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|. Introduction & results




T-duality

¥ Beyond Einstein gravity

=> Low energy effective theory of string %

Gravity with T-duality

T-duality

* momentump<>windingw
= R&>1/R (a' omitted) for C|rcle
= Gy €1/G,,,, ingeneral
i.e. Duality of short / long distance

€ No initial singularity of our early universe !

12 1 G1 GB D
HO mode ————+ WZRZ H o 5(}'),8033) ( —BG G — BG_lB 8033
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Global O(d,d) T-duality symmetry

Two vielbein Doubled vielbein
(G + B)mn — ema(el)an GT e — G_1 G_lB )
Linear transf. under O(d,d) "“=\ -BG' G¢-BG'B

Double Lorentz inv. N o= (1 1)
) Linear transf. under O(d,d)

(o) = (e (5

— (e’aJre_lb [e’c+e_1aﬂ) e oA
Fractional transf. under O(d,d) &> 0(d,d) is symmetry of H
GICL—l—B_lb B (G—|—B)CL—|—b O(d,d) ,

(G + B)

et e'd (GrB)etd G B = #5a-te
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Background

QT-duaIity: ‘84 Kikkawa & Yamazaki, ‘86 Sakai & Senda,...”97 Buscher,....., Doubled coordinates: ‘89 Duff, 90 Tseytlin,...

€ Non-abelian T-duality: ’93 de la Ossa & Quevedo,Gasperini, Ricci & Veneziano, ‘94 Giveon & Rocek, Alvarez, Alvarez-
Gaume, Barbon, Lozano, Itsios, Nunez,Sfetsos,Thompson,O Colgain, Hassler, Lust,...

< cescrintion of stringy gravity & new gsametry by Tdualty|

QDoubIe field theory: ‘93 Siegel, ‘09 Hull & Zwiebach, ‘10 Hohm, Kwaw, Jeon, Lee, Park, Thompson, Berman, 13 Polacek,
Siegel, 14 Kamimura, Siegel, M.H.,..., Sakatani, Uehara, Rey, Dibitetto, Fernandez-Melgarejo,

QGeneraIized geometry: ‘02 Hitchin, 04 Gualtieri, 07 Hull, ‘08 Pacchoco & Waldram,”09 Grana, Lous, sim, ‘10 Berman
& Perry, ‘11 Coimbra, Strickland-Constable, Exotic: de Bohr, Shigemori, Kimura, yata, Sasaki, Ikeda, Watamura, Heller

= — Our approach : AdS in the doubled space

OIntegrabiIity & T-duality: ‘02 Klimcik, ‘06 Mizoguchi & M.H, ‘07 Ricci, Tseytlin & Wolf,...”16 Hoare & Tseytlin,
Thompson, Borsato, Wulff, Lozano, Macpherson, Montero, Nunez , Sakamoto, Yoshida, ...
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Highlights: Questions on AdS w/ T-duality

Q1. What is the T-duality coset of AdS which is S.S5.B by RR flux?

&) - 4O

Lorentz group: SO(9,1) SO(4,1) X SO(5)

T-duality coset: 0(10,10) 0(10,10)
VESEE 50(9,1) S0(4,1)250(5)2

G...&B, . are parameters of the coset i.e. #(G,,, & B,,,) 2dim. of the coset
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Highlights: Questions on AdS w/ T-duality

Q2. What is the T-dual space of AdS ?

5-d. Flat
— metric

Doubled space metric

Thmn = (nmn377m’n’) — (_1> IURREN & 1.?;1_;1)

______________________________________________

i{pm H{Pm = Pm+ o™ Left

pm T aaxm Right /I:

7’




Highlights: Questions on AdS w/ T-duality

Q2. What is the T-dual space of AdS ?

5-d. Flat
— metric

Doubled space metric AdS embedded in the space
Ninn = (Mons i) = (=1, 1, -+, 131, —1, -+ —1) (Mg5s Do) = (=1, =1, 1, -+, 1)

Doubled space metric
(ﬁmn; nm’n’) — (_17 17 T 17 17 _17 T _1)

How O(d,d) T-dual symmetry

coexist with AdS isometry ? What is T-dual space metric ?

(Megs Moy ) = 2
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Highlights: Questions on AdS w/ T-duality

Q3. Do the left and right momenta mix by the RR charge ?
> N=2 Superalgebra with the RR charge becomes super-AdS in large RR charge.

ft (0,0, = P e

Left-right ml.xed {(D,.D,} = T, {\
Right {Dy.D,} = P, D brane
> How about its bosonic part ? i.e. doubled AdS algebra ?
et (PPl = S
Left-right mixed [P,,,Py] = ¢
Right (P, P.] = S,
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Highlights: Questions on AdS w/ T-duality

Q4. How to reduce a half of doubled momenta to get physical momentum?

5-d. Flat - X 0

OO Total momentum

®® Total momentum

Ptotalm_P +P’ ptotal;m;pm—Fﬁmf
Flat algebra [Ptotala Ptotal] ~ () AdS algebra [Ptotala Ptotal] ~ Stotal
@ Dimensional reduction constraint @ Dimensional reduction constraint
Om = P — Py =0 @m:?P PrZO
15t class (s ] = 0 15t class P (0, 0] = Sioral A0 P
For flat OK! It preserves T-geometry. as long as [Pm, P, =0

‘14 Kamimura, Siegel & M.H.
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Highlights: An answer is “doubled” AdS

Q1. What is the T—duallty coset of AdS which is S.S.B by RR flux?

Doubled N e
Lorentz Sym. N .?
Left AdS | 50(4,1) Left AdS 1150(4,1) | Mixed
Left | 50(9,1) Left S 305 | Right AdS || fived | 50(1,4)
‘ Right AdS S0(1,4) - Lefts S0(5) | Mixed
Right 50(L,9) Right S | S0(5) Right S Mised | SO(5)
| 0(10,10)
Al. T-duality coset: .
Y S0(5,5)2

. #(G,,, &B,,,)=dim. of the coset !
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Highlights: An answer is “doubled” AdS

Q2. What is the T-dual space of AdS ? AdS:. part is focused.

5-d. Flat
— metric

Doubled space metric AdS embedded in the space
Nhmn = (Doans M) = (=1, 1+ 151, =10+ =1) (Mas M) = (__17 -1.1,---.1)
Doubled space metric
(h) Dn Dr h direction (nmn;nm’n’) — (_1717"':1;17_17”'?_1)
P | SO(4,1) | Mixed Is common

A2. T-dual space is “dS” metric
P | Mixed | SO(1,4) (Mo Do) = (=131, =1, -+, —1)
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Highlights: An answer is “doubled” AdS

Q3. Do the left and right momenta mix by the RR charge ?
> N=2 Superalgebra with the RR charge & super-AdS algebra M

Left {DFHDV} — Rw
Left-right mixed { Dm D,} = TW, — gmﬂ D brang\

nght {D s DV"} — pa’v"
. """ A3. Yes, L & R mix. - -
> How about doubled AdS algebra? SO(d,d+1) £ B
4 ~ ~ )
Left [NPm7 NPn: - A?jmn ﬁ)m gmn gmn’
Left-right mixed [P, P] = S
S Right  [P,,.Py] = Sy Y P | Sovn | Sovr
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Highlights: An answer is “doubled” AdS

Q4. How to reduce a half of doubled momenta to get physical momentum?

~ - - OO Total momentum
'[_]DM Ptotal;m;Pm—'_me ~
: = PO aly PO a ~ S ota O
= [Protats Protal] # [0, On) AdS algebra [Piotal, Protal] = Stotal 7

O®AdS Left & Right mixing leads to

@ Dimensional reduction constraint
¢m:?]5m_ﬁm’:0
A4. ¢, = 0 1% class to keep T-duality geometry ! 1stclass P 0,0l =~ 0
Piotq] Makes physical AdS algebra !
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Plan

. Introduction and results 3 ‘17 Kamimura, Siegel & M.H.

1. Manifestly T-dual formulation
Gravity as gauge theory

Review based on ‘93 Siegel

Stringy extension
Characteristics

14,15 Kamimura, Siegel
& M.H.

il A

String action

IIl. Group manifold with T-duality
17 Kami , Siegel & M.H.
V. AdS space with T-duality N R
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. Manifestly T-dual formulation




1. Gravity as gauge theory Am

¥ Gauge theory
* Gauge field & gauge algebra
At G, Gy =ifi,/" Gk

e Covariant derivative
* Gauge transformation
V., = 0A, G = 1 Vi, )\IGI] = 0hA, =0 M — Amj/\KfJKI

* Field strength
[vma vn] — ianIGI - anI — C()[fm/qn]j — AmJAanJKI
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1. Gravity as gauge theory @ ca
¥ Gravity theory
* Gauge field & gauge algebra
€a [pmypn] — O) [Smna Slk] — Zn[k\[msnﬂl]a [Smnapl] — Zp[mnn]l

* Covariant derivative
D = 20 — V=P + 105 0m
* Gauge transformation
0:Va = i[Va, &P A 3N S 0]
0cCa™ = €40, 8" — £"0he,™ — w, M+ AN e,
5£wamn _ ealal/\mn _ flalwamn _ )\[m|lwal|n]
* Field strength

_ _ R c:d:e me n(a W Cd—|—w e d)
[Vay vb] = =11y Ve — ?/RadeSCd = ab a = [m™n) [m “nle
Tup® = wiap) + €10 (Onen™ )en =0
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Stringy extension
* Affine extension of covariant derivative

O
JUSSES %6)m — DE(U) — (pm,agg;m)O O O(d,d) invariant metric

] B 1
>,.(0),5,(0)] = i1,,0,0(c) N = ( 1 )

Jacobi identity =
Nunis nondegenerate &

funi is totally antisymmetric !

D 1(0). Dy (0)] = —i [y BBk 0(0) + inprn9r0(0)
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Nondegenerate algebras

® Lorentz: S D) = =Pt < [sp” = Fopp

Totally antisymmetricity: f,, = f,,.

Nondegeneracy: 5., = 1

‘01 Kamimura & M.H.

| = o — _
Nondegenerate algebra! = for” < [Pms Pn) 10 rn 09 Gomis, Kamimura, Lukierski

©® Susy: {du, d,} = — Py & fad” = [ddp
Totally antisymmetricity: fadp = Japd

Nondegeneracy: 1y, = 1

5 ‘85 Siegel, ‘89 Green

Nondegenerate algebral = 7f, “ < [d,, p,] = ()W

U
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2. Stringy gravity Gmn, an

@ Stringy gravity theory . é i
* Gauge fields & gauge algebra “affine doubled translation algebra” a
m O(d,d) m, ab_n __ _mn
(Gns Bran) €a= € B[y [62—?7—69— — n_]Orthogonal condition

e Covariant derivative
|

O
Dm — Dau — eaﬂbm
* Gauge transformation -
(55|>2 — i[l>ga gmbm”regular part

0¢Grmn = &' O Gn + 9§ Gijny
0¢Bpn = OBy + 6[m|§lBl|n] + Opmén)
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: : N,V iV
2. Stringy gravity A
@ Stringy gravity theory
* Gauge field & gauge algebra “affine doubled super-Poincare algebra”
M M_AB71» N _ . MN
Ea— Q—U—Eﬁ— — 77_]Orthogonal condition

* Covariant derlvatlve

* Gauge transformatlon

6£EA_I>M — [Dé) fﬂbﬁﬂregular part
AAD (o), AADN(0)] = —iAnDyd(0)

—i5 (Ay - Ao(0) — Ay - Ay(0)) D,0(0)

A = A[lﬁaKAm]ﬂ_ 1/\ EOMA K‘|‘A1—A2—fJK—
— — S‘Ea‘me ec&
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SU pe I’g raVity fl e ‘ d S Lorentz connection,

gravitino, dilatino || NSNS field strength

Supersymmetric B-fields

D,
-y P, a
y _ oo’ T
LAAN = F Spetield 6 A

- ) Orthogonality [Fﬂt@’ E
RR’

Generators of the N=2

nondegenerate super-Poincare yab RR gauge-fields /

ab
(Sﬁv X=) (Pz) NSNS, RR gauge-field strength

(Do, 92), (Yap, F*7)

‘14 Kamimura, Siegel & M.H.
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: : N,V iV
2. Stringy gravity 1YA
@ Stringy gravity theory - ~
e Covariant derivative algebra Torsions include
Da(0).Dp(0)] = —iTup=Pcd(0) — inapdso(o) curvature tensor
* Torsion _ Aep==Ha=

O
Tapc = (Dubp=)Eqy + Ea=Ep=Ec=fyny
* Bianchi identity Torsion constraints
0 = D[MTNLK] —+ %T[MNiTLK]i & Bianchi identitv

» Gravity action give field eq.
S = / P’ R d:dilaton
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3. Characteristics: Doubling

OUR DOUBLING:

‘13 Polacek & Siegel

Local
SUSY

Global
SUSY

USUAL WZW CONSTRUCTION:
G>G, XG, 29=99 #J¢ G>GXG 3 g=g9 =99 inflat
Left Right Left Right
Covariant ~19 Covariant ~1p ~1p
derivative J 9= NON derivative g 9919 94
Symmetry NON 3+%—1 Symmetry a_%—l (9+%—1
generator generator
Needed for N=2 SUSY,

GEOMETRY, DUALITY AND STRINGS

better for doubled !
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3. Characteristics: From double to single

SECTION CONDITION & GAUGE FIX 15T CLASS CONSTRAINT ‘14 Kamimura, Siegel & M.H.
o 0 1
HU — magil?m — — _ 2 _ ,2 . . o
p D Dy H, 2(Pm P,»*) Covariant derivatives
Imposing on fields 1, - ~
P 5 = §(Pm2 — meg) Symmetry generators
(W[H,|x) =0 A
o 0 o 0 = (Pt Bu)(P™ = P
= Y =0= 14 X
dx™ Jy™ oxrm™  Jy™m 1 -~ . ,
Non-doubled coordinate = §Ptota1;m¢ =0 in flat
Ga“ge fix: bregks manifest T-duality  Keep doubled coordinates for T-duality !
—V(zr)=——x(x)=0 15t class constraint: mo_
5 V) = 5o (@) o=
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4. String action

Hamiltonian for a string in the flat doubled space 15 Kamimura, Siegel & M.H.
H = MH.+AHs

2-dim. Metric + 1S+ ﬁmnimn + ﬁm(ﬁm — f)m,)

+right sectors Local Lorenz, dimensional reduction constraints
®Virasoro constraints

0 A 1
He = Dyt y == ( 1 )

O
_ B Sm/n: =Vgs, Py =Vp —Jp, ¥X"" =Vyx —2J5
®In usual gauge: Green-Schwarz action .
Dual coordinate !

®ln bosonic simple gauge: £ — dX A %dX —dX AdY + B

= 2-dim. Diffeo.

N I ot
Dﬂ — (Smna Pmy Emn; Sm’n’, me, YL )

O O O O |
Smn = Vs, Py =Vp+Jp, X" =Vy+2Jy
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I1l. Group manifold with T-duality




Affine Lie algebra & B-field

o String covariant derivative with B-field >, =V, + J%(nks + Bri)

(Ll currents g~'dg =iJ'Gy, J' =dZMRy!, V= (R™")M0y )
* Affine Lie algebra  [>7(0).D>;(0")] = —if1/5Dkd(o — 0') — in;;0,0(0 — o)

= Condition on B-field ! iNuByr) — fin*Brix) = 2f1ix

‘15 Kamimura, Siegel & M.H.
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Local universality of H in doubled space

¥ Curved space>Nonabelian group manifold: Tapc — fapc
o Covariant derfvative & vieIBein Orthogonality in the doubled space

{ >a = Eéﬁbﬂ] » [EéﬁnMEﬁﬁ =148 ]
* “Curved” vs. “Flat” _
fapc = (D&Eﬁﬁ)Eg@ + EAﬂEﬁﬁEgéf MNL

=The three forms are the same !

O O

| TM A TGN A L
H = dB=3JYANJEANJE N
Local universality of the three form in the doubled space !
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V. AdS space with T-duality




Affine nondegenerate doubled AdS algebra

—

oleft |[Pul0). (0]
[Sus(07), Sea(O)]

¥ Right [Pu(a), Py (0)]

—

® Mixed JL ), Py (0)]

(S + Tu)3(0) + 110,056 (0)

AdS
—iNd)[a 28]l 0(0) + INajfale]| 00 (0)
Na'yy = —1ab
—i(r%Safbf —+ Earbf)(5(0') -+ i?]afbrﬁg(S(O)

AdS

— | 20110 () + a0 O O(0)

—i(7—Say + Zar)d(0)

AdS

Consistent algebra to define the AdS space with manifest T-duality/!
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Physical AdS algebra

‘Ads algebra :Ptotal;ay Ptotal;b] — %Stotal;ab
:Stotal;aba Stotal;cd] — 77[d|[a8total;b”c]
-80&'(177)0&'(3- — ?;‘POE%'G, C s
Stotaliab, Ttotale. totalila’lle | @ R coordinates are
© Generators Protalia = f%(Pa + Py) + %gba] still included !
Stotal;ab — f :%(gab — 5”cxs’b’ + SN’ab’ — 5"b(;s’) + %(Wab — (;Oab)]
¥ Dimensional reduction constraints Left: AdS & Right: dS
0o = FP,— Py = Constraints relates them.

0
Vb = (S48 + (S +78)k — (S + 1S vtivea = 0
Pab — (5’ — Tgi)L — (5’ — ?“QE)R -+ (S — T‘Qi)}vﬁxed =20
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V. Summary

® Manifestly T-dual formulation of AdS space is proposed.
® The AdS space is defined by

“affine nondegenerate doubled AdS algebra”.
® Left& right sectors mix.
® Leftisin AdS & Right isindS.
® Dimensional reduction constraints & the physical AdS algebra
preserve all coordinates for T-duality.

®Applied to group manifolds
® 3 form H=dB is locally universal in the doubled space.
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