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MAPS WITH THE RADON–NIKODÝM PROPERTY

L. GARCÍA-LIROLA AND M. RAJA

Dedicated to the memory of Jonathan Borwein.

Abstract. We study dentable maps from a closed convex subset of a Banach
space into a metric space as an attempt of generalize the Radon-Nikodým
property to a “less linear” frame. We note that a certain part of the theory
can be developed in rather great generality. Indeed, we establish that the ele-
ments of the dual which are “strongly slicing” for a given uniformly continuous
dentable function form a dense Gδ subset of the dual. As a consequence, the
space of uniformly continuous dentable maps from a closed convex bounded
set to a Banach space is a Banach space. However some interesting applica-
tions, as Stegall’s variational principle, are no longer true beyond the usual
hypotheses, sending us back to the classical case. Moreover, we study the con-
nection between dentability and approximation by delta-convex functions for
uniformly continuous functions. Finally, we show that the dentability of a set
is closely related with the dentability of delta-convex maps defined on it.

1. Introduction

The Radon–Nikodým property (RNP) plays a central role in Banach space the-
ory, particularly in isomorphic and nonlinear theories. It is related to the differ-
entiation of Lipschitz maps (Aronszajn–Christensen–Mankiewicz’s theorem), the
extremal structure of convex sets (exposed points), representation theory without
compactness (Edgar’s theorem), representation of dual function spaces, optimiz-
ation theory (Stegall’s variational principle), etc. The interested reader in RNP,
theory and applications, is addressed to [2, 5, 8, 9].

The RNP was extended to linear operators by Rĕınov [21] and Linde [17]. In
order to propose a definition for nonlinear maps, we will consider the most geomet-
rical one among the characterisations of the RNP. Our starting point is to consider
the notion of dentability for maps, which appears as a strengthening of the point
of continuity property with the help of the geometry on the domain. Let H denote
the set of all the open half-spaces of a Banach space X .

Definition 1.1. Let C ⊂ X be a nonempty subset of a Banach space X and
let M be a metric space. A map f : C → M is said to be dentable if for every
nonempty bounded set A ⊂ C and ε > 0, there is H ∈ H such that A ∩H 6= ∅ and
diam(f(A ∩H)) < ε.

The set of dentable maps from C to M will be denoted D(C,M). Note that a
closed convex set C has the Radon–Nikodým property if and only if the identity
map I : C → (C, ‖·‖) is dentable thanks to Rieffel’s characterization. Moreover, a
bounded subset A ⊂ X is Asplund if and only if the identity I : X∗ → (X∗, dA)
is dentable, where dA(x

∗, y∗) = sup{|x∗(x) − y∗(x)| : x ∈ A}. In addition, a map
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f : C → (M,d) induces a pseudometric on C by the formula ρ(x, y) = d(f(x), f(y))
and the dentability of the map f is equivalent to the ordinary subset dentability of
C with respect to ρ. Nevertheless, we prefer to consider maps from C to a metric
space M since M can carry other structures, as algebraic ones. Let us remark that
the notion of dentable map should be compared to two previous related concepts.
First, σ-slicely continuous maps introduced in [18] provide a characterisation of
the existence of an equivalent LUR norm in a Banach space. On the other hand,
σ-fragmentable maps were introduced in [15] in order to study selection problems.

By DU (C,M) we denote the set of maps from D(C,M) which are moreover uni-
formly continuous on bounded subsets of C. That technical condition is necessary in
order to perform several operations motivated by the geometrical study of the RNP
property, which ensures nice properties for this class of maps. These properties are
summarized in the next result.

Theorem 1.2. Let C ⊂ X be a closed convex set. If M is a vector space, then
DU (C,M) is a vector space. Assume moreover that C is bounded. Then:

(a) if M is a complete metric space, then DU (C,M) is complete for the metric
of uniform convergence on C;

(b) if M is a Banach space, then DU (C,M) is a Banach space;
(c) if M is a Banach algebra (resp. lattice), then DU (C,M) is a Banach algebra

(resp. lattice).

The key for the proof of Theorem 1.2 is the fact that there are many functionals,
in a categorical sense, defining slices of small oscillation, which will be proved in
Theorem 2.7.

Particularly interesting is the case where C is convex and closed and M = R,
because then D(C,R) contains the bounded above lower semicontinuous convex
functions. Indeed, for A ⊂ C and ε > 0, any H ∈ H containing a point of A and
disjoint from the convex closed set

D = {x ∈ C : f(x) ≤ sup{f,A} − ε}

will satisfy that diam(f(A ∩ H)) ≤ ε. Having in mind that D(C,R) is a linear
space, the difference of two bounded convex continuous functions is dentable. The
differences of convex functions, usually named DC functions, play an important
role in variational analysis and optimization (see, e.g. [1, 13, 25]). Moreover, the
possibility of a real function to be uniformly approximated by DC functions is
closely related to its dentability. We do not state here the main result Theorem 4.1
because it requires special definitions. Instead of introducing more notions here, we
will give a glance of the sort of results we can prove for dentable functions.

The following expresses the “equi-dentability” for finitely many dentable real
functions. Unfortunately, our techniques require uniform continuity.

Proposition 1.3. Let C ⊂ X be a bounded closed convex set. Given f1, . . . , fn ∈
DU (C,R) and ε > 0, there is H ∈ H such that C ∩H 6= ∅ and

max{diam(f1(C ∩H)), . . . , diam(fn(C ∩H))} < ε.

Let state separately the following curious corollary, which was observed by Bour-
gain in [4].

Corollary 1.4. Let C ⊂ X be a bounded closed convex set. Given x∗
1, . . . , x

∗
n ∈ X∗

and ε > 0, there is H ∈ H such that C ∩H 6= ∅ and

max{diam(x∗
1(C ∩H)), . . . , diam(x∗

n(C ∩H))} < ε.

Another particular case that we have considered is the dentability of the identity
map when M = C endowed with a metric which is uniformly continuous with
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respect to the norm. In that case, not much can be obtained unless the metric
induces the norm topology. But those hypotheses are not more general than the
RNP as the following result shows.

Theorem 1.5. Let C be a closed convex subset which is dentable with respect to a
complete metric d defined on it. Assume moreover that d is uniformly continuous
on bounded sets with respect to the norm and induces the norm topology. Then C
has the RNP.

This paper is organised as follows. In the second section we establish stability
properties of dentable maps, which allow us to prove Theorem 1.2. The third sec-
tion includes a characterisation of sets with the RNP in terms of dentability of
continuous maps defined on them, and a characterisation of uniformly continuous
finitely dentable maps. The fourth section is devoted to the relation between dent-
able maps and delta-convex maps. Finally, in the fifth section we investigate sets
which are dentable with respect to a metric defined on it, including the proof of
Theorem 1.5. Throughout the paper C will denote a closed convex subset of a
Banach space X and M will denote a metric space with a metric d. Our notation
is standard and will normally follow the books [9] and [3].

Along the paper we will consider only real Banach spaces. We mention in passing
that Ghoussoub and Maurey studied in [12] the geometrical structure of sets with
the analytic Radon–Nikodým property, which may be viewed as a complex analogue
of the RNP.

2. Properties of the dentable maps

We begin the section by studying the relation between dentable maps and RN-
operators. We need the following result, which should be compared with [5, Pro-
position 2.3.2].

Proposition 2.1. A map f : C → M is dentable if and only if for every nonempty
bounded set A ⊂ C and every ε > 0 there exists x ∈ A such that x /∈ conv(A \
f−1(BM (f(x), ε)).

Proof. First assume that f is a dentable map. Fix ε > 0 and A ⊂ C nonempty
and bounded. By hypothesis, there exists an open half-space H such that A ∩
H 6= ∅ and diam(f(A ∩ H)) < ε. Then A ∩ H ⊂ f−1(BM (f(x), ε)), so conv(A \
f−1(BM (f(x), ε)) ∩H = ∅ and any x ∈ A ∩H does the work.

Conversely, fix ε > 0 and let A ⊂ C be nonempty and bounded. Take x ∈ A so
that x /∈ conv(A\f−1(BM (f(x), ε/2)). Then the dentability condition is witnessed
by any slice of A separating x from conv(A \ f−1(BM (f(x), ε/2)). �

Rĕınov [22] characterised RN-operators as those bounded operators satisfying the
condition in Proposition 2.1. Therefore, the notion of dentable function extends
the class of RN-operators to the non-linear setting.

Corollary 2.2. Let T : X → Y be a bounded linear operator between Banach spaces.
Then T is a RN-operator if, and only if, T is dentable.

Our next goal is to establish that there are many functionals defining slices of
small oscillation for a dentable map. The basic result is a version of the superlemma
of Asplund–Bourgain–Namioka as presented in [5, Theorem 3.4.1].

Lemma 2.3. Let f : C → M be a uniformly continuous map and A,B ⊂ X be
bounded closed convex subsets such that A ⊂ C ⊂ conv(A ∪ B), diam(f(A)) < ε
and A \ B 6= ∅. Then there exists H ∈ H such that A ∩ H 6= ∅, B ∩ H = ∅ and
diam(f(C ∩H)) < ε.
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Proof. Take η = 3−1(ε − diam(f(A))). Let δ > 0 be such that if x, y ∈ C satisfy
‖x− y‖ < δ then d(f(x), f(y)) < η. Consider for some r ∈ (0, 1] the convex set

Dr = {(1− λ)y + λz : y ∈ A, z ∈ B, λ ∈ [r, 1]}.

First we claim that A \ Dr is nonempty. Indeed, let x∗ ∈ X∗ be such that
sup{x∗, B} < sup{x∗, C}, which exists since A\B is nonempty. Then sup{x∗, A} =
sup{x∗, C} and thus

sup{x∗, Dr} = sup{x∗, Dr} ≤ (1 − r) sup{x∗, A}+ r sup{x∗, B} < sup{x∗, A}.

So A 6⊂ Dr.
Now note that for x ∈ C \Dr ⊂ conv(A ∪ B) \Dr there are y ∈ A, z ∈ B and

λ ∈ [0, r] such that x = (1 − λ)y + λz. Therefore, ‖x − y‖ ≤ r‖y − z‖. If we take
r ∈ (0, 1] such that r diam(A−B) < δ, then d(f(x), f(y)) < η. That implies

diam(f(C \Dr)) < diam(f(A)) + 2η < ε.

Finally, any H ∈ H separating points of A from Dr will satisfy that diam(f(C ∩
H)) < ε, as desired. �

The following result can be proved as the analogous for the RNP (see [5, Pro-
position 3.5.2]).

Lemma 2.4. Let C,D ⊂ X be bounded closed convex subsets such that C \D 6= ∅
and suppose that f : C → M is a uniformly continuous dentable map. Given ε > 0,
there exists a half-space H such that D∩H = ∅, C∩H 6= ∅ and diam(f(C∩H)) < ε.

Proof. Take E = conv(C ∪D) and let

F = {x ∈ E : there is an x∗ ∈ X∗ such that x∗(x) = sup{x∗, E} > sup{x∗, D}} .

Note that Bishop–Phelps theorem ensures the existence of sup-attaining functionals
arbitrarily close to functionals separating points of C from D, so F 6= ∅. Moreover,
F ⊂ C and E = conv(F∪D). Indeed, the first part is standard (anyway, see [5, The-
orem 3.5.1]). If the second inclusion does not hold, separation with Hahn–Banach
and Bishop–Phelps again lead to a new point of F outside from F , a contradiction.

Now, find a nonempty open slice S of conv(F ) such that diam(f(S)) < ε. Con-
sider B = conv(D∪ (conv(F ) \S)). We claim that S \B 6= ∅. Indeed, suppose that
S ⊂ B, which clearly implies that B = E. There are x ∈ S and x∗ ∈ X∗ such that
x∗(x) = sup{x∗, E} > sup{x∗, D}. Since we are assuming that

E = conv(D ∪ (conv(F ) \ S)),

we should have x ∈ conv(F ) \ S, which is impossible.
Finally, Lemma 2.3 with A = S and the same set B provides a half-space H

which does not meet D and such that diam(f(C ∩H)) < ε. �

It is convenient to introduce a specific notation for slices of a set A ⊂ X , namely

S(A, x∗, t) = {x ∈ A : x∗(x) > sup{x∗, A} − t} ,

where x∗ ∈ X∗ and t > 0.

Definition 2.5. Let f : C → M be a map, A be a bounded subset of C and
x∗ ∈ X∗. We say that A is f -strongly sliced by x∗ if

lim
t→0+

diam(f(S(A, x∗, t))) = 0 ,

and in such a case we say that x∗ is f -strongly slicing on A. The set of all the
f -strongly slicing functionals on A will be denoted SS(f,A).
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Note that the notion of strongly slicing functional is similar to that of strongly
exposing. However, a strongly exposing functional is always referred to a point of
the set. Here is not the case since, in general, the slices are not converging to a
point. That pathology will be studied further in relation with the dentability of
sets.

We will need the following lemma.

Lemma 2.6 (Lemma 3.3.3 of [5]). Suppose that x∗ ∈ X∗ and ‖x∗‖ = 1. For r > 0
denote by Vr the set rBX ∩ kerx∗. Assume that x0 and y are points of X such
that x∗(x0) > x∗(y) and ‖x0 − y‖ ≤ r/2. If y∗ ∈ X∗ satisfies that ‖y∗‖ = 1 and
y∗(x0) > sup{y∗, y + Vr}, then ‖x∗ − y∗‖ ≤ 2

r‖x0 − y‖.

If C ⊂ X has the RNP, then the strongly exposing functionals form a dense Gδ

subset of X∗ (see [5, Theorem 3.5.4]). The next result establishes that an analogous
statement holds for dentable maps.

Theorem 2.7. If f ∈ DU (C,M), then SS(f,A) is a dense Gδ subset of X∗ for
any nonempty bounded A ⊂ C.

Proof. For n ∈ N consider the set

Un = {x∗ ∈ X∗ : there is t > 0 such that diam(f(S(A, x∗, t))) < 1/n}.

It is not difficult to see that Un is open. In order to prove that it is also dense, take
x∗ ∈ X∗ and 0 < ε < 1. Pick x0 ∈ A and y ∈ X with x∗(x0) > a > x∗(y) for some
a ∈ R. Now take r = 2ε−1 sup{‖x− y‖ : x ∈ A} and consider

D = conv(A ∪ (y + Vr)) ∩ {x ∈ X : x∗(x) ≤ a},

where Vr = rBX ∩ kerx∗.
Note that x0 /∈ D, so conv(A) \ D 6= ∅. Moreover, f is uniformly continuous

on the bounded set conv(A). Thus Lemma 2.4 provides an open half-space H
such that D ∩ H = ∅, conv(A) ∩ H 6= ∅ and diam(f(conv(A) ∩ H)) < 1/n. Then
clearly A ∩ H 6= ∅ and diam(f(A ∩ H)) < 1/n, so y∗ ∈ Un for y∗ ∈ SX∗ being
the functional which determines H . Finally, we will show that ‖x∗ − y∗‖ < ε. For
this, take x1 ∈ A ∩ H . It suffices to show that y∗(x1) > sup{y∗, y + Vr} and
apply Lemma 2.6. Notice that {x∗ ∈ X∗ : x∗(x) > a} ∩ (y + Vr) = ∅ because
x∗(y) < a. Moreover, since D∩H = ∅ we have x∗(x) > a for every x ∈ (y+Vr)∩H .
So (y + Vr) ∩ H = ∅ and therefore y∗(x1) > sup{y∗, y + Vr}, which proves that
‖x∗ − y∗‖ < ε and finishes the proof of the density of Un.

Finally, the set SS(f,A) =
⋂∞

n=1 Un is dense in X∗ by Baire theorem, as we
want. �

As a consequence we get several corollaries.

Corollary 2.8. Let Mi be metric spaces and fi ∈ DU (C,Mi) for i = 1, . . . , n.
Assume that A ⊂ C is nonempty and bounded. Given ε > 0, there exists an open
half-space H ⊂ X such that A ∩H 6= ∅ and

max{diam(fi(A ∩H)) : i = 1, . . . , n} < ε.

Hence, if we set M =
∏n

i=1 Mi endowed with a standard product metric and f =
(f1, . . . , fn), then f ∈ DU (C,M).

Proof. The intersection
⋂n

i=1 SS(fi, A) is non-empty by Baire theorem and The-
orem 2.7. Moreover, every element of

⋂n
i=1 SS(fi, A) provide slices satisfying the

required property. �

Proposition 1.3 and Corollary 1.4 follow directly from Corollary 2.8.
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It is clear that the composition of a dentable map and a uniformly continuous
map is dentable. For compositions with continuous maps we have the following
result.

Corollary 2.9. Let g : M → N be a continuous map between metric spaces M and
N and f ∈ DU (C,M). Assume that M is complete. Then g ◦ f is dentable.

Proof. Take A ⊂ C nonempty and bounded and fix ε > 0. Let x∗ be an f -strongly
slicing functional on A, which exists by Theorem 2.7. Since M is complete, there ex-

ists y0 ∈
⋂

t>0 f(S(A, x
∗, t)). Now, take δ > 0 such that d(g(y), g(y0)) < ε whenever

y ∈ M and d(y, y0) < δ. Then there is t > 0 so that diam(f(S(A, x∗, t))) =

diam(f(S(A, x∗, t))) < δ. It follows that diam((g ◦ f)(S(A, x∗, t)) < 2ε. �

Lemma 2.10. Let ∗ be a binary operation on M which is uniformly continuous on
bounded sets. Then f ∗ g ∈ DU (C,M) whenever f, g ∈ DU (C,M).

Proof. Note that a uniformly continuous function on a convex bounded set is
bounded. This fact and the hypothesis on the operation ∗ imply that f ∗ g is uni-
formly continuous on bounded sets whenever f, g are. Now, if A ⊂ C is bounded
and nonempty, find x∗ ∈ X∗ such that it is simultaneous f -strongly slicing and
g-strongly slicing, which exists by Theorem 2.7. Given ε > 0, by using the uniform
continuity of ∗ on f(A) we can find δ > 0 such that max{diam(U), diam(V )} < δ
for U, V ⊂ f(A) implies that diam(U ∗ V ) < ε. Thus, if H ⊂ X is a half-space
such that A ∩ H 6= ∅ with diam(f(A ∩ H)) < δ and diam(g(A ∩ H)) < δ, then
diam((f ∗ g)(A ∩H)) < ε. �

Now we can give the proof of Theorem 1.2.

Proof of Theorem 1.2. Lemma 2.10 yields the first statement. Now, assume that
C is also bounded. Note that the boundedness and convexity of C together the
uniform continuity implies that every map in DU (C,M) is bounded, so we may
consider the uniform metric on this set.

Let f : C → M be a map that can be uniformly approximated by maps from
DU (C,M). Clearly, f is uniformly continuous. We will see that f is moreover
dentable. Indeed, fix ε > 0 and take g ∈ DU (C,M) such that d∞(f, g) < ε/3. If
A ⊂ C is nonempty, then there is H ⊂ X a half-space such that diam(g(A∩H)) <
ε/3 and A ∩H 6= ∅. The triangle inequality yields that diam(f(A ∩H)) < ε.

Thus, DU (C,M) is closed for uniform convergence, and therefore, if M is com-
plete, then DU (C,M) is complete too. From what we have proved follows that
DU (C,M) is a Banach space whereverM is. Finally, the last statement is a straight-
forward consequence of Lemma 2.10. �

Let us remark that Schachermayer proved in [24] that there exist sets C1 and
C2 with the RNP such that C1 + C2 contains an isometric copy of the closed unit
ball of c0 and thus C1 + C2 does not have the RNP. This implies that the sum of
two strong Radon-Nikodým operators need not to be strong Radon-Nikodým (an
operator is said to be strong Radon-Nikodým if the image of the closed unit ball
has the RNP).

We finish the section by showing that uniformly continuous dentable maps satisfy
a mixing property analogous to the one of DC functions (see [26, Lemma 4.8]). We
will need the following elementary lemma.

Lemma 2.11. Let A be a connected space and let ρ be a pseudometric on A.
Assume that there exist closed subsets A1, . . . , An of M such that A = ∪n

i=1Ai and
diam(Ai) ≤ ε for each i. Then diam(A) ≤ nε.
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Proof. Fix x, y ∈ A. Take x1 = x and let σ(1) ∈ {1, . . . , n} be such that x ∈
Aσ(1). Since A is connected, there is x2 ∈ Aσ(1) ∩ (∪i6=σ(1)Ai), and so ρ(x2, x) ≤
ε. Take σ(2) 6= σ(1) such that x2 ∈ Aσ(2). Now take x3 ∈ (Aσ(1) ∪ Aσ(2)) ∩
(∪i∈{1,...,n}\{σ(1),σ(2)}Ai). Then either ρ(x3, x2) ≤ ε or ρ(x3, x) ≤ ε, so in any case
ρ(x3, x) ≤ 2ε. By iterating this process we get σ(i) and xi for each i = 1, . . . , n
satisfying that σ(i) ∈ {1, . . . , n} \ {σ(1), . . . , σ(i− 1)}, xi ∈ Aσ(i) ∩ (∪j<iAσ(j)) and
ρ(xi, x) ≤ (i − 1)ε. Thus σ defines a bijection on {1, . . . , n} and so there exists i
such that y ∈ Aσ(i). Therefore, ρ(x, y) ≤ ρ(y, xi) + ρ(xi, x) ≤ nε, as desired. �

Proposition 2.12. Assume that f1, . . . , fn ∈ DU (C,M) and f : C → M is a
continuous map such that f(x) ∈ {f1(x), . . . , fn(x)} for every x ∈ C. Then f ∈
DU (C,M).

Proof. First notice that f is uniformly continuous on bounded sets. Indeed, let
A ⊂ C be bounded, fix ε > 0 and take δ > 0 so that d(fi(x) − fi(y)) ≤ n−1ε for
every i = 1, . . . , n whenever x, y ∈ A and ‖x− y‖ ≤ δ. Consider the closed sets
Ai = {x ∈ A : f(x) = fi(x)}. Now, if x, y ∈ A satisfy that ‖x− y‖ ≤ δ then
diam(Ai ∩ [x, y]) ≤ δ and thus diam(f(Ai ∩ [x, y])) ≤ n−1ε for every i = 1, . . . , n.
Now apply Lemma 2.11 to the connected set [x, y] = ∪n

i=1Ai ∩ [x, y] with the
pseudometric ρ = d ◦ f to get that d(f(x), f(y)) ≤ ε.

In order to show that f is dentable, take a nonempty bounded subset A of C
and fix ε > 0. By Proposition 1.3 there is H ∈ H satisfying that max{diam(fi(A ∩
H)) : i = 1, . . . , n} ≤ n−1ε. The results follows by applying Lemma 2.11 to
A ∩H = ∪n

i=1Ai ∩ A ∩H . �

3. Characterisations of dentability

We will begin the section by showing the relation between the dentability of a
set and the dentability of maps defined on it. The proof of our result is based on
the following theorem which goes back to Huff and Morris [14] (see also [11] for a
more general version): a set D is dentable if and only if it has open slices whose
Kuratowski index of non-compactness is arbitrarily small. Let us recall that the
Kuratowski index of non-compactness of a set D ⊂ X is given by

α(D) = inf{ε > 0 : ∃x1, . . . , xn ∈ X,D ⊂
n
⋃

i=1

B(xi, ε)}.

We denote by ω<ω the set of finite sequences of natural numbers. The length
of a finite sequence s is denoted by |s|. Given s, t ∈ ω<ω, we denote by s ⌢ t the
concatenation of s and t.

Proposition 3.1. Let C ⊂ X be a closed convex set. Then the following are
equivalent:

(i) the set C has the RNP;
(ii) for every metric space (M,d), every continuous map f : C → M is dentable;
(iii) every Lipschitz function f : C → R is dentable.

Proof. Notice that C is a complete metric space as being a closed subset of X .
Moreover, if C has the RNP then the identity I : C → C is dentable. Therefore
(i) ⇒ (ii) follows from Corollary 2.9. Moreover, clearly (ii) implies (iii). Now, we
use an argument from [6] to prove (iii) ⇒ (ii). Assume that there is a bounded
subset A of C which is not dentable. Then there exists ε > 0 such that any open
slice of A has Kuratowski’s index of non-compactness greater than ε. We will define
a tree T ⊂ ω<ω and sequences (xs)s ⊂ A, (λs) ⊂ [0, 1] and (ns)s ∈ N indexed in T
satisfying

1)
∑ns

n=1 λs⌢n = 1,
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2) ‖xs −
∑ns

n=1 λs⌢nxs⌢n‖ < ε
2|s|+2 , and

3) ‖xt − xs‖ ≥ ε for each t such that |t| < |s|

for each s ∈ T . In order to show that, choose x∅ ∈ A arbitrarily. Now, assume xs

has been previously defined. Then xs ∈ conv(A\∪|t|<|s|B(xt, ε)). Indeed, otherwise
there would be an open halfspace H satisfying xs ∈ A ∩ H ⊂ ∪|t|<|s|B(xt, ε) and
thus α(A ∩ H) < ε, a contradiction. Thus, there exists ns ∈ N, λs⌢n ≥ 0 and
xs⌢n ∈ A satisfying above conditions.

In addition, a standard argument (see for instance Lemma 5.10 in [2]) provides
sequences (ys)s ⊂ A, (µs) ⊂ [0, 1] and (ms)s satisfying

1’)
∑ms

m=1 µs⌢m = 1,
2’) ys =

∑ms

m=1 µs⌢mys⌢m, and
3’) ‖xs − ys‖ ≤ ε/4

for each s ∈ T . Thus,

(1) ‖yt − ys⌢n‖ ≥ ‖xt − xs⌢n‖ − ‖xt − yt‖ − ‖xs⌢n − ys⌢n‖ ≥ ε/2

whenever t ≤ s.
Finally, take

O = {ys : |s| is odd}, E = {ys : |s| is even}

and notice that 1 implies that d(O,E) ≥ ε/2. Consider the function f : C → R

given by f(x) = d(x,O), which is a Lipschitz function. Then f is not dentable.
Indeed, take H ∈ H satisfying A ∩H 6= ∅ and fix some ys ∈ A ∩H . By condition
2’ above, there is m ≤ ms such that ys⌢m ∈ H . Since either ys ∈ O, ys⌢m ∈ E or
ys ∈ E, ys⌢m ∈ O, it follows

diam(f(O ∩H)) ≥ |d(ys, O)− d(ys⌢m, O)| ≥ ε/2,

as we want. �

Next we study finitely dentable maps, which were introduced by the second
named author in [20]. Let us recall the definition. For any dentable map f : C → M
defined on a bounded closed convex set we may consider the following “derivation”

[D]′ε = {x ∈ D : diam(f(D ∩H)) > ε, ∀H ∈ H, x ∈ H} .

Consider the sequence of sets indexed by ordinals defined inductively by

[C]α+1
ε = [[C]αε ]

′
ε

and by [C]αε =
⋂

β<α[C]βε if α is a limit ordinal. The dentability of f implies that

[C]αε = ∅ for some ordinal, so we may consider the ordinal index

Dz(f, ε) = inf{α : [C]αε = ∅} .

We say that f is finitely dentable if Dz(f, ε) < ω for every ε > 0, and we say that
f is countably dentable if Dz(f, ε) < ω1 for every ε > 0. Note that if C is separable
then any dentable map defined on it is countably dentable.

Let us mention that any slice H which does not meet [D]′ε satisfies diam(f(D ∩
H)) ≤ 2ε, that is, Lancien’s midpoint argument (see, e.g. [16]) applies also in the
non-linear context. Indeed, assume that x, y ∈ D satisfies that the segment [x, y]
does not meet [D]′ε. Then we can consider the sets

A = {z ∈ [x, y] : ∃H ∈ H, [x, z] ⊂ H, diam(f(D ∩H)) ≤ ε},

B = {z ∈ [x, y] : ∃H ∈ H, [z, y] ⊂ H, diam(f(D ∩H)) ≤ ε}.

Note that A and B are relatively open in [x, y]. A connectedness argument provides
a point z ∈ A ∩ B, and thus d(f(x), f(y)) ≤ 2ε. This fact was used repeatedly
in [20] to provide a characterisation of finitely dentable Lipschitz maps in terms
of a renorming of the Banach space. Indeed, a slight modification of the proof of
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that theorem shows that the same result holds for unifomly continuous maps. This
result will be useful in the next section.

Proposition 3.2. Let f : C → M be a uniformly continuous map defined on a
bounded closed convex set. Then the following are equivalent:

(i) the map f is finitely dentable;
(ii) there exists an equivalent norm |||·||| on X satisfying limn d(f(xn), f(yn)) =

0 whenever the sequences (xn), (yn) ⊂ C are such that

lim
n→∞

2 |||xn|||
2
+ 2 |||yn|||

2 − |||xn + yn|||
2
= 0.

Proof. Let f be a finitely dentable uniformly continuous map. For each ε > 0
consider

δ(ε) = inf{‖x− y‖ : x, y ∈ C, d(f(x), f(y)) ≥ ε}

Let Nk = Dz(f, 2−k) and consider the 2-Lipschitz symmetric convex function F
defined on X by the formula

F (x)2 =

∞
∑

k=1

Nk
∑

n=1

2−k

Nk
d(x, [C]n2−k )

2 +

∞
∑

k=1

Nk
∑

n=1

2−k

Nk
d(x,−[C]n2−k )

2.

Now go through the same steps as in the proof of [20, Theorem 2.2] to get that if
x, y ∈ C and d(f(x), f(y)) > ε, then

F

(

x+ y

2

)2

≤
F (x)2 + F (y)2

2
−

εδ(ε/4)2

128Dz(f, ε/8)3
.

Therefore, an equivalent norm defined as in the proof of [20, Theorem 2.2] does the
work.

Conversely, assume that |||·||| is an equivalent norm satisfying the property in the
statement. We may assume that 0 ∈ C. TakeM = sup{|||x||| : x ∈ C} and fix ε > 0.
It is not difficult to show that there exists δ > 0 such that diam(f(B|||·|||(0, r+ δ)∩
H) < ε whenever H ∈ H does not intersect B|||·|||(0, r). Thus, [C]nε ⊂ B|||·|||(0,M−
nδ) for each n, so Dz(f, ε) ≤ Mδ−1. �

We will finish the section by studying the relation between the dentability of a
map f with values in a normed space and the dentability of the function ‖f‖. The
following corollary was inspired by the absoluteness of difference convexity (see [1,
Theorem 2.9]).

Corollary 3.3. Assume that f : C → R is uniformly continuous on bounded sets.
Then f is dentable if and only if |f | is dentable.

Proof. It is clear that |f | is dentable whenever f is dentable. The converse statement
follows from Proposition 2.12 and the fact that f(x) ∈ {|f(x)|,−|f(x)|}. �

Notice that the above result fails when the modulus is replaced by the norm
for dentable maps. Indeed, the identity map I : c0 → c0 is not dentable whereas
‖·‖ ◦ I = ‖·‖ is dentable as being a continuous convex function which is bounded on
bounded sets.

The next result shows that it is possible to construct such an example even if
the target space is two-dimensional.

Proposition 3.4. Assume that C is a bounded closed convex set which does not
have the RNP. Then there exists a non-dentable Lipschitz map f : C → (R2, ‖·‖1)
such that ‖f(x)‖1 = 1 for every x ∈ C.
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Proof. Let g : C → R be a non-dentable Lipschitz function, which exists by Propos-
ition 3.1. We may assume that g is 1-Lipschitz and g(0) = 0. Then the function
given by

f(x) = (diam(C)−1g(x), 1− diam(C)−1g(x))

does the work. �

4. Relation with DC functions and maps

A function f : C → R is said to be DC (or delta-convex) if it can be represen-
ted as the difference of two convex continuous functions on C, and it is said to
be DC-Lipschitz (resp. DC-bounded) if it is the difference of two convex Lipschitz
(resp. bounded) functions. There is a large literature about DC functions and its
applications in analysis and optimization. Indeed, optimization problems involving
DC functions appear frequently in engineering, economics and other sciences. The
reader is referred to the surveys [1, 13, 25] for relevant results, examples and ap-
plications of DC functions.

Let us remark that the space of DC functions on a convex set is not closed.
Indeed, every continuous function on a norm-compact set can be uniformly approx-
imated by DC functions, as a consequence of Stone–Weierstrass theorem. On the
other hand, it was shown in [10] that for every infinite-dimensional Banach space
there is a continuous function defined on the unit ball which can not be uniformly
approximated by DC functions uniformly on the unit ball. The situation is different
if we restrict our attention to Lipschitz functions. Cepedello Boiso ([6], see also [3,
Theorem 5.1.25] and [2, Theorem 4.21]) characterised superreflexive spaces as those
Banach spaces in which every Lipschitz function defined on it can be approximated
uniformly on bounded sets by DC functions which are Lipschitz on bounded sets.
That result was extended by the second named author in [20] by showing that a
Lipschitz function defined on a bounded closed convex set is finitely dentable if and
only if is uniform limit of DC-Lipschitz functions. Moreover, in [7] it is studied
approximation by DC functions on a compact subset of a locally convex space, via
the Kakutani–Krein theorem.

We need to recall some definitions. A subset D ⊂ X is said to be a (C \ C)σ-set
if D =

⋃∞
n=1(An \ Bn), where An and Bn are convex closed subsets of X . A real

function f : C → R is said to be (C \ C)σ-measurable if the sets f−1(−∞, r) and
f−1(r,+∞) are both (C \ C)σ subsets of X for each r ∈ R.

The following result summarises the connection between dentability and approx-
imation by DC functions for uniformly continuous functions.

Theorem 4.1. Let f : C → R be a uniformly continuous function defined on a
bounded closed convex set. Consider the following statements:

(i) f is uniform limit of DC-bounded functions;
(ii) f is finitely dentable;
(iii) f is uniform limit of DC-Lipschitz functions;
(iv) f is countably dentable;
(v) f is (C \ C)σ-measurable;
(vi) f is pointwise limit of DC-Lipschitz functions.

Then (i) ⇔ (ii) ⇔ (iii) ⇒ (iv) ⇒ (v) ⇒ (vi) 6⇒ (v) 6⇒ (iv) 6⇒ (iii).

Proof. First we prove the positive statements. (i) ⇒ (ii) follows from [20, Pro-
position 3.1] and [20, Proposition 5.1]. (ii) ⇒ (iv) and (iii) ⇒ (i) are obvious.
Moreover, (v) ⇒ (vi) is [19, Corollary 2.7]. In order to prove (ii) ⇒ (iii), let |||·|||
be the equivalent norm given by Proposition 3.2. Since f is bounded, one can
consider the sequence of functions given by

fn(x) = inf{f(y) + n(2 |||x|||2 + 2 |||y|||2 − |||x+ y|||2) : y ∈ C}.
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Notice that

fn(x) = 2n |||x|||2 − sup{n |||x+ y|||2 − 2n |||y|||2 − f(y) : y ∈ C}

and thus each fn is a DC-Lipschitz function. Now the same arguments as in the
proof of [20, Theorem 1.4] show that (fn)n converges uniformly to f on C. Finally
we will prove (iv) ⇒ (v). If V ⊂ R is open then it is not difficult to check that

f−1(V ) =

∞
⋃

n=1

⋃

α<Dz(f,n−1)

{x ∈ [C]αn−1 : ∃H ∈ H s. t. x ∈ H, f([C]αn−1 ∩H) ⊂ V } ,

which is a representation of the set as countable union of (C \ C)-sets, as union of
open slices of a closed convex set.

Now we turn to the negative statements. Remark 2.2 in [19] shows that the
characteristic function of the Cantor set is pointwise limit of DC-Lipschitz functions
but not (C \ C)σ-measurable and thus (vi) 6⇒ (v). Moreover, let X be a separable
Banach space without the RNP and let f : BX → R be a uniformly continuous
not dentable function, which exists by Proposition 3.1. As a consequence of [19,
Theorem 1.2], every norm open subset of X is a (C \ C)σ-set and thus f is (C \ C)σ-
measurable, so (v) 6⇒ (iv). Finally, in order to show that (iv) 6⇒ (iii), let X
be a separable non-superreflexive Banach space with the RNP, e.g. X = ℓ1. By
Cepedello’s theorem, there exists a Lipschitz function f : BX → R which is not
finitely dentable. However, Proposition 3.1 and the separability of X imply that f
is countably dentable. �

The definition ofDC function was extended to the vector-valued setting by Veselý
and Zaj́ıček in [26] (see also [27]). A continuous map F : C → Y defined on a convex
subset C ⊂ X is said to be a DC map if there exists a continuous (necesarily convex)
function f on C such that f +y∗ ◦F is a convex continuous function on C for every
y∗ ∈ SY ∗ . The function f is called a control function for F . Let us notice that in
Proposition 1.13 in [26] it is showed that f is a control function for F if, and only
if,

∥

∥

∥

∥

∥

n
∑

i=1

λiF (xi)− F (

n
∑

i=1

λixi)

∥

∥

∥

∥

∥

≤
n
∑

i=1

λif(xi)− f(

n
∑

i=1

λixi)

whenever x1, . . . , xn ∈ A, λ1, . . . , λn ≥ 0 and
∑n

i=1 λi = 1.
We say that a DC map is DC-bounded if it is bounded and admits a bounded

control function. The space of DC-bounded maps has been recently studied in [27].
In the next result we characterise the dentability of such maps in terms of the dent-
ability of their target space. We will denote by E(f |F) the conditional expectation
of a function f given a σ-algebra F .

Proposition 4.2. Let D ⊂ Y be a closed convex set. Then the following are
equivalent:

(i) the set D has the RNP;
(ii) for every Banach space X and every convex subset C ⊂ X, every DC-

bounded map F : C → D is dentable.

Proof. First, assume that D does not have the RNP. Let A ⊂ D be a non-dentable
bounded subset of D and take C = conv(D). Then the identity I : C → D is a non-
dentable bounded continuous DC map with the zero function as control function.
Thus (ii) implies (i).

Now take a bounded continuous DC map F : C → D with a bounded control
function f . Given ε > 0 and x ∈ C, we will denote

δ(x, ε) = inf{‖x− y‖ : y ∈ C,max{‖F (x) − F (y)‖ , |f(x)− f(y)|} > ε} .
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Assume that F is not dentable. Then by Proposition 2.1 there exist ε > 0 and
A ⊂ C bounded such that x ∈ conv(A \F−1(BY (F (x), ε)) for each x ∈ A. We will
construct a martingale (hn)n with values in F (A) ⊂ D and so that ‖hn − hn+1‖ ≥
ε/2. In order to do that, we will define inductively an increasing sequence (Fn)n
of σ-algebras in the interval [0, 1] and a sequence (gn)n of functions from [0, 1] to
A satisfying the following conditions for each n ∈ N:

1) Fn is the σ-algebra generated by a finite partition πn of the unit interval
into disjoint subintervals;

2) gn is Fn-measurable;
3) ‖F (gn(t))− F (gn+1(t))‖ ≥ ε for each n ∈ N and t ∈ [0, 1];

4) ‖F ◦ gn − E(F ◦ gn+1|Fn)‖1 ≤
∫ 1

0
(f ◦ gn+1 − f ◦ gn)dm+ ε

2n+3 , where m
denotes the Lebesgue measure on [0, 1].

Fix x0 ∈ A so that f(x0) ≥ sup{f,A}− ε
16 , take π0 = {[0, 1]} and define g0(t) = x0

for each t ∈ [0, 1]. Assume we have defined πn = {A1, . . . , Ap}, Fn = σ(πn) and
a Fn-measurable map gn : [0, 1] → B. Then there exist x1, . . . , xp ∈ A such that
gn =

∑p
i=1 xiχAi

. Now, the non-dentability of F on A implies that there are
integers ki, λij ≥ 0, and xij ∈ A \ F−1(BY (F (xi), ε)) for j ∈ {1, . . . , ki} satisfying

that
∑ki

j=1 λij = 1 and
∥

∥

∥

∑ki

j=1 λijxij − xi

∥

∥

∥ ≤ δ(xi, 2
−n−5ε). For each i, let {Aij}

be a partition of Ai into disjoint subintervals with m(Aij) = λij m(Ai). Take

πn+1 = {Aij}ij and Fn+1 = σ(πn+1). Finally, define gn+1 =
∑p

i=1

∑ki

k=1 xijχAij
.

Clearly, gn+1 is Fn+1-measurable and takes values on F (A). Moreover,

‖F (gn(t))− F (gn+1(t))‖ ≥ ε

for each t ∈ [0, 1] since xij ∈ B \ F−1(BY (F (xi), ε) for each i, j. By using the fact
that f is a control function for F and the definition of δ we get that

∥

∥

∥

∥

∥

∥

ki
∑

j=1

λijF (xij)− F (xi)

∥

∥

∥

∥

∥

∥

≤

∥

∥

∥

∥

∥

∥

ki
∑

j=1

λijF (xij)− F (

ki
∑

j=1

λijxij)

∥

∥

∥

∥

∥

∥

+
ε

2n+5

≤





ki
∑

j=1

λijf(xij)− f(

ki
∑

j=1

λijxij)



+
ε

2n+5

≤





ki
∑

j=1

λijf(xij)− f(xi)



 +
ε

2n+4
.

In addition, it is easy to show that E(F ◦ gn+1|Fn) =
∑n

i=1(
∑ki

j=1 λijF (xij))χAi
.

Thus, we can estimate ‖F ◦ gn − E(F ◦ gn+1|Fn)‖1 as follows:

‖F ◦ gn − E(F ◦ gn+1|Fn)‖1 ≤

p
∑

i=1

m(Ai)

∥

∥

∥

∥

∥

∥

F (xi)−
ki
∑

j=1

λijF (xij)

∥

∥

∥

∥

∥

∥

≤

p
∑

i=1

m(Ai)





ki
∑

j=1

λijf(xij)− f(xi)



 +
ε

2n+4

=

p
∑

i=1

ki
∑

j=1

m(Aij)f(xij)−

p
∑

i=1

m(Ai)f(xi) +
ε

2n+4

=

∫ 1

0

f ◦ gn+1dm−

∫ 1

0

f ◦ gndm+
ε

2n+4
.
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This shows that conditions 1) to 4) above are satisfied. Finally, from condition 4)
and the fact that f(x0) ≥ sup{f,A} − ε

16 we get that

N
∑

n=0

‖F ◦ gn − E(F ◦ gn+1|Fn)‖1 ≤

∫ 1

0

(f ◦ gN+1 − f ◦ g0)dm+
N
∑

n=0

ε

2n+4
≤

ε

16
+

ε

8

for each N ∈ N. It follows that
∞
∑

n=0

‖F ◦ gn − E(F ◦ gn+1|Fn)‖1 <
ε

4
.

Thus, one can apply Lemma 5.10 in [2] to get a martingale (hn)n with values in
the bounded set F (A) ⊂ D so that ‖hn − F ◦ gn‖1 ≤ ε/4. Therefore

‖hn − hn+1‖1 ≥ ‖F ◦ gn − F ◦ gn+1‖1−‖hn − F ◦ gn‖1−‖hn+1 − F ◦ gn+1‖1 ≥
ε

2
,

which contradicts the assumption that D has the Radon-Nikodým property. �

5. Dentable sets with respect to a metric

Notice that, given a uniformly continuous injective map f : C → (M,d), we have
that f is dentable if and only if C is dentable with respect to the metric ρ := d ◦ f .
Moreover, ρ is a uniformly continuous metric on C, that is, for every ε > 0 there
exists δ > 0 so that d(x, y) < ε whenever x, y ∈ C, ‖x− y‖ < δ.

Proposition 5.1. If C ⊂ X is a bounded closed convex subset that admits a sep-
arating sequence, then it is dentable with respect to some norm-Lipschitz metric
defined on it.

Proof. Fix (x∗
n) ⊂ BX∗ a sequence which is separating on C and define

d(x, y) =

∞
∑

n=1

2−n|x∗
n(x− y)|.

Clearly, it is a metric on C and it is norm Lipschitz. The dentability of C with
respect to d follows from Corollary 1.4. Indeed, fix A ⊂ C nonempty and ε > 0.
Take n ∈ N such that 2−n < ε and find a slice S ⊂ C such that |x∗

k(x − y)| < ε/2
for all k ≤ n and x, y ∈ S. Then diam(S) < ε with respect to d. �

Let us recall that Stegall’s variational principle (see, e.g. [2, Theorem 5.17]) states
that a lower semicontinuous bounded below function f defined on a set with the
RNP can be modified by adding an arbitrarily small linear perturbation x∗ in such
a way that the resulting function f + x∗ admits a strong minimum. Geometrically
that is the consequence of the existence of strongly exposed points of the epigraph
of f and of many strongly exposing functionals, as x∗. The pathological fact in
our frame is that the slices associated to a strongly slicing functional could be
convergent to a non strongly exposed point. Indeed, consider the following example.
Let C = BX , where X = Z∗ and Z is a separable Banach space. By Proposition 5.1,
C is dentable for a metric d compatible with the weak∗ topology induced by the
convergence on Z. Moreover, d is a complete metric since C is weak∗-compact.
Thus, if x∗ ∈ SS(I, C) then S(A, x∗, t) converges to a point x ∈ C when t → 0+.
However, we can not ensure that x ∈

⋂

t>0 S(A, x
∗, t) since in general x∗ is not

continuous with respect to d. Adding such a hypothesis would send us back to the
classical case, as Theorem 1.5 and Proposition 5.2 show.

Proof of Theorem 1.5. Let I : C → (C, d) denote the identity map, which by as-
sumption is uniformly continuous on bounded sets. Given A ⊂ C be nonempty
and bounded, Theorem 2.7 provides a I-strongly slicing functional x∗. Moreover,

since d induces the norm topology, diam(S(A, x∗, t)) = diam(S(A, x∗, t)) for each
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t > 0. Thus, the completeness of d implies that
⋂

t>0 S(A, x
∗, t) consists exactly on

one point y ∈ C. Given ε > 0, the coincidence of the norm topology and the one
induced by d provides δ > 0 such that Bd(y, δ) ⊂ B‖·‖(y, ε). Now, if t > 0 is small
enough then S(A, x∗, t) is contained in Bd(y, δ) and therefore the norm-diameter of
S(A, x∗, t) is less than 2ε. Thus A is norm-dentable and we are done. �

Let us remark that it is possible to relax the hypothesis of coincidence of topo-
logies in the previous result.

Proposition 5.2. Assume that C is dentable with respect to a metric d which is
uniformly continuous on bounded sets with respect to the norm. Consider I : C →
(C, d) the identity map. If for every A ⊂ C nonempty closed convex bounded and

every x∗ ∈ SS(I, A) the set
⋂

t>0 S(A, x
∗, t)

‖·‖
is nonempty, then C has the RNP.

Proof. Let A ⊂ C be nonempty closed convex bounded. Given x∗ ∈ SS(I, A), take

x ∈
⋂

t>0 S(A, x
∗, t)

‖·‖
. Then x∗(x) ≥ sup{x∗, A} − t for each t > 0 and thus x∗

supports A at x. It follows that the set of support functionals of A contains a dense
Gδ in X∗. The Bourgain–Stegall theorem, see [5, Theorem 3.5.5], implies that C
has the RNP. �

Finally, the following proposition provides an example of a bounded closed convex
set which is not dentable with respect to any translation invariant metric. Let us
recall that a theorem of Kakutani (see e.g. [23]) asserts that a metric on a vector
space for which addition and scalar multiplication are continuous is equivalent to a
translation-invariant metric.

Proposition 5.3. Let C be the unit closed ball of c0(Γ), where Γ is uncountable,
and let d be a translation-invariant metric on C. Then C is not dentable with
respect to d.

Proof. Denote by {eγ}γ∈Γ the standard basis of c0(Γ). Fix ε > 0 and take x∗ =
(x∗

γ)γ∈Γ ∈ Sℓ1(Γ) providing a slice S = {x ∈ C : x∗(x) > t} with diam(S) < ε. Fix
a point x ∈ S. Then there exists a finite subset Aε ⊂ Γ such that

∑

γ/∈Aε
|x∗

γ | <

x∗(x)− t. Thus, given η ∈ Γ \Aε we have

x∗(x± eη) ≥ x∗(x) − |x∗
η| > t

and so x±eη ∈ S. Therefore, d(eη,−eη) = d(x+eη, x−eη) ≤ ε for every η ∈ Γ\Aε.
Now, take η ∈ Γ \ ∪nA1/n, which exists since Γ is uncountable. Then d(eη,−eη) <
1/n for every n, which is a contradiction. �

Note that such a phenomenon is impossible for a bounded closed convex subset
C of ℓ∞(N) as a consequence of Proposition 5.1.
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