A LIMITING CASE OF ULTRASYMMETRIC SPACES
PEDRO FERNANDEZ-MARTINEZ AND TERESA SIGNES

ABSTRACT. We study ultrasymmetric spaces in the case in which the fundamental
function belongs to a limiting class of (quasi)-concave functions. In the process
we study limiting cases of J interpolation spaces and establish new J-K identities
as well as a reiteration theorem for these limiting interpolation methods.

1. INTRODUCTION

Rearrangement invariant (symmetric) function spaces is a class of spaces widely
studied and very useful in applications. The best known are Lebesgue spaces L,,
Lorentz spaces L, ,, Lorentz-Zygmund spaces L, ,(log L)*, Orlicz spaces and their
generalizations. We refer, for example, to the books by Bennett and Sharpley [3],
Krein, Petunin and Semenov [17], Lindenstrauss and Tzafriri [18] for more informa-
tion about symmetric spaces.

In 2003 E. Pustylnik introduced a large class of spaces which comprises an impor-
tant part of symmetric spaces that includes Lorentz-Zygmund spaces and their gen-
eralizations. These spaces, called ultrasymmetric spaces, are symmetric spaces with
the additional property that they are interpolation spaces for the couple (A, M.,)
formed by the Lorentz and the Marcinkiewicz spaces with the same fundamental
function ¢. That is to say, they are invariant for any quasilinear operator 7" which
is bounded on A, and on M,. See [21] for more information.

An important advantage of ultrasymmetric spaces is that they have a simple
analytical description. If G is an ultrasymmetric space the norm of the elements of
G have the form

[flle ~ @ @)l z

where E is a symmetric function space with respect to the measure dt/t on (0, 00), ¢
is the fundamental function of the space G and f* is the decreasing rearrangement of
f. This allows generalizations of known results about classical spaces and turns out
to be useful in applications. For example, in [22], Pustylnik generalized the results
of Pietsch [20] on approximation spaces by modelling the sequence of approximation
numbers in ultrasymmetric sequence spaces instead of on Lebesgue sequence spaces.
See also [21] and [23] for other applications.

However, the analytical description holds only for those ultrasymmetric spaces
that are not too “close” to L. That is to say, the fundamental function of the
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space G does not grow too slowly (both eztension indices have to be strictly greater
that zero).

Our goal in this paper, in contrast to the work of Pustylnik, is to give an analytical
description for precisely those ultrasymmetric spaces that are close to L., in the
sense that the extension indices of the fundamental function are both equal to zero.

An easy example that illustrates this situation is the case of Lorentz-Zygmund
spaces Lo 4(log L)*. These are the spaces of all measurable functions on (0, 1)
defined through the norms

! e\a px th 1/q . 1
floca = ([ (@) F)", itass<o

”fHOO,oopz = Ssup (ln%)af*(t), if < 0.
0<t<1

The fundamental function of the space Lo 4(log L)*, 1 < ¢ < o0, is a power of the
logarithm with both extension indices equal to zero, so the results in [21] do not
cover this case that requires a special discussion. In Section 4 we solve this problem
and we obtain that L. ,(log L)* are ultrasymmetric spaces when o + % < 0.

The refinement of the known techniques to characterize ultrasymmetric spaces
which are too close to L., needs some new results in interpolation theory. In partic-
ular, we make use of limiting J-spaces and establish an equivalence theorem between
limiting A and J constructions. The equivalence between limiting K and .J-spaces
has been widely studied in recent years. For ordered couples, see the papers by
Cobos and Kiihn [9], Cobos, Ferndndez-Cabrera, Kithn and Ullrich [6] and Cobos,
Ferndndez-Cabrera and Mastylo [7]. For arbitrary Banach couples and some choices
of parameters, see the papers by Cobos, Segurado [10, 11] and Cobos, Fernandez-
Cabrera and Silvestre [8]. Our approach overcomes these restrictions allowing gen-
eral interpolation couples and a wider family of interpolation parameters as we
present in Section 2. The limiting equivalence theorem let us in a position to estab-
lish a new reiteration result, Theorem 3.6, that will turn out to be the cornerstone
for the analytical characterization of the limiting ultrasymmetric spaces.

The paper is organized as follows. In Section 2 we define the family of concave
functions we shall work with and we describe limiting K and J-spaces. Section 3
is devoted to prove equivalence and reiteration theorems. Finally, in Section 4 we
characterize Lorentz and Marcinkiewicz spaces whose fundamental functions lie in
the limiting class of concave functions and we establish the analytical description of
ultrasymmetric spaces.

Throughout the paper we do not distinguish spaces with equivalent norms. Given
two functions f and g defined on (0,00), by f < g we mean that there is a contant
C' > 0, independent of all parameters, such that f(t) < Cyg(t) for all t > 0. We
write f ~gif f Sgand g < f.

Acknowledgements. We would like to thank E. Pustylnik for some very helpful

discussions on the subject.
2



2. PRELIMINARIES

In this section we collect some of the definitions and results that are needed to
follow the paper. Our framework is the family of function spaces on (0, 00), with
the Lebesgue measure, having the Fatou property as described in [3]. Among these,
rearrangement invariant (r.i.) spaces are characterized by the fact that equidis-
tributed functions have the same norm. This property allows to define the funda-
mental function of an r.i. space, E, as ¢g(t) = ||xp||g, where mes(D) = ¢, which is
a quasi-concave function. Since E can be equivalently renormed with a r.i. norm in
such a way that the resulting fundamental function is concave, we will assume that
YE 1s concave.

Furthermore, associated to the concave function ¢ we have the Lorentz space

A, and the Marcinkiewicz space M., defined by the norms

YE

_ [T d
1l / F(t) dos,
Ve, = sup pa(t)f= (1),

0<t<oo
where f*(t) = inf{\ > 0, mes{|f| > A\} <t} and f*(¢t) = %fg f*(s)ds, t > 0.
These spaces are, respectively, the smallest and largest r.i. spaces with funda-
mental function g, that is

Ay — E— M,,

and each of the embeddings has norm 1. Therefore any r.i. space E is intermediate
for the couple (A, , M,,).

Let ¢ be an arbitrary positive finite function on (a,00), 0 < a < oo, we denote
its associated dilation function by

s
my(t) = sup : 0<t<oo.
max{a,%}<s<oo 90(5)

If my(t) is finite everywhere then there exist the lower and upper extension indices
of ¢ defined as

1 t 1 t
o ) )
o<t<1 In(t) t—0+ In(t)
and
1 t 1 t
gl )

t>1  In(t) t—oo  In(t)

In general, —oo < 7, < p, < oo, but if ¢ is quasi-concave then 0 < 7, < p, < 1.
Note also that both indices do not change after replacing () by arbitrary equivalent
function. As an example, for the family of functions p(t) = t*(1+|logt|)?, a, B € R,
the indices satisfy m, = p, = a.
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Many properties of r.i. spaces can be expressed in terms of the extension indices
of their fundamental functions. For example, if p,, < 1 the Hardy operator

@0 = [ ssas

is bounded on an ri. space E on ((0,00),dt). The converse is also true if we
substitute p,,, by the upper Boyd index of E (see, e.g. [17]). Other example appears
in the norm characterization of ultrasymmetric spaces defined by E. Pustylnik.

Definition 2.1 ([21]). Let ¢ : (0,00) — (0, 00) a function with 0 < 7w, < p, < 0.
A rearrangement invariant space G is called ultrasymmetric if it is a real interpola-
tion space between A, and M,,. This inmediatelly implies that po ~ .

These spaces satisfy the following analytical description:

Theorem 2.2 (Thm. 2.1 and 2.2. in [21]). An r.i. space G with0 < 7y, < py, < 00
15 ultrasymmetric if and only if its norm is equivalent to

le() (Ol 5

for some space E which is r.i. with respect to the measure dt/t and for any parameter
function ¢ ~ @g. Moreover, the space E can be obtained from the couple (Ly, Loo)
by the same interpolation F which gives G = F(Ay,,, M,,,).

The condition 0 < 7,, < p,, < 00 assures that the function pg does not grow
too slowly and keeps the space GG apart from L. Observe that 0 =m,, = p,, .

Despite the restriction on the extension indices of the fundamental function ¢,
last characterization allows the identification of large families of r.i. spaces as ultra-
symmetric. That is the case of some Orlicz spaces, see the paper by Astashkin and
Maligranda [1], Lorentz-Zygmund spaces introduced by Bennett and Rudnick in [2],
generalized Lorentz-Zygmund spaces used by Edmunds, Gurka and Opic in [13] and
Opic and Pick [19] or Lorentz-Zygmund type spaces studied by Cwikel and Pustylnik
in [12].

In the present paper we deal with ultrasymmetric spaces that are close to L., in
the sense that both indices are zero. To describe the family of fundamental functions
of the r.i. spaces we work with we will use the iterated logarithms:

Ly(t) =4(t) =1+ |logt|, t>0
L1 (t) = 0(Ly(1)), t>0andneN.

Similarly, for all s € R, we consider the iterated exponential functions
Ey(s)=e€"" Ej(s)=E (), nx1,

and

Ei(s) = el Efa(s) = BHe™), n> 1.
It is clear that, for all n € N, L, (E (t)) = tif 0 <t < 1 and L,(Ef(t)) = ¢t if
1<t < o0

Definition 2.3. We say that a positive function ¢ : (0,00) — (0, 00) belongs to

the family P if it satisfies the following properties:
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a) The function ¢ is concave or quasi-concave.
b) Both extension indices are zero, m, = p, = 0.
c¢) There exist ng,n; € N such that the functions &y and ®; defined as

Qo(s) = @(E,,(s)) and @i(s) = o(E; (s)), s> 1,
fulfil the conditions:
Cl) (DO(Qt) ~ (I)()(t>, (I)l(Qt) ~ (I)l(t), for all ¢t > 0.
c.2) The dilation indices satisfy
Po, <0< g, .

Remark 2.4. Condition c) allow us to write the function ¢ as

oft) = {(I)O(Lno(t)) it ¢ (0,1],

(1) ®1 (L, (1)) ift e (1,00).

Moreover, hypothesis c.1) on functions ®; and ®; implies that p (%) ~ p(t), t > 0.

Remark 2.5. Functions in the class P are slowly varying functions. That is to say,
if o € P, then for every ¢ > 0 the function t°p(t), for ¢ > 0, is equivalent to an
increasing function while t=%¢(t), for ¢ > 0, is equivalent to a decreasing function.

Examples 2.6. Some slowly varying functions can be described in terms of £(¢) (the
case n = 1) through functions ®; and ®;. That is the case of the broken logarithmic
functions, defined as

@ “o-{n 5

where A = (ap,a1) € R% Observe that ®y(t) = t* and ®(t) = ¢!, ¢ > 1, then
A ePifay<0<ay.

However, functions with even slowlier variation may need to be described in terms
of L,, with n > 1. For example,

L(t) = (Lol)*(t)- (Lolol)*=(t) te(0,1]
| (Cotot)(t) t € (1,00),
can be described using Ls(t) and L3(t) in the form
oy, pos
L(t) = Lo(t)2r - £*2(Lo(t)) t € (0,1]
Ls(t)? t € (1,00).
Hence £ € P if a; and a5y are negative and [ is positive.

Next we describe the family of spaces we will use as parameters in the analytical
characterization of ultrasymmetric spaces. Let ¢ € P and consider the natural
numbers ng, n; provided by condition ¢) of Definition 2.3. We define the function

_ JLa(®)La(t) -+ - Lo (2), ¢ € (0,1]
HO = {Lmﬁ)LQ(t) Loy(t), te (Loo)
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The function L depends on ny and n; which are determined by ¢. Therefore L may
stand for different functions if we make differents choices of ¢. However, this will
cause no confusion. Now we introduce the measure

o) = [t

It is an straightforward computation to show that

/

Li, (1)

1 N /Lno (*)
(3) tL(t) Ly, (1)

Ly (1)

if t € (0,1]

iftE(l,oo).

We consider the couple (Zl, L) of Lebesgue spaces with respect to the measure
V?

s, = [ Oy and 1fle. = sup Ao
Since we consider function spaces with the Fatou property, given an r.i. space
E there exists an exact interpolation functor F that generates E from the couple
(L1, Leo), that is to say E = F(Ly, Ls). We define E as the space generated by the
action of F on the couple (L, L),
E=95(Ly, Ls).

Then, E is an r.i. space with respect to the measure v.
The norms of the spaces F and E can be directly connected without the use of
interpolation functors. For measurable functions f : (0,00) — (0, 00) we have

11 5,1y = I (Bng(eNllz - and  [[fll 5 o) = 1 (B, ()| -

R Spaces E are often supplied with weights ¢ : (0,00) — (0,00). We denote by
E¥? the space with the norm || ||z, = ||l¢fl 5

Next lemma shows basic properties of functions in the family P.
Lemma 2.7. Let ¢ € P. Then

1Nz, 0.0 S ©(s)  and  [[1/l|g, (s 00) S 1/0(5)

for all s € (0,00).
Proof. For 0 < s <1 we use the expression of ¢ on (0,1) to write

HQOHEl(O,S) = /Os Sp(t)tl(/i% = /Os (I)O(Lno(t))t[ii%

s L, () o du
—— [ aulLu 2t = [ 2w
/o O Ly (1) L (5) u
By hypothesis pg, < 0, then using Corollary 1 of [17, p. 57] we get
16112, 0.6) ~ Po(Line(5)) = &(s).

Similarly it can be proved that ”90”31(0,5) < ¢(s) when s > 1 and the second estimate.
0]
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Now we recall the definitions of the K and J interpolation methods in the context
we are going to use them. We refer to the monographs [5] and [4] for an complete
account on K and J interpolation methods.

Let A = (Ag, A1) be a Banach couple, that is, Ay and A; are Banach spaces
continuously embedded in some Hausdorff topological vector space. For t > 0,
Peetres’s K and J-functionals are defined by

K(t,a) = K(t,a; Ao, A)
= inf {{Jaollo + t|jai]1; a = ao+ a1, a; € 4;}, a € Ag+ Ay
and
J(t,a) = J(t,a; Ao, A1) = max {||al| 4y, t]al|a, }, @€ Ao A;.
Throughout the paper, the function

p(t) =4 ¢,

t

will simplify our notation.

Definition 2.8. Let A = (Aj, A;) be a Banach couple, ¢ € P and let E be an r.i.
space. The space (Ao, Al)gSB consists of all those elements a in Ay + A; that satisfy

|K(t,a)] s < .
These spaces can be seen as extreme K-spaces with parameter 6 = 1, since
lallfe = It (O K (t, a)l|5-

Moreover, when E = L, for 1 < ¢ < oo, (Ag, A1), coincides with the interpolation

E®
space (Ao, A1)1p()/11/a(1),1, defined in [14] by the norm

it = ([ (o)),

while (AO,Al)Iggo = (Ao, A1)14(t),0..- We refer to [14], [16] and the bibliography
therein, for reiteration theorems of those methods. Moreover, in [15] the spaces
(Ao, Al)IEf@ are identified with extreme reiteration spaces when the function ¢ € P
with L(t) = ((t), t > 0.

It is easy to check by standard arguments that the space (Ao, Al)I{2 is not only a

Banach space but also an interpolation space for the couple (Ag, A1). See [4] or [14,
Prop. 3.2].
Next we introduce J interpolation spaces.

Definition 2.9. Let A = (Ag, A1) be a Banach couple, ¢ € P and let E be an r.i.
space. We say an element a € Ay + A; belongs to the space (Ag, A;)L_, if there

Le

E®L
exists a representation of a as
o dt
(4) a= / u(t)—
0 t
where u is a strong measurable function with values in Ay N A;, satisfying that

(5) ||J(t,u(t))7||E¢L < 00.



The norm of the element a in the space (Ag, A1) JE is given by

oL

lallger = inf {I1(t u(®)) g2 |-
where the infimum is taken over all representations of a satisfying (4) and (5).

Standard arguments show that

AgN Ay — (Ao, A))%L

E?L"

In the next section, we will prove that the space (Ao,z‘h)%@ is embedded in the
sum Ay + A, establishing that it is an intermediate space for the couple (Ap, A1).
Actually, it is an interpolation space too. See [4], § 3.2.

3. J-K IDENTITIES

Now we obtain an equivalence theorem between the K and J limiting interpolation
spaces and a reiteration result. Let us begin with the embedding

J K
(Ao, A1) 5o = (Ao, A1) 52
J and K-functionals of any element a in Ag N A; are related by the inequality
K(t,a) < min{l, %}J(s,a), t,s > 0.

_ /OOO min{L, L} f(s)%

an important tool to establish embeddings of J-spaces into the K-spaces. Next
result will be useful for this purpose.

This makes the operator

Proposition 3.1. Let ¢ € P and let E be an r.i space. Then, the operator
(6) S:E?L — E?
15 bounded.

Proof. We prove first that the operator S is bounded between L; spaces. Let f €
L?" | then

1Sl _/ /mm{l )£ (s)

= [T [+ [T s >|d8)—t)
- [ (/s Aayisoie+ [ [ ottty ) e

By Lemma II.1.5 of [17] and Lemma 2.7, we get
8




Iz 5 [ i+ [T 2
- [ e+ vl
S Il

Now we proceed to prove that the operator S : EfOL — Efo is also bounded. We
claim that

: ds
(7) /0 min {1, 1} 55755 S 76 (1w
Actually, by Lemma II.1.4 of [17]

t t
1 ds _ s _ds .t _ 1
/0 PHLE) s /0 e s~ worm — gwEmy >

On the other hand, Lemma 2.7 assures that

+

1), ¢t>0.

This establishes (7). Now choose f € LZL, then

WW§W¢/MWWW

o 1 ds
< fll+er sup @) [ mind1,t}—— &
<l st 20) [ min {18} =
S A llzer-
Finally, by interpolation we get that the operator (6) is bounded. O

We are now in position to establish the embedding of the J-space into the K-space.
Theorem 3.2. Let A = (Ay, Ay) be a Banach couple and let ¢ € P, then

(A0, A1) or = (Ao, A1) s
Proof. Let a = fo be a representation of a € (AO, A )é@ such that

17t w®) g < (1 +€)llall 5o

for some € > 0. The K-functional of a can be estimated in terms of the operator S
acting on the J-functional as follows. For ¢, s > 0,

K(t,a):K(t,/O ) /Ktu )&

/ min{1, £}J(s, u(s )) = S(J(s,u(s))) (t):

9



Therefore, by Proposition 3.1, we have

15(t a)ll g < 19T (t u(®)l gz < IS u(®)ll gor
< (1 +9)Sl lalz

EapL 9

where || S|| stands for the norm of the operator (6). This completes the proof. [

As a direct consequence we get that the J-space is embedded in the sum, so it is
intermediate for the couple (Ag, A;).
Now we focus on the reverse embedding
(Ao, A1) 5o = (Ao, A1)

E?L”

The following properties of the K-functional for the elements in the space (Ay, Al)gA
play an important role in the process of showing that every element in (A, Al){EfA

is also an element of the space (A, Al)%u.

Proposition 3.3. Let A = (Ay, A;) be a Banach couple and let p € P. If a €
(AO’Al)g$7 then

K(t,a) >0 ast—0,
K(t
(t,a)_>0 as t — oo.

Proof. Choose s < 1 such that L,,(s) > e and let b = E (1L, (s)). Then, using
the concavity of the K-functional and of ¢, we get

lallpe, = 15O K (¢ a)llp > 152K (¢ @)l

> K(s,0) 5P Ixeolls = K (s, )(b)wﬁ;(l)-

Hence T 2 K(s,a) = 0. Now, if s — 0 then b — 0 and _; ;=0 (since the

ﬁ is strictly positive) which proves that K(s,a) = 0

s lalls
lower index of the function
if s = 0.

For the second limit choose s > 1 such that L,,(s) > e and let b = E} (1L, (s)).
Then

~ K
lallgs. = IBOK 0l > o022
K(s,a K(s,a
> E0(0) x5 = “ELe(B)pp(1).

(
Since mg, > 0, lim, o0 9(E,f (2 Ly, () = lim,_yeo ®1(2 Ly, (5)) = o0 and we deduce
that lim,_,., 2% = 0. O

Next result gives the inclusion of the K-space into the J-space.

Theorem 3.4. Let ¢ € P and E be a r.i. space. Then, for any Banach couple
A= (Ag, A1),
(A07A1)g¢ — <A07A1)JE¢L
10



Proof. Let us begin by establishing a partition of (0,00). Define the increasing
sequence (\,),ez as

o fEL@) i —ven,
EX(2") ity e NU{0},

ni

and the family of intervals

()\1171; )\zz] if — Ve N
L,: ()\,1,)\0) ifr=20
Monh)  ifveN.

Let a € (A, Al)ga' Using the properties of the K-functional, we can find decom-
positions a = a1, + ag ., a;, € A;, such that

llao|lag + Av—tllarv]la, < 2K(Ay—1,a)  for v e Z.

The elements v, = ap, — app—1 = a1,—1 — a1, in Ay N A; represent the element a
through the series a =, _, v,. Actually

M M
a — Z Uy =a— Z (Go,u - ao,u—1) =a— (Clo,M - ao,—N—l)
v=—N v=—N
= ai,mM — ag,—N-1-

Moreover, by Lemma 3.3,

M
o= 32w
N

v=—

< |lag _n_ + ||la
ron < llaoxillag + ol

1
§2K()\,N,2,a)—|—2)\ K()\M,l,a)—ﬂ)

M-1

as M, N — oo since A_ny_s — 0as N — oo and A\y;_1 — 0o as M — oo.
In order to prove that a is an element of the J-space an integral representation of
a is required, so we define

v
v(t) = ——— if te I, withveZ,
NTEAYATy
where u(1,) = [ % = log(2). Clearly
o dt
t)— = v = Q.
/0 v(t) ; ZU a

Next we establish estimates for the function L(t).J(t,v(t), Ao, A1)/t, t > 0, on

every interval I,, v € Z. Take t € I, with v € Z, using the monotonicity of the
11



K-functional and of the sequence (\,),ez, we have

L(t 1
MO 51,000  mas{ foullag oulla)

1
< max { a0, = o,-1llaps a1 — anyll }
v—1
1 1
< |5 laoullag + larlla, + 7—llaos1llag + lass-ala,
Aufl Aufl
1
5 )\ K()\V_Q,CL).
v—2

Since E is a rerrangement-invariant space, using that (J,., I, = (0,00) and the
previous estimates, we derive

laliZ, < | S L@ @)

=1 @L(w(t, v(t))x, (t)

® | X et KO ],
) DI e e ]
(10 +| Z PR (w2, 01, ()|

In order to estimate summand (8) we notice that if ¢ € [, with v < —2 then

B (4L, (t)) € I,—2 = (Ay—3, Ay—2] and so

1 1
— B (4L, (1))

K(E,, (4L, (1)), ).

Moreover, ¢(t) = Py(Ly,(t)) ~ Po(4L,, (1)) = @(E;O(4Ln0(t))) for t € I, with
v < —2. Then

H 3 p(t)
Av—2

v<-—-2

K()‘V—27 a)XL/ (t>

1)y o S B AL (1)), 1)

_ @(Eno(ZlL"O( )))K(ETZ()(LLL”O@))’G)H

By (4L (1))
()

E(0,Eq,(4))




Last estimate is due to the fact that
dt

7 (0.0, 75) = ((0,E;0(4)),tLd—§t)>
E e B (AL (1)

is a measure preserving transformation, so f oo~ and f are equimesurable and

1 OU?||E(0,E;O(4)) = 1/l 50,1)-

Similarly, to estimate the term (9) notice that if ¢ € I, with v > 3, then
Ef (3L, (1)) € I,—> = [Ay—3, \y—2), therefore

1 1
KM\ _2,0) < ————
N M2 @) S e

Now ¢(t) ~ p(E,f (3L, (t))) for t € I, with v > 3, and the transformation

dt dt
(oo 1) s (0,000, )
t — B (3L (1))
preserves the measure. Using the same techniques as above we obtain the estimates

H 3 o(t)
Av_2

K(E,,(;Ln, (1)), a).

K (A2, a)x1, (1)

K(Er—l—l (%Lm <t>>7 a)XIu (t>

(B (1L (1))
S| XL m)

v>3 ni

p(Eq, (3Ln, (1))
Ef, (1Ln (1))

<

K (B, (Lo (1), a)|

E(Ef, (4),00)

~ @K(t,a)

The remaining term, (10), obviously satisfies the inequality

)E(l,oo)'

|3 ekt sana o, < |2k,

E
Putting together the previous estimates
p(t)
lalle S | 52K @ a)| = Nl
and the theorem is proved. 0

Theorems 3.2 and 3.4 yield the equivalence theorem.

Theorem 3.5. Let A = (Ag, A1) be a Banach couple. Then, for any o € P and any

r.i. space K
(AO’Al)%ﬁL = (A(),Al)gm

13



Now we are in a position to establish the reiteration theorem. The proof follows
classical techniques (see [5]).

Theorem 3.6. Let F be an interpolation functor and A = (Ag, Ag) a Banach couple.
Then, for any ¢ € P

(1) F (Ao, A1), (Ao, A1) ) = (Ao, A1,
where E = ?(E‘f, Zfo)

Proof. Consider the couple L; = (Ll, Ll(%)) The J interpolation method (-, -)
is minimal among all those methods M that satisfy the embedding

E?F < M(Ly).
Let us consider the interpolation method
F () ens () )
If we make it act on the couple L; we get
9(@1)%?, (Zl)%%) - ?(ffL, Efj) — Eo.
Therefore, by the minimality property of the J-method
(12) (Ao, A1) g = 5((1407141)%;%, (AOaAl)%fOL>-

Similarly, consider the couple L, = (Loo, LOO(%)) and recall that the K-interpolation
method (-, )i% is maximal among all those methods M that acting on the couple

Lo satisfy that

g
BeL

M(Ls) = E®.
In particular, if we choose the interpolation method
97((7 ')Igtlﬁa ('a )g&)
and we make it act on the couple L., we obtain
F((Lo)fier T ) = F (L7 12) = E7.
Therefore, the maximality of the K-method acting on the couple Lo, yields
(13) 9<(A0, ADE. (Ao, AQ%) < (Ao, A)E..

LY’
Now, the combination of embeddings (12), (13) and Theorem 3.2 establishes
Alor sr(z%?,z%g) < rf(zf{f, AL ) s A%,
which together with Theorem 3.4 gives the equality
F (Ao, A%, (Ao, A1) ) = (Ao, A,

e
This completes the proof. O
14



4. ULTRASYMMETRIC SPACES

In this section we provide the analytical characterization of ultrasymmetric spaces
whose fundamental functions lie in the class P.

We start describing Lorentz and Marcinkiewicz spaces, with fundamental function
¢ € P, as K interpolation spaces for the couple (L1, Lo,). For this purpose, we will
need the following assertion.

Lemma 4.1. Let ¢ : (0,00) — (0,00) be a function with upper indezx p, < 1.
Then, for any r.i. space E, the Hardy operator

1 t
14 H = - d 0
(1) @0 =1 [ fe)is >0
18 bounded on the space E¢. In particular,
(15) le@) S )l ~ @) f* ()l 5

Proof. First we prove that the Hardy operator (14) is bounded on each of the spaces
LY and LE. Actually, let f € LY, then

5015 < [ ety [ 170as s
[t

The condition p, < 1 ensures that the function gp( ) / tL(t), t > 0, has upper index
less than zero. So [ ¢(t)/tL(t)% ~ ¢(s)/sL(s) (see [17, p. 57]) and

* w(s)
Hfll+e < — ds = Zp.
90z S | Zs)lds = 11
The norm of operator H : zfo — E‘P can be estimated similarly,

19flze < sup ot /|f )/ds

0<t<oo

- @/0 ()| f(s)|

0<t<oo t

_plt) [f s ds
§||f||Lz;;T/0 o) s

S I llze
Last equivalence follows from the fact that the function ¢/¢(t) has strictly positive
lower index (see [17, p. 57]).
Now, since E¥ is an interpolation space between (Lf, L# ¥ ), we obtain that the
Hardy operator (14) is bounded on the space E?. In particular, for any f € E?

le@® Oz < lle) Ol 2
This, together with the fact that f*(t) < f*(¢) for ¢ > 0, yields the equivalence
(15). O
15
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Proposition 4.2. Let ¢ be a function in P, and consider the Lorentz and Marcinkiewicz
spaces associated to ¢, A, and M,. Then

Ay, = (L1, L)% and M, = (L, L)%,

r? e

Proof. Let L,,, and ®;, i = 0,1, be the functions that appear in the description (1)
of ¢. By hypothesis the dilation indices of 3 and @, satisty ps, < 0 < 7s,, then
there exist equivalent differentiable functions, which we denote in the same way,
such that ) )
PR 10)
Do (1) D, (t)

for all ¢ > 1 (see [24, Lemma 2.1]). Hence we can assume that ¢ is a differentiable

function with
o[BI, e (0,1)
P () =1 & / :
CI)I(LTH (t)>Ln1 (t) le (1’ OO)
Using (3) we get that ¢ (t) ~ o(t )tL @ forallt > 0.
Now, using Lemma 4.1 and the above equivalences, we have that for any function

feA,

~1,

1, = 0O 1 fll + / £ (0)do(t) / fi(t

~ / f*(t)ﬂp(t)TN / f**(t)w()tL()

- [T K0 fP

= 1oy, -
L
Notice that ¢(07) = 0 since g, < 0 and Petree’ s result K (¢, f; L1, Lo) = tf**(¢),

t>0.
Similarly, having in mind that L., = Ly and Lemma 4.1, any f € M, satisfies

1£1la, = N @) f (Ol re = IO K f1 L, Loo) 2., = (L1, Loo) T -
0

The previous result can be compared with the classical result that assures that if
the parameter function ¢ has both dilation indices strictly between 0 and 1 then

Agp:(Ll,Loo)gl; and M, = (L, Lo,)";

)
L5

where L; is the space L; with the homogeneous measure dt/t and, as usual, 3() =
o(t)/t, t > 0.

Now we are in a position to establish our main result.

Theorem 4.3. An r.i. space G, with fundamental function pg € P, is ultrasym-
metric if and only if its norm is equivalent to

1flle ~ lle(@)f* (Ol
16



for some space E which is an r.i. space with respect to the measure dt/tL(t) and
for any parameter function p ~ pg. Moreover, if F is the interpolation method that
generates G from the couple (A,, M) then E = ff(Ll, Loo).

Proof. Take ¢ = g and let F be the interpolation method that generates the
ultrasymmetric space G as

G = F(Ay, M,).
Then, by Proposition 4.2 and Theorem 3.6 we get
G = F(Ap, My) = F((Li, Loc) 1, (Lt Loo) e ) = (L1, o) o
where E = F(L,, L..). Hence

[flle = 1K, f5 Ly, Loo)l gz = [ILF™ ()l ge = () S (1)l
~ o) f ()l

where the last inequality follows from Lemma 4.1.
Conversely, last chain of equivalences also shows that any r.i. space whose norm
is equivalent to ||¢(t) f*(t)|| 5 coincides with the interpolation space

(Lla LOO)%@ = ?(Agm Mg@)7
and therefore is an ultrasymmetric space. 0

Example 4.4. Let 1 < g < oo and —oo < a < 0o. The Lorentz-Zygmund spaces
Lo q(log L)® and Lg, , were introduced in [2] as the spaces of all measurable functions

on (0,1) with the norms

! gdt\Va
o= ([ (o))" itasl<o

q
| fllos,00.0 = sup (In$)* f*(t), if <0,
0<t<1

respectively. In the case 1 < ¢ < oo, the fundamental function of the space is

o(t) = (ln(e/t))o‘ﬁ, 0 < t < 1, which has both extension indices equal to zero, so
the results in [21] does not cover it. We write the norm of the space in the form

£l = [ L (ott) POy

If a + % < 0, then ¢ € P and, by Theorem 4.3, the Lorentz-Zygmund space
Lo 4(log L)* is ultrasymmetric, that is, it is an interpolation space between A,
and M,. Similarly, if o < 0 the space Lg,, is ultrasymmetric, that is, it is an
interpolation space for the couple (A, M,) with ¢(t) = (In(e/t))*, 0 <t < 1.

Example 4.5. Similarly the generalized Lorentz-Zygmund spaces Lo 44 defined in
[19] are ultrasymmetric.
Let (€, 1) denote a totally o-finite measure space with a non-atomic measure p

and let A = (ag,a1). The generalized Lorentz-Zygmund space Lo 44 (€2, 1) is the
17



set of all y-measurable functions such that

lear = [ @0ro)g)" <.

t

where ¢# is defined in (2). The fundamental function of this space is p(t) = ¢4T1(¢),
0 < t < 1, which belongs to P if ag + é <0< o+ é. Hence, by Theorem 4.3, the

generalized Lorentz-Zygmund space Lo 44 (€2, i) is ultrasymmetric for aq +% <0<

1
«Q =
1+q
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11.

12.

13.

14.
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