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Abstract
Given a finite covering by closed convex sets of BX , the unit ball of an infinite-dimensional
Banach space, we investigate whether there is a set of the covering that contains balls of
radius close to 1 and (a) arbitrarily high finite dimension or (b) infinite dimension. In case
(a) the answer is affirmative, but for the case (b) we just get radius close to 1/2 and finite
codimension under much more restrictive hypotheses.
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Finite-codi-mensional balls
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1 Motivation

Baire’s theorem implies that in any countable cover of the unit ball BX of a Banach space X
by closed sets there is, at least, one set from the cover that contains a smaller ball of positive
radius. It seems quite natural to expect a little more if the cover by closed sets is finite, or the
sets are moreover convex. However, very simple examples show that we will not have balls
of bigger radius being finite the cover of BX .

On the other hand, a well known result of Lyusternik and Shnirel’man, see [8, 9], that for
any cover of Sn−1 (the Euclidean sphere in R

n) by not more than n closed sets, there is one
of them containing a pair of antipodal points. The Lyusternik-Shnirel’man theorem easily
implies the following result: if X is an infinite dimensional Banach space, then in any finite
cover of BX by closed convex sets, there is one of them that contains a diameter, in other
words, a 1-dimensional ball of radius 1.

Our aim in this paper is to maximize the radius and the (vectorial) dimension of the
balls contained in the sets of a finite cover of BX by closed convex sets. Let us state our
basic definition. We say that a set A ⊂ X contains an n-dimensional (respectively, infinite
dimensional, finite codimensional) ball of radius λ > 0 if there is x ∈ A and a subspace Y ⊂
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of dimension n (resp. infinite dimension, finite codimension) such that

x + λBY ⊂ A,

where BY = BX ∩Y . We will see that it is possible to find balls of arbitrarily high dimension
and radius close to 1 in finite covers of BX by closed convex sets, but infinitely dimensional
balls seem to be scarcer.

The organization of the paper is the following. In the next section we exhibit two relevant
examples and provide some auxiliary lemmas. Then, in Sect. 3, we address the problem of
finding high-dimensional balls of large radius. It turns out that the solution follows easily
from some not well known early results of Milman. However, for the sake of complete-
ness we provide a full proof based on Milman’s concentration of measure phenomenon and
Dvoretzky’s theorem. The aim in the last section is to find infinite-dimensional (actually,
of finite codimension) balls of large radius in a set that covers BX with finitely many of its
translates. The idea here is to find a projection onto a suitable finite codimensional subspace
that approximatively preserves the set.

We consider that the results in this paper are far from being optimal, but they point to a
promising line of research. All the Banach spaces considered are real. Our notation is totally
standard and we address to generic references such as [4, 6] for any unexplained definition.

2 Convex decompositions of BX

When we started this work, the aim was to find finite codimensional balls of large enough
radius in the pieces of a finite decomposition of the unit ball BX of an infinite dimensional
Banach space X , mainly motivated by its relation to asymptotic uniformly smooth renorm-
ings, see [15]. We will see that the answer depends largely on the geometry of X .

Firstly, we will show with a simple example that the largest finite codimensional balls
contained in the pieces of a convex cover of the unit ball of the Hilbert space H may have
small radius.

Example 2.1 For every k ∈ N it is possible to decompose BH as the union of 2k congruent
closed convex sets such that if rk is the supremum of the radii of finite-codimensional balls
contained in any of those sets, then r1 < 1 and limk rk = 0.

Proof We will take H = �2 with the coordinates indexed by N ∪ {0}. Fix k ≥ 1 and for
1 ≤ j ≤ 2k consider the set

A j =
{

(xn) ∈ B�2 : (−1) j x0 ≤ 1/2 − k
∞∑

m=0

x22km+ j

}
.

These sets are closed and convex, and moreover,
⋃2k

j=1 A j = B�2 . Indeed, assume that some
x = (xn) ∈ B�2 belongs to none of the sets. Then we have the reversed inequalities

(−1) j x0 > 1/2 − k
∞∑

m=0

x22km+ j ,

whose sum over 1 ≤ j ≤ 2k gives

0 > k − k
∞∑
n=1

x2n .
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We deduce

1 <

∞∑
n=1

x2n ≤ ‖x‖2

that is a contradictionwith x ∈ B�2 . Nowwewill estimate the radius of a finite codimensional
ball contained in A j . LetY be a finite codimensional subspace.Obviously,Y meets the vectors
supported on coordinates of the form 2km + j in a infinite-dimensional subspace of �2, say
Z . We can choose a 2-dimensional section given by the direction of x0 and vector from Z ,
and such that the coordinates of the center of the ball, except x0, are negligible. This section
reduces the problem to dimension 2, where some Euclidean gymnastics easily provides this
upper bound for rk

rk ≤

√√√√ 1

2k

(
1 − 1

k

)
+ 1

2k

√(
1 − 1

k

)2

+ 3.

The claimed properties of (rk) follow easily. 
�
We do not know whether it is possible to produce a similar example in H with infinite

dimensional balls instead of finite codimensional.
Now we will show that c0 behaves very differently from Hilbert space when it comes to

finite convex decompositions of the unit ball.

Example 2.2 Let A j ⊂ Bc0 for j = 1, . . . , k be convex closed subsets such that Bc0 =⋃k
j=1 A j . Then for some j , there is a finite codimensional ball of radius 1 contained in A j .

Proof Indeed, consider A j
w∗

in �∞. Note that the closure only adds points which are in
�∞\c0 since Ai is weakly closed. The extreme points of B�∞ is {−1, 1}N, that becomes

the Cantor set when considered with the weak∗ topology. Then B�∞ ⊂ ⋃k
j=1 A j

w∗
and, in

particular, {−1, 1}N is covered. The Baire category theorem (one could argue whether for

finitely many sets Baire name is adequate) applied to {−1, 1}N provides some A j
w∗

that
contains a w∗-clopen set of the form

(a1, . . . , ai ) × {−1, 1}N.

The w∗-closed hull of this set is contained by A j
w∗

and therefore

(a1, . . . , ai ) × [−1, 1]N ⊂ A j
w∗

with x0 = (a1, . . . , ai , 0, 0, . . . ). As x0 ∈ c0 we have x0 + BY ⊂ Ak being Y the subspace
of c0 having null the first i coordinates. 
�

We will finish with some observations that will be useful in next sections.

Lemma 2.3 Let A ⊂ X be bounded convex with nonempty interior and assume 0 ∈ Ao.
Then, for every ε > 0 there is δ > 0 such that

A + δBX ⊂ (1 + ε)A, and (1 + δ)A ⊂ A + εBX .

Proof It is enough to take δ = min{αε, ε/β} where α, β > 0 are such that αBX ⊂ A ⊂
βBX . 
�
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Note that a similar statement holds if the dilation of A is centered on a given inner point
of A.

Lemma 2.4 Let A ⊂ X be a closed set with nonempty interior. If A is covered by finitely
many convex closed sets (A j )

k
j=1, then A is covered by those among (A j )

k
j=1 with nonempty

interior.

Proof By Baire’s theorem, the set
⋃k

j=1 A
o
j is dense in A, thus

A ⊂
k⋃
j=1

Ao
j =

k⋃
j=1

Ao
j =

⋃
{A j : Ao

j 
= ∅},

as claimed. 
�

3 Arbitrarily high-dimensional Euclidean balls

Let us start by reminding the following application of the concentration of measure phe-
nomenon for functions on the Euclidean sphere proved by Milman in [10]. We will follow
the formulation given in [2, Proposition 12.3].

Lemma 3.1 Let f be a real-valued function on SN−1 which is τ -Lipschitz with respect to the
Euclidean norm, and let 0 < ε < τ/2. Then there is an n-dimensional subspace F of RN

with n ≥ CNε2/| log(ε/τ)|τ 2 (where C is universal constant), and there is a number λ0
such that

λ0 − ε ≤ f (x) ≤ λ0 + ε

for every x ∈ F ∩ S
N−1.

The set of values where a continuous function f on the sphere are approximative concen-
trated on arbitrarily high finite dimensional spaces is called the spectrum of f by Milman.
Lemma 3.1 establishes that the spectrum is nonempty, see [12] for an account of the
development of this theory.

The next three results are also due to Milman, however their traceability was not easy to
me because, to my knowledge, they do not appear in books despite their great importance.
For instance, the infinite dimensional version of Lemma 3.3 appears in [5] and [14] with no
proof. For that reason, we will include qualitative proofs using Lemma 3.1 and Dvoretzky’s
theorem [2, Theorem 12.10].

Lemma 3.2 Let n ∈ N and ε ∈ (0, 1/2). There is N (n, ε) such that for all N ≥ N (n, ε) and
A1, A2 a covering of SN−1 by two closed sets, there is an n-dimensional subspace F of RN

and some i ∈ {1, 2}. such that

F ∩ S
N−1 ⊂ Ai + εBRN .

Proof Take f (x) = d(A1, x), that is 1-Lipschitz and apply Lemma 3.1 with ε/2 so there is
λ0 and F ⊂ BRN an n-dimensional subspace such that

λ0 − ε/2 ≤ f (x) ≤ λ0 + ε/2

for x ∈ F ∩ S
N−1. Then either λ0 ≤ ε/2 or λ0 > ε/2. In the first case we have

0 ≤ f (x) ≤ ε
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for every x ∈ F ∩ S
N−1 and therefore A1 does the work. On the other hand, if λ0 > ε/2,

then f (x) > 0 for for every x ∈ F ∩ S
N−1. Consequently,

x ∈ Ac
1 ⊂ A2 ⊂ A2 + εBRN

that finishes the proof. 
�

Our Lemma 3.2 is [10, Corollary 3] without the precise estimation of the dimension given
by Milman.

Lemma 3.3 Let n, k ∈ N and ε ∈ (0, 1/2). There exists N (n, k, ε) such that for all N ≥
N (n, k, ε) and (Ai )

k
i=1 a covering of S

N−1 by closed sets, there is an n-dimensional subspace
F of RN and some i ∈ {1, . . . , k} such that

F ∩ S
N−1 ⊂ Ai + εBRN .

Proof The case k = 2 is just the previous lemma. Assume that SN−1 is covered by three sets
A1, A2, A3 and apply Lemma 3.2 to the cover A1, A = A2 ∪ A3 with ε/2 and

N ≥ N (N (n, ε/2), ε/2).

Then we can find E of dimension at least N (n, ε/2) such that either

A1 + (ε/2)BRN or A + (ε/2)BRN

contains SE . In the first case, we are done. In the second one, we have a covering of SE by
two closed sets A2 + (ε/2)BRN and A3 + (ε/2)BRN , so we can apply again Lemma 3.2 in
order to finish the 3-set case. For a general k, take

N ≥ N (n, k, ε) := N (N (. . . N (n, ε/k), ε/k), ε/k),

where the function N (n, ε/k) is composed k − 1 times with itself. 
�

Theorem 3.4 Let n, k ∈ N and ε ∈ (0, 1/2). There exists N (n, k, ε) such that for all the
normed spaces X of dimension N ≥ N (n, k, ε) and (Ai )

k
i=1 a covering of SX by closed sets,

there is an n-dimensional subspace F of X and some i ∈ {1, . . . , k} such that

F ∩ SX ⊂ Ai + εBX .

Proof By Dvoretzky’s theorem, see [2, Theorem 12.10] for instance, if the dimension of X is
large enough, we can find a Euclidean sphere S between SX and (1+ε/3)SX when restricted
to some subspace E of dimension N (n, k, ε/3), the number given by Lemma 3.3. If (Ai )

k
i=1

a covering of SX , then

(Ai + (ε/3)BX )ki=1

is a covering of S. The thesis of the lemma and a trivial estimation of the Euclidean norm on
E gives that for some some i ∈ {1, . . . , k} the set set Ai + (ε/2)BX contains S ∩ F with F
an n-dimensional subspace of E . Therefore, Ai + εBX contains SX ∩ F . 
�

Theorem 3.4 applies straightforwardly to estimation of the radius of arbitrarily dimen-
sional balls in the sets of a finite decomposition of BX into closed convex sets up to small
perturbations.
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Corollary 3.5 Let n, k ∈ N and ε ∈ (0, 1/2). There exists N (n, k, ε) such that for all the
normed spaces X of dimension N ≥ N (n, k, ε) and (Ai )

k
i=1 a covering of BX by closed

convex sets, there is an n-dimensional subspace F of X and some i ∈ {1, . . . , k} such that

F ∩ BX ⊂ Ai + εBX .

Note that the Lyusternik-Shnirel’man theorem says that Borsuk’s conjecture is true for
balls, being false in general [1]. Corollary 3.5 could be regarded somehow as a strengthening
of Lyusternik-Shnirel’man result.

In order to better exploit this result we introduce the following notion. Consider for A ⊂ X
a bounded convex set

ρ̃(A) := sup{λ > 0 : A contains arbitrarily high-dimensional balls of radius λ}
and define the asymptotic inradius of a set A as the number

ρ(A) = inf
ε>0

ρ̃(A + εBX ).

Note that if A has nonempty interior, then ρ(A) = ρ̃(A) thanks to Lemma 2.3.

We have the following account of properties of ρ.

Proposition 3.6 Let X be an infinite-dimensional Banach space. Then

(a) ρ(BX ) = 1;
(b) if A ⊂ B ⊂ X are convex closed bounded and λ ≥ 0, then

ρ(A) ≤ ρ(B) and ρ(λA) = λ ρ(A);
(c) if A, A1, . . . , Ak ⊂ X are convex closed and bounded such that A ⊂ ⋃k

j=1 A j , then

ρ(A) ≤ max{ρ(A j ) : 1 ≤ j ≤ k}.
Proof (a) and (b) are pretty evident. Note that (c) is Corollary 3.5 in case A = BX . For the
general case, fix ε > 0 and take r < ρ̃(A+εBX ). Given n ∈ N, find a closed ball B of radius
r of dimension N (n, k, ε) inside A + εBX . Evidently, A1 + εBX , . . . , Ak + εBX is a cover
of B. Translation and scaling reduces that to Corollary 3.5, therefore for some j = 1, . . . , k,
the set A j + εBX contains a ball of dimension n and radius r . 
�

Statement (c) of Proposition 3.6 applied to a finite convex decomposition of a convex set
in an infinite-dimensional Banach space gives a “principle of conservation” the asymptotic
inradius. We will state explicitly that as a corollary.

Corollary 3.7 Let A, A1, . . . , Ak ⊂ X be convex closed and bounded subsets of an infinite-
dimensional Banach space such that A = ⋃k

j=1 A j , then there is some j such that ρ(A j ) =
ρ(A).

Despite the asymptotic inradius behave like a measure of noncompactness with respect
to homothecies, translations and finite decompositions (into convex closed sets), it fails with
respect to addition of sets.

Example 3.8 Consider the convex closed bounded set in �1

A = {(xn) ∈ B�1 : xn ≥ 0}.
Then ρ(A) = ρ(−A) = 0, but A + (−A) = B�1 .

123



Covering BX by finitely many convex sets Page 7 of 10 122

4 Covering BX by translates of a single set

In order to obtain a result valid for convex non balanced sets we need to remove the symmetry
in the well known Mazur’s lemma [7].

Proposition 4.1 Let X be a Banach space of infinite dimension, A ⊂ X a bounded convex
set that has 0 as an interior point and let 
 its Minkowski functional. If F ⊂ X is a finite
dimensional subspace and δ > 0 then there is a finite codimensional subspace Y ⊂ X and
a projection P from Z = F + Y onto F with kernel Y such that for every z ∈ Z we have


(P(z)) ≤ (1 + δ)
(z).

Proof Let ∂A be the boundary of A, that is the set {
 = 1}. Note that 
 is sublinear and
Lipschitz with respect to the norm. The set F ∩ ∂A is compact so there are finitely many
points xi ∈ F ∩ ∂A, with 1 ≤ i ≤ k, such that for any x ∈ F ∩ ∂A there is i such that

(xi −x) < δ′ where δ′ = 1−(1+δ)−1. By the Hahn-Banach theorem there are functionals
x∗
i such that x∗

i ≤ 
 and x∗
i (xi ) = 1. Let Y = ⋂k

i=1 ker x
∗
i . Assume that x ∈ F ∩ ∂A and

y ∈ Y . If i is the suitable index then


(x + y) ≥ 
(xi + y) − 
(xi − x) ≥ x∗
i (xi + y) − δ′ = 1 − δ′ = (1 + δ)−1
(x).

As the end terms of the inequality are homogeneous, we see that


(x) ≤ (1 + δ)
(x + y)

whenever x ∈ F and y ∈ Y . That also implies that the sum F +Y is direct, so the projection
P is well defined. 
�

We have the following general result.

Theorem 4.2 Let X be an infinite dimensional Banach space, A ⊂ X a convex subset and
assume that 0 ∈ A and there is a finite subset O ⊂ X such that BX ⊂ A+O. Then for every
ε > 0 there is a finite codimensional subspace Y ⊂ X and a finite subset H ⊂ A such that

BY ⊂ (A − H) + εBX .

Proof Let F be the finite-dimensional subspace generated by O , so we have BX ⊂ A+F . By
Lemma 2.4, A has nonempty interior, so we may assume 0 ∈ Ao without loss of generality.
Let 
 the Minkowski functional of A and take Y as in Proposition 4.1 with δ > 0 such that

(1 + δ)A ⊂ A + (ε/3)BX

Consider the setC = F∩Awhich is relatively compact, so we can find a finite subset H ⊂ A
such that

C ⊂ H + (ε/3)BX .

Now assume that y ∈ BY there are x ∈ D and u ∈ F such that y = x − u. Clearly
x ∈ Z = Y + F so the projection P is defined for x . We have

0 = P(y) = P(x) − P(u) = P(x) − u.

Observe that u = P(x) ∈ (1 + δ)A, and also u ∈ F . Since there is v ∈ H such that
‖u − v‖ < 2ε/3 and z ∈ A with ‖x − z‖ ≤ ε/3 we have

y ∈ (A − H) + εBX .

as wanted. 
�
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The set A in Theorem 4.2 may be smaller that the unit ball. Indeed, let A ⊂ R
2 be a

regular hexagon of radius (= side) 1/
√
3. If H is the set of its vertices, then BR2 ⊂ A − H .

Corollary 4.3 Let X be a Banach space, A ⊂ X a balanced bounded convex closed subset
and assume that there is a finite subset O ⊂ X such that BX ⊂ A + O. Then A contains a
finite-codimensional ball of radius λ for every λ < 1/2.

Proof Given ε > 0, Theorem 4.2 provides a subset H ⊂ A such that BX ⊂ (A− H)+ εBX .
Note that for A balanced we have A − H ⊂ A − A = 2A. The final result is obtained by
using Lemma 2.3. 
�
Corollary 4.4 Let X be a Banach space, A ⊂ X a balanced bounded convex closed subset
with nonempty interior. If there is a compact subset K ⊂ X such that BX ⊂ A + K, then A
contains a finite-codimensional ball of radius λ for every λ < 1/2.

Proof For every ε > 0 there is finite subset O ⊂ K such that K ⊂ O + εBX . Then apply
Corollary 4.3 together Lemma 2.3. 
�

Note the similarity with Riesz–Fredholm theory (see [3] for instance). Indeed, let T be a
compact operator on the Banach space X and take S = IX −T . Consider the sets A = S(BX )

and K = T (BX ). Evidently, BX ⊂ A+K , where A is convex, K is compact convex, and both
are balanced. The classic Riesz–Fredholm theory [3, Théorème VI.6] says that Y := S(X) is
closed and finite codimensional. It is not difficult to check that A is closed too. However, the
construction does not imply that λBY ⊂ A for a given λ ∈ (0, 1] like in Corollary 4.3, but
that aim can easily be achieved with λ arbitrarily close to 1 just passing to a suitable (further)
finite codimensional Z ⊂ Y .

We do not know how optimal is the constant 1/2 obtained above. In the case of Hilbert
space it can be improved assuming in addition that the covering set A is contained in the unit
ball.

Proposition 4.5 Let X be a Hilbert space, A ⊂ BX a convex subset and assume that there is
K ⊂ X compact such that BX ⊂ A+K. Then, for every ε > 0 there is a finite codimensional
subspace Y ⊂ X such that

BY ⊂ A + εBX .

Proof Given ε > 0, by the uniform convexity of the norm, we may find δ > 0 such that
if x, y ∈ BX and the segment [x, y] is disjoint with (1 − δ)Bo

X , then ‖x − y‖ ≤ ε. The
compact K is contained by the subspace generated by the first n elements of a Hilbert basis
except a perturbation of norm less than δ. Let Y be the subspace generated by the basis
elements starting from n + 1 on and let P be the norm one projection onto Y . We have
BY ⊂ P(A) + δBX . Consider any y ∈ SY . Then, there is z ∈ P(A) such that ‖z − y‖ ≤ δ

and x ∈ A such that P(x) = z. For any λ ∈ [0, 1] we have
P(λy + (1 − λ)x) = λy + (1 − λ)z.

Now, note that

‖(λy + (1 − λ)z) − y‖ = (1 − λ)‖z − y‖ ≤ δ,

and thus we have ‖λy + (1− λ)z‖ ≥ 1− δ. That implies ‖λy + (1− λ)x‖ ≥ 1− δ for every
λ ∈ [0, 1]. The choice of δ implies that ‖x−y‖ ≤ ε and therefore y ∈ A+εBX . Since y ∈ SY
was arbitrary, we get SY ⊂ A + εBX . Finally, by convexity we deduce BY ⊂ A + εBX . 
�

123



Covering BX by finitely many convex sets Page 9 of 10 122

The ε-perturbation cannot be removed as the following example in �2 shows

A = {(xn) ∈ B�2 :
∞∑
n=1

(1 − 2−n)−2 x2n ≤ 1}

and K = {(xn) ∈ B�2 : |xn | ≤ 2−n}.
Remark 4.6 Continuous functions on the Hilbert sphere could not be almost constant on any
infinite dimensional subspace after the negative solution to the distortion problem by Odell
and Schlumprecht [13], therefore a similar result to Corollary 3.5 with infinite dimensional
subspaces seems to be not feasible, see [11] for a discussion in terms of the infinite spectrum.

We have further developed the ideas behind Examples 2.1 and 2.2 into quantitative results
for general Banach spaces in [16].
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