if and only
if Z admits a dual strictly convex norm.

Corollary 2.9. Let (X,7) be locally convex topological vector space and K C X be
compact and convex. Then K € SC(X) if and only if K has (x) with slices.

Proof. By Lemma [20] we may assume that K C Z = span(K) has (%) with weak™
slices. It follows from [11 Proposition 2.2] that then there is a lower semicontinuous
strictly convex function defined on K. On the other hand, assume that ¢ witnesses
K € 8C(X). For f € (X,7)* and r € R, denote S(f,r) = {x € K : f(z) > r}.
Consider the families {Uyr }q,rcq of open subsets given by

Up ={S(fir) - f e (X,7)", S(fir) 0 {z s d(x) < q} =0} .

Let z # y be in K. We may assume that ¢(z) < ¢(y). Since ¢ is strictly convex,
there exists ¢ € Q such that ¢(*52) < ¢ < ¢(y). By the Hahn-Banach theorem,
there is f € (X,7)* and r € Q such that sup{f(z) : ¢(z) < q} < r < f(y).
Therefore, S(f,r) N{z: ¢(z) < q} =0 and {z,y} N YUy # 0.

Suppose that z,y € S(g,7) € Ugr. Then g(z),g(y) > r implies g(ZF2) > r.
Hence ¥ ¢ {z : ¢(z) < g}, a contradiction. So {z,y} N S(g,q) is at most a

S

2 q
singleton for each S(g,q) € Uyr. O
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3. FACES OF CONTINUITY

We will assume along the section that Z = W* is a dual Banach space endowed
with the weak* topology. Therefore any unspecified topological concept (compact,
open, ...) is always referred to the weak™ topology. The elements of W will be
considered as functionals on Z. Other topological ingredient that we will use is a
symmetric p: Z x Z — [0, +00). Recall that a symmetric satisfies p(x,y) = p(y, )
and p(z,y) = 0 if and only if z = y. Since a symmetric does not satisfy the triangle
inequality, its associated topology is complicated to handle. Nevertheless we have
a natural notion of diameter associated to p defined by

p-diam(A) = sup{p(z,y) : x,y € A}

Let us recall the definition of face of a convex set.

Definition 3.1. Let C' C Z be closed and convex. We say that a closed subset
F C C is a face if there is a continuous affine function w: C' — R such that
F={xeC:w)=sup{w,C}}.

In that case we say that the face is produced by w. In addition, we say that a point
x € C is a exposed point of C' if {z} is a face of C.

Sometimes the face is produced by an element of the dual. Nevertheless, there
may exist continuous affine functions on C' that are not the restriction of an element
of the dual.

We shall need the following lemma.

Lemma 3.2 (Lemma 3.3.3 of [1]). Suppose that w € W and ||w|| = 1. Forr >0
denote by V,. the set rBz Nw~1(0). Assume that xo and y are points of Z such
that w(zo) > w(y) and ||zo — y|| < r/2. If u € W satisfies that ||ul| = 1 and
u(wo) > sup{u,y + V,.}, then ||w — ul| < 2||zo — y.

First we shall discuss the dual Banach case.

Proposition 3.3. Let f: Z — R be a convex lower semicontinuous function which
is bounded on compact subsets. If K C Z is compact convex, then there exists a G
dense set of elements of W producing faces where f|i is constant and continuous.

Proof. Define the pseudo-symmetric p by the formula
f(:E)2 + f(y)2 _ f(z + y)2

2 2 '
We claim that p(xz,y) = 0 implies f(z) = f(y) = f(z—‘gy) (in particular, if f
were strictly convex, p would be a symmetric). Indeed, it follows easily from this
observation

p(x,y) =

p(z,y) >

I I (f(w);f(y)f _ (f<w>;f<y>)2 >0,

Now we claim that the set G(K,¢) is open and dense in W for K C Z compact
convex and € > 0, where

G(K,e) ={w € W : Ja < sup{w, K}, p-diam(K N{w > a}) < e} .
Suppose that w € G(K,¢). If w’ € W is close enough to w to fulfill that
sup{w’, K} > sup{w', K N {w < a}}

then w’ € G(K,e) as well. Thus G(K,¢) is open. In order to see that it is also
dense, fix w € W and § < 1/4. Take z € K and y € Z with w(z) > a > w(y)
for some a € R. Take r = sup {||z' — y||, 2’ € K} /26, consider the set V,. given by
Lemma B.2] and define the set C' = conv(K U (y + V;.)). By [14] Theorem 1.1], the
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halfspace {w > a} contains a point z¢ € ext(C) where f|c is continuous. Notice
that zo € ext(K) and ||zo — y|| < /2. There exists u € W and b € R such that
u(zg) > b, CN{u>b} C CN{w > a} and p-diam(C N {u > b}) < . In particular
p-diam(K N {u > b}) < e. Since C N {u > b} does not meet y + V., we have
u(xo) > sup{u,y+V;}. Thus, [[w—u| < 2|lzo —y|| < 8. That completes the proof
of the density of G(K,¢) in W.

By the Baire theorem, the set G(K) = (), G(K,1/n) is dense. If w € G(K)
and s = sup{w, K} then

lim p-diam(K N{w >t})=0.
t—s—

In particular, the face FF = K N{w = s} satisfies that p-diam(F) = 0. That implies
that f is constant on F. Moreover, we claim that any point z € F is a point
of continuity of f|x. If (zo) C K is a net with limit z, then lim, w(z,) = w(x).
Therefore limy, p(zq, ) = 0. It follows that lim,, f(z) = f(z), so f|x is continuous
at x. (]

Now the above result can be translated into a more general setting.

Proposition 3.4. Let f: X — R be a convex lower semicontinuous function which
is bounded on compact subsets. Then for every compact convex subset K C X and
every open slice S C K, there is a face F C S of K such that f|k is constant and
continuous on F'.

Proof. By Lemma 26, Z = |J;—, naconv(K) is a dual Banach space and f|z is
weak™ lower semicontinuous. Then we can apply the previous proposition. (]

It is clear that the last two results are true for countably many functions simul-
taneously.

Remark 3.5. We do not know if the function f in Proposition and [3.4] can be
assumed to be defined only on K. Notice that if || || is a strictly convex norm on Z
then f(z) = —/1 — ||z||? is a strictly convex weak™* lower semicontinuous function
on (Bz,w*) that cannot be extended to a convex function on Z.

4. EXPOSED POINTS

Notice that if a strictly convex function is constant on a face of a compact K,
then necessarily that face should be an exposed point of K. Having this in mind,
Propositions and [34] can be rewritten. As in the previous section Z = W* is
a dual Banach space endowed with the weak* topology and we understood all the
topological notions referred to that topology.

Proposition 4.1. Let f: Z — R be a strictly convex lower semicontinuous function
which is bounded on compact subsets. If K C Z is compact convez, then there exists
a Gs dense set of elements of W exposing points of K at which f|x is continuous.

Proof. Tt follows straightforward from Proposition [3.3] O

In particular, we retrieve the following result, which is usually proved in the
frame of Gateaux Differentiability Spaces [I3, Corollary 2.39 and Theorem 6.2].

Corollary 4.2 (Asplund, Larman—Phelps). Let Z be a strictly convex dual Banach
space. Then every convex compact is the closed convex hull of its exposed points.

Proof of Theorem[LZ. Tt follows straightforward from Proposition [3.4] O

Corollary 4.3. Assume that K € SC(X). Then K is the closed convex hull of its
exposed points.
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Proof. Thanks to Theorem [[.1]it can be reduced to the previous corollary. O

Notice that the previous result is far from being a characterization. For instance,
consider X = C([0,w;])* and K = (Bx,w*). Then X has the Radon-Nikodym
Property and thus there exist strongly exposed points of K [1 Theorem 3.5.4]. Nev-
ertheless, Talagrand’s argument in [2, Theorem 5.2.(ii)] shows that K ¢ SC(X, w*).
Indeed, the result of Larman and Phelps mentioned aboved states that Banach
spaces for which each weak™ compact convex subset has an exposed point are ex-
actly dual spaces of a Gateaux Differentiability Space.

Remark 4.4. A point z in a subset C of a normed space (Z, ] ||) is said to be a
farthest point in C'if there exists y € Z such that ||y — z|| > sup{||ly — ¢|| : c € C}.
If || || is strictly convex then every farthest point of C' is exposed by a functional in
Z*. In addition, it was shown in [3] that there exists a weak* compact subset of ¢;
that has no farthest points, so the existence of exposed points does not imply the
existence of farthest points. On the other hand, suppose that Z is a strictly convex
dual Banach space, C' is a compact subset of Z and x is a farthest point in C with
respect to y € Z. Consider the symmetric p(u,v) = w — || =yl
Then zx is a p—denting point of C, that is, admits slices with arbitrarily small p-
diameter. Indeed, if § = m then every slice of C that does not meet
B(y, |ly — z|| — ) has p-diameter less than e.

Typically a variational principle provides strong minimum for certain functions
after a small perturbation. But in the compact setting, a lower semicontinuous
function already attains its minimum. Nevertheless, inspired by Stegall’s variational
principle [4, Theorem 11.6], we have obtained the following result.

Proposition 4.5. Suppose that K € SC(X) and let f: K — R be a lower semi-
continuous function. Given € > 0, there exists an affine continuous function w on
K with oscillation less than € such that f + w attains its minimum exactly at one
point. Moreover, if X is a dual Banach space then w can be taken from the predual
with norm less than .

Proof. By the embedding it is enough to consider the Banach case. Let m be the
minimum of f and take M > 0 such that K’ C M Bx. Consider the compact set

H={(x,t): f(z) <t <m+eM}

and take its convex closed envelop A. By Proposition 221 A € SC(X x R).
The functional on X x R given by (0,1) attains its minimum on A. Proposi-
tion 1] provides a small perturbation of the form (w,1), with ||lw| < e, attain-
ing its minimum on A at one single point (zg,ty). Notice that to = f(xg) and
fzo) + w(xo) <m+eM. If y € K, then either f(y) <m+eM and (y, f(y)) € A,
or [(y) > m+eM > f(zo) + w(zo). 0

5. ORDINAL INDICES

Let K be a convex and compact subset of a locally convex topological vector
space and p a symmetric on K. We consider the following set derivations:

[K]. ={z € K : z € S slice of K = p-diam(S) > ¢} ;
(K). ={z € K:x €U open = p-diam(S) > ¢} .
The iterated derived sets are defined as [K]2T! = [[K]2]., (K)ot = ((K)2)

g ele
and intersection in case of limit ordinals. If there exists some ordinal such that
[K]¢ = 0, then we set Dz,(K,e) = min{a: [K]* =0}. Otherwise, we take

Dz,(K,e) = oo, which is beyond the ordinals. The p-dentability index of K is
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defined by Dz,(K) = sup,soDz(K, ). The p-Szlenk index of K, Sz,(K), is de-
fined the same way. Obviously Sz,(K) < Dz,(K). Set derivations with respect
to a symmetric were introduced in [7] in order to characterize dual Banach spaces
admitting a dual strictly convex norm.

Proposition 5.1. Let K be a convex compact subset of a locally convexr space.
Then the following assertions are equivalent:

a) K € SC;

b) there exists a symmetric p on K such that Dz,(K) < w;

c) there exists a symmetric p on K such that Dz,(K) < w;.

Proof. Let f be a bounded function witnessing that K € SC and assume that f
takes values in [0,1]. For a fixed € > 0, take N > 1/¢ and define the closed convex
subsets Fj, ={z € K : f(z) <1—n/N} for n=0,...N. Take
We claim that [K]. C F;. Let o € K \ F;. By the Hahn-Banach theorem, there
exists a slice S of K such that zg € Sand SNF; = 0. If x,y € S, then % € S and
p(z,y) <1—(1-1/N)=1/N. Thus, p-diam(S) < € and z( ¢ [K].. By iteration,
we get that [K]Y C Fy and hence [K]Y*! = (). Therefore, Dz,(K, &) < w for each
e>0.

Now suppose that Dz,(K) < w;. Notice that indeed Dz,(K) < wi. By Corol-
lary 9] it suffices to show that K has (%) with slices. For each n € N and
a < Dz,(K,1/n) consider the family

Un.o = {S : 8 slice of K,[K]3710 S = 0, p-diam([K]5),, N S) < 1/n} .

Given distinct x,y € K, take n so that p(z,y) > 1/n and let « be the least ordinal
such that {z,y} N [K ]?‘;;1 is at most a singleton. Then it is clear that there is a
slice in U,, o, containing either = or y, and no slice in U, , contains both points. [

Remark 5.2. By using deep results of descriptive set theory, Lancien proved in [§]
that there exists an universal function ¢: [0,w;) — [0,w;) such that Dz |(Bx+) <
Y(Sz) | (Bx+)) whenever X is a Banach space such that Sz |(Bx+) < wi. We do
not know if a similar statement holds when the norm is replaced by a symmetric.

We shall show that we cannot change symmetric by metric in Proposition (.1}
That would imply that K is a Gruenhage compact, which is a strictly stronger
condition that being in SC [I8, Theorem 2.4]. By [19, Lemma 7.1 and Proposition
7.4], a compact space K is Gruenhage if and only if there exist a countable set D,
a family of closed sets {4y : d € D} and families (Uy)qep of open sets such that
the family {AqNU : U € Uy} is pairwise disjoint for each d € D and the family
{AaNU : U € Uy} separates the points of K.

Proposition 5.3. Let K be a compact space. Then the following assertions are
equivalent:

a) K is Gruenhage;

b) there exists a metric d on K such that Szq(K) < w;

¢) there exists a metric d on K such that Szq(K) < w;.

Proof. If K is a Gruenhage compact space, then the same construction used in the
proof of [I5] Theorem 2.8] provides a metric on K such that Szg(K) < w.

Now assume that d is a metric on K with countable Szlenk index. Let B =
U,nen Bm be a basis of the metric topology such that every By, is discrete. Consider
the open sets Uy = |J{U : U open, (K)§., NU C V} and the families UL =
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{Uy® : Ve By} Then {(K)5.,.NU : U € UL} is pairwise disjoint for each
n,m € N and a < Dz(K,27"). Given distinct z,y € K take V € B,, such that
x €V andy ¢ V. Fix n such that By(z,27""1) C V. Let a be the least ordinal so

that z ¢ (K)5™.). Then there is an open subset U of K such that z € (K)$_,NU and

diam((K)§_, NU) <27". Thusz € (K)y_, NUy* CV,soy ¢ (K)5_,NUy. O
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