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ERGODICITY AND SUPER WEAK COMPACTNESS

GUILLAUME GRELIER AND MATÍAS RAJA

Abstract. We prove that a closed convex subset of a Banach space
is (super-)weakly compact if and only if it is (super)-ergodic. As a
consequence we deduce that super weakly compact sets are characterized
by the fixed point property for continuous affine mappings. We also
prove that the M-(fixed point property for affine isometries) implies the
Banach-Saks property.

1. Introduction

The notion of super weakly compact set was introduced in [20] for convex
sets under the name finitely dentable set. The name super weakly compact is
used for the first time in [7]. Since then, this notion has been deeply studied.
For example, the second named author proved in [21] that a Banach space is
super weakly compact generated if and only if it admits a strongly uniformly
Gâteaux smooth norm. Another renorming result from [21], quoted here as
Theorem 2.10, is one of the main ingredients of this paper since it implies
that convex super weakly compact sets can be renormed to have normal
structure, which is a notion strongly related to fixed point properties (see
[15]).

In [8], the authors proved that a closed bounded convex subset K of a
Banach space X is super weakly compact if and only is it has the super fixed
point property for affine isometries T : X → X preserving K. In this paper,
we improve this characterization in two different ways. On the one hand, we
prove that a closed convex set K is super weakly compact if and only if it is
super-ergodic (Theorem 3.5), thanks to an adaptation of the classical mean
ergodic theorem (Theorem 3.3). The fixed point properties then follow eas-
ily using the same techniques. On the other hand, the main drawback of the
caracterization given in [8] is that it can exist affine isometries defined on K
which can not be extended to the all space. Moreover, the super weak com-
pactness is a localized version of superreflexivity and it is natural to expect
that such a characterization only depends onK. This is done is Theorem 4.5.

The structure of the paper is the following. The next section deals with
the several notions that will be use throughout this paper. We start recalling
the definition of spreading models and we study when the shift of a spreading
model has a fixed point when it is restricted to the closed convex hull of

1

http://arxiv.org/abs/2302.05656v1


2 G. GRELIER AND M. RAJA

its spreading basis (see Proposition 2.1). Next, we introduce a definition of
finite representability for sets that generalizes the usual definition for Banach
spaces. Finally, we recall the notion of super weak compactness. In the third
section, we characterize the (super-)weak compactness in terms of (super-
)ergodicity (Theorems 3.4 and 3.5). For that, we establish a version of the
mean ergodic theorem (see Theorem 3.3). The fixed point properties of super
weakly compact sets are obtained in the fourth section as a consequence
of their ergodic properties (see Theorem 4.5). In the fifth part, we apply
the results established in the previous sections to strongly super weakly
compactly generated Banach spaces. In fact, any weakly compact set is
super weakly compact in these spaces and we can obtain stronger results.
In the last section, we prove that if all spreading models of a Banach space
X have the fixed point property for affine isometries then X is reflexive and
in fact has the Banach-Saks property (Theorem 6.3). It follows that the
reflexivity strictly lies bewteen the fixed point property and the M-(fixed
point property) (see Definition 6.1).

2. Basic Notions

2.1. Notation. In general, our notation is standard and follows textbooks
such as [10]. For example, if X is a Banach space, BX denotes its closed unit
ball and the diameter of a bounded set A ⊂ X is denoted by diam(A). If X
is a Banach space and U is an ultrafilter, the ultrapower of X with respect
to U is denoted by XU . We refer the reader to [13] for more informations
about ultrapowers.

If (P) is a property of Banach spaces, we say that a Banach space X has
the property super-(P) if any ultrapower of X has (P). If (P) is heredi-
tary, this is equivalent to the fact that any Banach space which is finitely
representable in X has (P).

2.2. Spreading model. In this part, we recall the definition of spreading
models initially introduced by Brunel and Sucheston in [4]. We refer the
reader to [2] for a great presentation of spreading models.

Let X be a Banach space and let (xn)n∈N be a sequence in X. We said
that (xn)n∈N is a good sequence if

lim
n1→∞

‖a1xn1
+ ...+ a1xnk

‖,

where n1 < ... < nk, exists for all k ∈ N and all a1, ..., ak ∈ R. Us-
ing a theorem of Ramsey, one can prove that every bounded sequence
has a good subsequence. If (xn)n∈N is a good sequence, ‖(a1, ..., ak)‖ =
limn1→∞ ‖a1xn1

+ ... + akxnk
‖, with n1 < ... < nk, defines a semi-norm on

c00. It is easily seen that it defines a norm if and only if (xn)n∈N is not
convergent. In this case, the completion Z of c00 with this new norm is
called spreading model of X built on (xn)n∈N. We say that (en)n∈N (where
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(en)n∈N is the canonic basis of c00) is the fundamental sequence of the spread-
ing model. It can be proved that Z is finitely reprensentable in X. More
precisely, one has that:

∀ε > 0 ∀N > 1 ∃p ∈ N ∀n1 < ... < nN with n1 > p ∀a1, ..., aN ∈ R

(2.1) (1− ε)

∥

∥

∥

∥

∥

N
∑

i=1

aixni

∥

∥

∥

∥

∥

6

∥

∥

∥

∥

∥

N
∑

i=1

aiei

∥

∥

∥

∥

∥

6 (1 + ε)

∥

∥

∥

∥

∥

N
∑

i=1

aixni

∥

∥

∥

∥

∥

A non-constant sequence (en)n∈N of a Banach spaceX is said to be spreading
if

∥

∥

∥

∥

∥

n
∑

i=1

aiei

∥

∥

∥

∥

∥

=

∥

∥

∥

∥

∥

n
∑

i=1

aieni

∥

∥

∥

∥

∥

for all k ∈ N, all a1, ..., ak ∈ R and all n1 < ... < nk. By construction of the
norm of a spreading model, its fundamental sequence is spreading.

Let Z be a spreading model of a Banach space X built on a bounded
good sequence (xn)n with fundamental sequence (en)n. Following ideas of
Brunel and Sucheston (see [5]), we can define a linear isometry T : c00 → Z
by

T

(

∑

i>1

aiei

)

=
∑

i>2

ai−1ei.

Then T extends to a linear isometry from Z to Z. It is clear that T (co{en}n) ⊂
co{en}n. Along this document, we will always refer to that mapping as the
shift of the spreading model Z.

Proposition 2.1. Let X be a Banach space and let Z be a spreading model
of X with fundamental sequence (en)n. Let T be the shift of Z. The following
assertions are equivalent:

(i) T |co{en}n has a fixed point;
(ii) (en)n is weakly convergent.

Proof. (ii) =⇒ (i) Suppose that (en)n weakly converges to e ∈ Z. By weak

continuity of T , we have that en+1 = T (en)
w
−→
n

T (e) and since en+1
w
−→
n

e we

deduce that T (e) = e. Obviously we also have that e ∈ co{en}n.
(i) =⇒ (ii) Let e ∈ co{en}n be a fixed point of T . For n > 1, define

Fn = span(ei)i>n. It is clear that e ∈ F∞ :=
⋂

n>1 Fn.
Note that we can suppose that (en)n is a basic sequence. In fact, if (en)n

is not a basic sequence then (en)n weakly converges (see Proposition 2 p.17
in [2]) and we are done. So let us suppose that (en)n is a basic sequence.
Then F∞ = {0} and it follows that e = 0 ∈ co{en}n. Since (en)n is a

spreading sequence, this is equivalent to the fact that en
w
−→
n

0.
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2.3. Finite-representability of sets.

Definition 2.2. Let X and Y be Banach spaces. We say that a set A ⊂ X
is finitely represented in a set B ⊂ Y (in short, A is f.r. in B) if for all ε > 0
and all A0 ⊂ A finite linearly independent set, there exist B0 ⊂ B and an
isomorphism T : span(A0) → span(B0) such that T (A0) ⊂ B and for all
x ∈ span(A0)

(1− ε)‖x‖ 6 ‖T (x)‖ 6 (1 + ε)‖x‖.

Note that the following definition generalized the usual one for Banach
spaces since X is finitely representable in Y (we also write that X is f.r. in
Y ) if and only if BX is f.r. in BY .

We will need the following lemma:

Lemma 2.3. Let A ⊂ X be a subset of a Banach space X and let ε > 0.
Then for any finite linearly independent set x1, ..., xN in A, there exists a
finite linearly independent set y1, ..., yN in A such that ‖xk − yk‖ < ε for all
1 6 k 6 N .

Proof. There exist sequences (ykn)n ⊂ A such that (ykn)n −→
n

xk for all

1 6 k 6 N . Without loss of generality, we can suppose that ‖ykn − xk‖ < ε
for all n ∈ N and 1 6 k 6 N . Since span{xk}16k6N is finite dimen-
sional, it is complemented in X and then there exists a bounded onto
projection p : X → span{xk}16k6N . By continuity of p, we have that
p(ykn)n −→

n
p(xk) = xk for all 1 6 k 6 N . Now using the continuity of the

determinant in span{xk}16k6N , we deduce that there exists n0 ∈ N such
that the family p(y1n0

), ..., p(yNn0
) is linearly independent for all n > n0. The

family y1n0
, ..., yNn0

is linearly independent set and fulfills that ‖xk − ykn0
‖ < ε

for all 1 6 k 6 N .

The following result is well-known in the case of Banach spaces and is an
adaptation to the finite-representability of sets:

Proposition 2.4. Let A ⊂ X and B ⊂ Y be subsets of two Banach spaces

X and Y . Suppose that A can be written A =
⋃∞

n=1An where (An)n is an
increasing sequence of sets such that An is f.r. in B. Then A is f.r. in B.

In particular, A is f.r. in B if and only if A is f.r. in B.

Proof. Let e1, ..., eN be a finite linearly independent set in A and let ε > 0.
Define E = span{xk}16k6N . Since E is finite dimensional, there exists C > 0
such that for all a1, ..., aN ∈ R

1

C
max

16k6N
|ak| 6

∥

∥

∥

∥

∥

N
∑

k=1

akek

∥

∥

∥

∥

∥

6 C max
16k6N

|ak|.

Choose ν > 0 such that (1 + ε)1+CNν
1−CNν < 1 + 2ε. By the previous lemma,

there exist a finite linearly independent set x1, ..., xN ∈
⋃∞

n=1An such that
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‖ek − xk‖ < ε for all 1 6 k 6 N . Let n ∈ N such that x1, ..., xn ∈ An. Since
An is f.r. in B, there exist B0 ⊂ B and an isomorphism T : span(A0) →
span(B0) such that T (A0) ⊂ B and ‖T‖‖T−1‖ < 1 + ε. Define a linear
operator S : E → span(B0) by S(ek) = T (xk) for all 1 6 k 6 N . Take

e =
∑N

k=1 akek ∈ E. Note that
∥

∥

∥

∥

∥

N
∑

k=1

akek −
N
∑

k=1

akxk

∥

∥

∥

∥

∥

6 Nν max
16k6N

|aj| 6 CNν

∥

∥

∥

∥

∥

N
∑

k=1

akek

∥

∥

∥

∥

∥

.

On one hand, we have that

‖S(e)‖ =

∥

∥

∥

∥

∥

T

(

N
∑

k=1

akxk

)∥

∥

∥

∥

∥

6 ‖T‖

∥

∥

∥

∥

∥

N
∑

k=1

akek

∥

∥

∥

∥

∥

6 ‖T‖

(∥

∥

∥

∥

∥

N
∑

k=1

akek −

N
∑

k=1

akxk

∥

∥

∥

∥

∥

+

∥

∥

∥

∥

∥

N
∑

k=1

akek

∥

∥

∥

∥

∥

)

6 ‖T‖‖e‖(1 + CNν)

and on the other hand

‖S(e)‖ =

∥

∥

∥

∥

∥

T

(

N
∑

k=1

akxk

)∥

∥

∥

∥

∥

>
1

‖T−1‖

∥

∥

∥

∥

∥

N
∑

k=1

akxk

∥

∥

∥

∥

∥

>
1

‖T−1‖

(∥

∥

∥

∥

∥

N
∑

k=1

akek

∥

∥

∥

∥

∥

−

∥

∥

∥

∥

∥

N
∑

k=1

akek −
N
∑

k=1

akxk

∥

∥

∥

∥

∥

)

>
1

‖T−1‖
‖e‖(1 − CNν).

We conclude that ‖S‖‖S−1‖ 6 ‖T‖‖T−1‖1+CNν
1−CNν 6 (1 + ε)1+CNν

1−CNν < 1 + 2ε.

Corollary 2.5. Let Z be a spreading model of a Banach space X built on
(xn)n with spreading sequence (en)n. Then co{en}n is f.r. in co{xn}n.

Proof. By the previous proposition, it is enough to prove that co{e1, ..., ep}
is f.r. in {xn}n for all p > 1. But that follows directly from (2.1).

2.4. Super weak compactness.

Definition 2.6. Let X be a Banach space and let A ⊂ X be a bounded
set. We say that A is relatively super-weakly compact if any set f.r. in A is
relatively weakly compact. Furthemore if A is weakly closed, we say that A
is super weakly compact (in short, SWC).

This notion is a localized version of superreflexivity in the sense that a
Banach space X is superreflexive if and only if BX is SWC.
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We recall that if A is a bounded subset of a Banach space X and if U is
an ultrafilter on a set I, the ultrapower of A is defined by

AU = {(xi)U : ∀i ∈ I xi ∈ A} ⊂ XU .

The two following results are similar to Propositions 6.1 and 6.2 in [13] and
we omit the proofs since they only require minor adjustments.

Proposition 2.7. Let A be a bounded subset of a Banach space X. Then
AU is f.r. in A for any free ultrafilter U .

Proposition 2.8. Let X and Y be Banach spaces. Suppose that B ⊂ Y is
f.r. in A ⊂ X. If B0 ⊂ B is a linearly independent set, then there exist a
free ultrafilter U and a linear isometry T : span(B0) → (span(A))U such that
T (B0) ⊂ AU .

We deduce the following caracterization of SWC sets:

Theorem 2.9. Let K be a bounded weakly closed subset of a Banach space
X. The following assertions are equivalent:

(i) K is SWC;
(ii) KU is relatively weakly compact for any ultrafilter U .

Proof. (i) =⇒ (ii) follows from Proposition 2.7. Now suppose that there
exists a set A f.r. in K such that A is not relatively weakly compact. Then
A contains a sequence (xn)n∈N which does not admit any weakly convergent
subsequence. Without loss of generality, we can consider that (xn)n∈N is
a linearly independent family (in fact, (xn)n∈N admits a maximal linearly
independent subsequence by Zorn’s lemma). By proposition 2.8, there exist
a free ultrafilter U and a linear isometry T : span(B0) → (span(A))U such
that T (B0) ⊂ AU . It follows that AU is not relatively weakly compact since
(T (xn))n∈N does not admit any weakly-convergent subsequence and then K
is not SWC.

Let C be a convex subset of Banach space X. A function f : C → R is
uniformly convex if for all ε > 0 there exists δ > 0 such that

f

(

x+ y

2

)

6
f(x) + f(y)

2
− δ

whenever x, y ∈ C are such that ‖x − y‖ > ε. The modulus of convexity of
f is the function δf : R+ → R

+ defined by

δf (ε) = inf

{

f(x) + f(y)

2
− f

(

x+ y

2

)

: x, y ∈ C, ‖x− y‖ > ε

}

.

Finally we remember that a set K ⊂ X strongly generates a set H ⊂ X if
for all ε > 0 there is n ∈ N such that H ⊂ nK + εBX .

The following result is Theorem 3.2 in [21]. It will be used repeatedly in
the next parts since it has a strong connexion with normal structure and
fixed point properties.
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Theorem 2.10. Let K be a SWC absolutely convex subset of a Banach
space X. Then X admits an equivalent norm |.| such that the restriction of
|.|2 to any convex set strongly generated by K is uniformly convex.

3. Ergodicity and (super) weak compactness

Definition 3.1. Let C be a convex subset of a Banach space X. We say
that an affine function T : C → C is

• ergodic if the Cesaro mean sequence
(

1
n

∑n−1
k=0 T

k(x)
)

n
converges for

all x ∈ C;

• Cesaro equicontinuous if
{

1
n

∑n−1
k=0 T

k
}

n>1
is an equicontinuous set.

We say that C is ergodic if any Cesaro equicontinuous affine function T :
C → C is ergodic. We say that C is super-ergodic if any convex set which
is f.r. in C is ergodic.

Note the that the previous definition of ergodicity extends the usual one
in a natural way. In fact, remember that a Banach space X is ergodic if any

Cesaro bounded operator T : X → X (i.e. supn>1

∥

∥

∥

1
n

∑n−1
k=0 T

n
∥

∥

∥
< ∞) is

ergodic (see [11]).

Proposition 3.2. A Banach space X is ergodic if and only if BX is ergodic.

Proof. Suppose that X is ergodic. Let T : BX → BX be a Cesaro equicon-
tinuous affine function. Without loss of generality, we can suppose that
T (0) = 0. Note that T can be extended to X by T ′ : X → X by

T ′(x) = T
(

x
‖x‖

)

‖x‖. It is easy to prove that T ′ is linear. Moreover, from

the Cesaro equicontinuity of T , it is clear that T ′ is Cesaro bounded. We
deduce that T ′ is ergodic and then T also is.

Now let’s suppose that BX is ergodic. Let T : X → X such that T is
Cesaro bounded. Without loss of generality, we can suppose that ‖T‖ 6 1.
So T |BX

: BX → BX is well-defined, Cesaro equicontinuous and then is
ergodic by hypothesis. It follows that T is ergodic.

We start with an adaptation of the mean ergodic theorem (see Theorem
1.1 p.72 in [16]):

Theorem 3.3. Let C be a bounded convex subset of a Banach space X and
let x, y ∈ C. Let T : C → C be a Cesaro equicontinuous affine function.
The following assertions are equivalent:

(i) Ty = y and y ∈ co{T nx}n>0;

(ii) 1
n

∑n−1
k=0 T

k(x) → y;

(iii) 1
n

∑n−1
k=0 T

k(x)
w
−→ y;

(iv)
(

1
n

∑n−1
k=0 T

k(x)
)

n>1
has a subsequence that converges weakly to y.
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Proof. For simplicity, we write Sn = 1
n

∑n−1
k=0 T

k for all n > 1. Obviously
we have that (ii) =⇒ (iii) =⇒ (iv). Suppose that (iv) holds, i.e.
(Sφ(n)(x))n>1 weakly converges to y for some stricly increasing function φ :
N → N. It is clear that y ∈ co{T nx}n>0. Note that for all n ∈ N

T
(

Sφ(n)(x)
)

= Sφ(n)(x) +
1

φ(n)
T φ(n)(x)−

1

φ(n)
x

and since C is bounded, we deduce that T
(

Sφ(n)(x)
) w
−→ y. Moreover T is

weakly continuous, so T
(

Sφ(n)(x)
) w
−→ T (y). It follows that Ty = y.

Now suppose that (i) is true and fix ε > 0. Since T is Cesaro equicon-
tinuous, there exists η > 0 such that whenever z ∈ C fulfills ‖z − y‖ < η
then ‖Sn(y)− Sn(z)‖ < ε for all n ∈ N. There exists a convex combination
∑p

k=0 akT
k(x) such that

∥

∥y −
∑p

k=0 akT
k(x)

∥

∥ < η. Define an affine function

on C by S =
∑p

k=0 akT
k. For all n > p, one has that

‖SnSx− Snx‖ =
1

n

∥

∥

∥

∥

∥

∥

n−1
∑

k=0

T k





p
∑

j=0

ajT
j(x)



−

n−1
∑

k=0

T k(x)

∥

∥

∥

∥

∥

∥

=
1

n

∥

∥

∥

∥

∥

∥

n−1
∑

k=0

p
∑

j=0

ajT
k+j(x)−

n−1
∑

k=0

T k(x)

∥

∥

∥

∥

∥

∥

=
1

n

∥

∥

∥

∥

∥

∥

p
∑

j=0

aj

n−1
∑

k=0

(

T k+j(x)−

n−1
∑

k=0

T k(x)

)

∥

∥

∥

∥

∥

∥

=
1

n

∥

∥

∥

∥

∥

∥

p
∑

j=1

aj

n−1+j
∑

k=n

T k(x)

∥

∥

∥

∥

∥

∥

.

Since limn
1
nT

n(x) = 0 (C is bounded), we deduce that there exists N > p
such that ‖SnSx− Snx‖ < ε for all n > N . It follows that

‖y − Snx‖ = ‖Sny − Snx‖ 6 ‖Sny − SnSx‖+ ‖SnSx− Snx‖ < ε+ ε = 2ε

for all n > N since ‖y − Sx‖ < η. We conclude that y = limn Snx.

We obtain the following caracterization of weak compactness:

Theorem 3.4. Let C be a closed convex subset of a Banach space X. The
following assertions are equivalent:

(i) C is weakly compact;
(ii) any closed convex subset of C is ergodic.

Proof. (i) =⇒ (ii) follows directly from the previous theorem. Now sup-
pose that C is not weakly compact. By Proposition 1 in [3], there exists a
basic sequence (yn)n ⊂ C and an affine homeomorphism Φ : A → B such
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that Φ(yn) = en for all n ∈ N where

A :=

{

∞
∑

n=1

anyn | an > 0 and
∞
∑

n=1

an = 1

}

and

B :=

{

∞
∑

n=1

anen | an > 0 and

∞
∑

n=1

an = 1

}

with (en)n the canonical basis of l1. Define the bilateral shift on l1 by

S

(

∞
∑

n=1

anen

)

= a2e1 +
∞
∑

n=1

a2n−1e2n+1 +
∞
∑

n=2

a2ne2n+2.

Finally we define an affine continous mapping by T = Φ−1SΦ : A → A. It
is clear that T is Cesaro equicontinuous. In fact, we have that 1

n

∑n−1
k=0 T

k =

Φ−1
(

1
n

∑n−1
k=0 S

k
)

Φ with
∥

∥

∥

1
n

∑n−1
k=0 S

k
∥

∥

∥ 6 1 for all n > 1. Moreover, it is

proved in Theorem 3.2 of [3] that T does not have any fixed point. By
Theorem 3.3, we deduce that T is not ergodic. So A is a non-ergodic subset
of C and the proof is complete.

Now we prove the super-version of the previous theorem:

Theorem 3.5. Let C be a closed convex subset of a Banach space X. The
following assertions are equivalent:

(i) C is SWC;
(ii) C is super-ergodic;
(iii) any affine isometry from a set f.r. in C into itself is ergodic.

Proof. (i) =⇒ (ii) follows directly from the previous theorem. (ii) =⇒
(iii) is obvious.

Suppose that C is not SWC and let us show that (iii) does not hold. There
exists a free ultrafilter U on N such that CU is not weakly compact. So there
exists a sequence (xn)n ∈ CU without any convergent subsequence. Taking
subsequence if necessary, we can suppose that (xn)n is a good sequence. Let
Z be the spreading model built on (xn)n with fundamental sequence (en)n
and consider let T be the shift of Z.

If (en)n is equivalent to the canonical basis of l1 then the mean sequence

( 1n
∑n−1

k=0 T
k(e1))n does not converge since 1

n

∑n−1
k=0 T

k(e1) =
1
n

∑n−1
k=0 ek. Re-

member that co{en}n is f.r. in co{xn}n ⊂ CU by Corollary 2.5 and that CU

is f.r. in C by Proposition 2.7. Since co{en}n is not ergodic, it follows that
(ii) does not hold.

Now we suppose that (en)n is not equivalent to the canonical basis of l1.
To conclude, we are going to show again that the Cesaro mean sequence
( 1n
∑n−1

k=0 T
k(e1))n can not converge. Suppose on the contrary that this se-

quence converges. This implies that (en)n weakly converges (see Proposition
4 p.21 in [2]). Since (en)n is not equivalent to the canonical basis of l1, it
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follows that (xn)n weakly converges (by Theorem 3 p.25 in [2]) which is a
contradiction.

Theorem 3.6. Super-reflexivity is equivalent to super-ergodicity.

Proof. Suppose that X is not super-ergodic and let Y be a Banach space
f.r. in X which is not ergodic. So BY is not ergodic. By corollary 3.4, it
follows that BY is not weakly compact. So Y is not reflexive and X is not
super-reflexive. Now suppose that X is super-ergodic and let Y be a Banach
space which is f.r. in X. Then BY is f.r. in BX and then BY is ergodic by
the previous theorem. So Y is ergodic by Proposition 3.2.

4. Fixed point property and (super) weak compactness

The objective of this section is to generalize Theorem 3.6 in [8]. The
authors proved that a closed bounded convex subset C of a Banach space X
is SWC if and only if any affine isometry T : C → C which can be extended
to an affine isometry on X has a fixed point. However, it could exist affine
isometries on C without any affine isometric extension to X. That is why
we propose a intrinsic characterization.

Definition 4.1. Let C be a class of convex mappings. We say that a closed
convex bounded subset C of a Banach space X has the fixed point property
(FPP in short) for C, if every mapping from C into itself belonging to C has
a fixed point. We say that C has the super-FPP for C if any convex set
which is f.r. in C has the FPP for C. Finally, if any closed convex bounded
subset of X has the FPP for C, we say that X has the FPP for C.

Lemma 4.2. Let C be a bounded closed convex subset of a Banach space X.
If T : C → C is an affine continuous mapping then T is weakly continuous.

Proof. Let (xa)a∈A be a net in C that weakly converges to some x ∈ C.
Suppose that (T (xa))a∈A does not weakly converge to T (x). Then there
exists a weak open neighborhood V of T (x) and a subnet (xb)b∈B of (xa)a∈A
such that T (xb) /∈ V for all b ∈ B. We can write V =

⋂p
i=1 Ui with Ui =

{y ∈ X | x∗i (y − T (x)) < ε}. So, by taking another subnet if necessary,
we can suppose that there exists i0 ∈ {1, ..., p} such that xb /∈ Ui0 for all
b ∈ B. Since (xb)b∈B weakly converges to x, we have that x ∈ co{xb}b∈B
and then there exists a sequence (yn)n∈N ⊂ co{xb}b∈B such that yn → x.
By continuity of T , we have that T (yn) → T (x). However using that T is
affine, the convexity of U c

i and the fact that T (xb) /∈ Ui0 for all b ∈ B, it is
easy to see that T (yn) /∈ Ui0 for all n ∈ N. This is a contradiction and the
proof is complete.

Lemma 4.3. Let C be a convex subset of a Banach space (X, ‖.‖) such that
‖.‖2 is uniformly convex on C. If D is a convex subset of a Banach space
(Y, |.|) which is f.r. in C, then |.|2 is uniformly convex on D.
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Proof. Define δ(t) = min{δ‖.‖2
(

t
2

)

, δg(t)} > 0 where g(s) = s2 for all s ∈ R.
Let x, y ∈ D. Suppose first that x and y are linearly independent. For all
n ∈ N, there exist Cn ⊂ C and an isomorphism Tn : span{x, y} → span(Cn)
such that Tn(x), Tn(y) ∈ C and

(

1−
1

n

)

|z| 6 ‖Tn(z)‖ 6

(

1 +
1

n

)

|z|

for all z ∈ span{x, y}. For all n > 2, it follows that
(

1−
1

n

)2 ∣
∣

∣

∣

x+ y

2

∣

∣

∣

∣

2

6

∥

∥

∥

∥

Tn(x) + Tn(y)

2

∥

∥

∥

∥

2

6
‖Tn(x)‖

2 + ‖Tn(y)‖
2

2
− δ‖.‖2(‖Tn(x)− Tn(y)‖)

6

(

1 +
1

n

)2 |x|2 + |y|2

2
− δ‖.‖2

(

|x− y|

2

)

and letting n → ∞ we obtain that
∣

∣

∣

∣

x+ y

2

∣

∣

∣

∣

2

6
|x|2 + |y|2

2
− δ‖.‖2

(

|x− y|

2

)

6
|x|2 + |y|2

2
− δ(|x− y|).

Now if x and y are linearly dependant, one can easily prove that
∣

∣

∣

∣

x+ y

2

∣

∣

∣

∣

2

6
|x|2 + |y|2

2
− δg(|x− y|) 6

|x|2 + |y|2

2
− δ(|x− y|)

and the proof is complete.

Let C be a closed convex subset of a Banach space X. We recall that a
point x ∈ C is diametral if sup{‖x − y‖ : y ∈ D} = diam(D). We say that
C has normal structure (see [15]) if any bounded closed convex subset D of
C containing more than one point has a point which is not diametral.

Lemma 4.4. Suppose that C is a convex subset of a Banach space X such
that ‖.‖2 is uniformly convex on C. Then C has normal structure.

Proof. Let D be a bounded closed convex subset of C and let d = diam(D).
Fix x, y ∈ D two distinct point and let us show that x+y

2 is not a diametral
point of D. Suppose that it is diametral. Then for all n ∈ N there exists

xn ∈ D such that
∥

∥

x+y
2 − xn

∥

∥

2
> d2 − 1

n . It follows that:

d2 −
1

n
<

∥

∥

∥

∥

x+ y

2
− xn

∥

∥

∥

∥

2

= 2

∥

∥

∥

∥

1

2

(

x− xn
2

+
y − xn

2

)∥

∥

∥

∥

2

6

∥

∥

∥

∥

x− xn
2

∥

∥

∥

∥

2

+

∥

∥

∥

∥

y − xn
2

∥

∥

∥

∥

2

− δ‖.‖2(‖x− y‖)

6 d2 − δ‖.‖2(‖x− y‖)
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and we obtain a contradiction by letting n → ∞.

Theorem 4.5. Let C be a bounded closed convex subset of a Banach space
X. The following assertions are equivalent:

(i) C is SWC;
(ii) C has the super-(FPP for affine isometries);
(iii) C has the super-(FPP for continuous affine mappings);
(iv) there exists an equivalent norm on X such that C the super-(FPP

for non-expansive mappings).

Proof. Any continuous affine self-mapping of a closed convex set is weakly
continuous by Lemma 4.3. It follows that (i) =⇒ (iii) by Schauder-
Tychonoff theorem. The implication (iii) =⇒ (ii) is obvious.

(ii) =⇒ (i) Just follow the proof of (ii) =⇒ (i) in Theorem 3.5.
(i) =⇒ (iv) By Theorem 2.10, there exists an equivalent |.| norm on X

such that |.|2 is uniformly convex on C. Let us show that (C, |.|) has the
super-(FPP for non-expansive mappings). Let D be any convex set f.r. in
(C, |.|). By the two previous lemmas, D has normal structure. By Kirk’s
theorem (see [15]), it follows thatD has the FPP for non-expansive mapping.

(iv) =⇒ (i) Under this new norm, C has the super-(FPP for affine
isometries) and we deduce that C is SWC thanks to the implication (ii) =⇒
(i).

Remark 4.6. In general, it is not true that a convex SWC set has the super-
(FPP for isometries). In fact, Alspach constructed a weakly compact set K
(and then SWC, see the next part) of L1[0, 1] and an isometry T : K → K
without any fixed point (see [1]).

Remark 4.7. The implication (i) =⇒ (ii) can also be proved directly
using the existence of lower semi-continuous uniformly convex functions on
C. The ideas of this construction can be found in [12] and we refer the
reader to this document for the definitions of the different notions used in
the following argument. Let T : C → C be any isometric affine mapping.
For ε > 0, we define fε(x) as the height of the tallest ε-separated dyadic
tree with root x. Note that gluing trees, it is easy to see that fε fulfills that

fε

(

x+ y

2

)

> min{fε(x), fε(y)}+ 1

whenever ‖x − y‖ > ε, i.e. fε is a ε-quasi concave function. Since a ε-
separated dyadic tree with root x gives a ε-separated dyadic tree with root
T (x) through T , we have that fε◦T > fε. We easily deduce that the function
hε := 3−fε is ε-uniformly convex and verifies that hε ◦ T 6 hε. We deduce
that the closed convex envelope gε = co(hε) of hε is 2ε-uniformly convex
convex and lower semi-continuous. Moreover, note that gε ◦T 6 gε. In fact,
we have that gε ◦ T = co(hε) ◦ T 6 hε ◦ T 6 hε where gε ◦ T is convex lower
semi-continuous and then gε ◦T 6 co(hε) = gε. The closed envelope g of the
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function
∑

n>1
1

2n‖g1/n‖∞
g1/n is uniformly convex, lower semi-continuous and

verifies that g ◦T 6 g. The function g is convex lower semi-continuous (thus
convex w-lower semi-continuous) on a weakly compact set and then reaches
his minimum on C at some point x ∈ C. Since g is uniformly convex, this
miminum is unique. Moreover, we have that g(T (x)) 6 g(x). It follows that
T (x) = x.

5. Application to S2WCG Banach spaces

The following definition was in [21]:

Definition 5.1. A Banach space X is said to be strongly super weakly
compactly generated (in short, S 2WCG) if there is a SWC set K ⊂ X that
strongly generates any weakly compact set H ⊂ X.

Note that if X is S 2WCG then any weakly compact subset of X is SWC
(see Theorem 4.1 in [6]). A fundamental example of a S 2WCG space is
L1(Ω,A, µ,X) where (Ω,A, µ) is a finite measure space and X is a super-
reflexive Banach space (see [21] for the proof).

Theorem 4.6 of [8] is obtained as an easy consequence of the previous
results:

Proposition 5.2. Let X be a S2WCG Banach space. Then X admits an
equivalent norm such that any weakly compact convex subset has the FPP
for non-expansive mappings.

Proof. Let K be a SWC absolutely convex set that strongly generates X.
Consider thatX is endowed with the norm given by Theorem 2.10. It follows
that the square of the norm is uniformly convex on any weakly compact
subset of X and then any weakly compact subset has normal structure by
Lemma 4.4. The conclusion is obtained thanks to Kirk’s theorem.

Combining the results of the previous parts, we obtain:

Proposition 5.3. Let C be a closed convex subset of a S2WCG Banach
space X. The following assertions are equivalent:

(i) C is weakly compact;
(ii) C is SWC;
(iii) C is superergodic;
(iv) any closed convex subset of C is ergodic;
(v) any closed convex subset of C has the FPP for continuous affine

mappings.

Proof. (i) =⇒ (ii) follows from the fact that X is S2WCG. (ii) =⇒ (iii)
follows from Theorem 3.5. (iii) =⇒ (iv) is obvious. (iv) =⇒ (v) follows
theorem 3.3. (v) =⇒ (i) is Theorem 3.2 in [3].
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Proposition 5.4. Let Y be a subspace of a S2WCG Banach space X. The
following assertions are equivalent:

(i) Y is reflexive;
(ii) Y is superreflexive;
(iii) Y is super-ergodic;
(iv) Y is ergodic;
(iv) Y has the FPP for continuous affine mappings.

Proof. It follows directly from the previous results.

Remark 5.5. In the case of L1(Ω,A, µ,R), the previous corollary can be
considerably improved. In that case, Y is reflexive if and only if Y has the
FPP for non-expansive mappings. One implication is due to Maurey (The-
orem 1 in [18]) and the other one is due to Dowling and Lennard (Theorem
1.4 in [9]).

6. A remark on the M-FPP

Definition 6.1. Let (P) be a property of Banach spaces. We say that a
Banach space X has the property M-(P) if any spreading model of X has
(P).

It is worth noting that it does not imply that X has (P) in general. The
notion of M-property has been introduced by Beauzamy in [2] (see Chapter
5). In this book, the author claims that there does not exist any character-
ization of the M-reflexivity. As far as we know, this question is still opened.

Remember that a Banach space X has the Banach-Saks property (resp.
alternate Banach-Saks property) if any bounded sequence (xn)n ⊂ X admits
a subsequence (xφ(n))n such that

(
∑n

k=1 xφ(k)
)

n
(resp.

(
∑n

k=1(−1)kxφ(k)
)

n
)

converges. For more informations about these properties and its links with
spreading models, we refer the reader to [2].

We start with the following lemma:

Lemma 6.2. The M-(FPP for affine isometries) implies the alternate Banach-
Saks property.

Proof. Let X be a Banach space and suppose that X does not have the
alternate Banach-Saks property. By Beauzami’s theorem (see Theorem 5
p.47 in [2], it follows that X has a spreading model Z isomorphic to l1.
Then the fundamental sequence (en)n of Z is equivalent to the canonical
basis of l1. In particular, (en)n is not weakly convergent. By the previous
proposition, we deduce that co{en}n and thus Z do not have the FPP for
affine isometries.

It is well-known that the fixed point property does not imply reflexivity.
In fact, l1 can be renormed to have the FPP for non-expansive mappings
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(see [17]). However the M-FPP implies reflexivity. More precisely we have
that:

Theorem 6.3. The M-(FPP for affine isometries) implies the Banach-Saks
property.

Proof. Let X be a Banach space with the M-(FPP for affine isometries).
By the previous lemma, we already know that X has the alternate Banach-
Saks property. Now we prove that X is reflexive. By contradiction, suppose
that X is not reflexive. There exists a bounded sequence (xn)n without
any weakly convergent subsequence. By taking subsequence if necessary, we
can suppose that (xn)n is a good sequence generating a spreding model Z
with fundamental sequence (en)n. Since X has the alternate Banach-Saks
property, (en)n is not equivalent to the canonical basis of l1. Since (xn)n is
not weakly convergent, it follows that (en)n is not weakly convergent (see
Theorem 3 p.25 in [2]). By the previous proposition, we conclude that Z can
not have the FPP for affine isometries, which is a contradiction. It follows
that X is reflexive and has the alternate Banach-Saks property and then
has the Banach-Saks property (see Proposition II-4-1 in [2]).

Before the next theorem, we recall some well-known facts. First the
Banach-Saks property implies reflexivity (see [19] for a proof or note that ℓ1
does not have the Banach-Saks property and apply Rosenthal’s ℓ1-theorem).
Moreover, any superreflexive Banach space admits an uniformly convex
norm by Enflo’s theorem. Then it follows that superreflexive Banach spaces
have the Banach-Saks property by Kakutani’s theorem (see [14]). In partic-
ular, superreflexivity is equivalent to the super-Banach-Saks property.

Maurey proved that any isometry T : C → C on a closed convex subset C
of a superreflexive Banach space has a fixed point (see for example Theorem
F p.112 in [22]). Any continuous affine mapping T : C → C also enjoys this
property:

Theorem 6.4. Let X be a Banach space. The following assertions are
equivalent:

(i) X is superreflexive;
(ii) X has the super-(FPP for affine isometries);
(iii) X has the super-(FPP for continuous affine mappings);
(iv) X has the super-(FPP for isometries).

Proof. By the previous theorem, we have that the super-(FPP for affine
isometries) implies the Banach-Saks property. Since super-reflexivity is
equivalent to the super-Banach-Saks property, we obtain (ii) =⇒ (i). We
have that (i) =⇒ (iii) by Schauder-Tychonoff theorem and (iii) =⇒ (ii)
is obvious. (i) =⇒ (iv) is Maurey’s theorem. Since (iv) =⇒ (ii) is
obvious, the proof is complete.
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