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Introduction

The inelastic scattering of low-energy electrons in liquid  
water is of great importance to understanding radiation  
action in cells, which contain 70–80% water in the condensed 
phase (mainly in liquid-like form). We define here as low-
energy electrons those electrons with kinetic energy ranging 
from ∼10 eV to ∼10 keV. These electrons are most relevant  
to radiation effects studies because the probability of (non-
radiative) inelastic collisions becomes largest in the energy 
range between 50–150 eV, while the (average) distance  
between inelastic collisions (the inelastic mean free path) is 
generally in the sub-micrometer scale (∼1–100 nm), compa-
rable to the dimensions of critical biological targets (DNA, 
chromosome, etc.). Since the majority of secondary electrons 
generated in ionization collisions have sub-keV energies,  
the present work should also be relevant to modeling the 
energy deposition around the tracks of energetic ions (e.g., 
protons, carbon ions).

Despite the importance of low-energy electrons, experi-
mental data for their inelastic scattering in condensed media 
(including liquid water) are generally lacking, thus, model 
calculations are often the only source of information. The 
dielectric description of inelastic scattering, first introduced 
by Fermi (1940) in his classical treatment of the density effect 
in the stopping power of condensed media for relativis-
tic charged particles, has been perhaps most useful in this  
context. The quantum mechanical formulation was advanced 
in the 1950s as summarized by Ritchie (1959), who has  
been one of the key contributors to the development and  
application of the optical-data method. The latter currently 
represents the most used approach for ‘practical’ calcula-
tions of inelastic scattering in condensed media (Fernández-
Varea et al. 2005a). It is also considered the most convenient 
and reliable approach for modelling inelastic scattering in 
Monte Carlo particle transport simulation codes for con-
densed media (Dingfelder 2006, Salvat and Fernández-Varea 
2009). The use of experimental optical data to model the  
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inelastic scattering of electrons in solids was first suggested 
by Powell (1967, 1974). This suggestion led to the develop-
ment of the widely-used optical-data models of Ritchie 
(Hamm et al. 1975, Ritchie and Howie 1977), Penn (1987), 
and Ashley (1988) whereby experimental optical data and 
theoretical so-called extension algorithms (Fernández-Varea 
et al. 1992, 1993) are used to obtain the dependence of the 
dielectric function (or the energy-loss function) on energy- 
and momentum-transfer, respectively. Importantly, contrary 
to ab initio methods which are suitable only for very-low-en-
ergy electrons (below ∼50 eV), optical-data models can work 
well over the wide energy range of practical interest.

We provide here a short overview of optical-data models  
used to compute the inelastic scattering of low-energy  
electrons in liquid water without considerations of exchange 
and low-energy (Coulomb) corrections. The use of the  
optical-data method at relativistic electron energies has  
been recently discussed by Fernández-Varea et al. (2005b).

Materials and methods

The energy- loss function
The optical-data method is based on the theoretical  
framework of the plane-wave Born approximation (PWBA) 
whereby, in the non-relativistic limit, the doubly-differential 
inelastic scattering cross section in energy (W) and  momen-
tum (q) transfer is given by:
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with Im[ ] denoting the imaginary part of the argument,  
a0 being the Bohr radius (approximately 0.529 angstrom),  
T the electron kinetic energy, L the inelastic cross section in 
units of reciprocal length (also known as the inverse inelastic 
mean free path) and e(W, q) the dielectric response func-
tion. The latter is a complex-valued function with its real 
and imaginary parts related to the screening and absorp-
tion properties of matter, respectively. The usefulness of 
the PWBA stems from the factorization of Eq. (1) into a 
particle-dependent factor and a material-dependent factor, 
which contains all the interesting properties of the target. It 
follows that inelastic scattering is completely determined by  
Im[-1/e(W, q)], the so-called energy-loss function (ELF). 
Thus, inelastic scattering within the PWBA is essentially 
computed from simple quadratures of Im[-1/ e(W, q)] over 
the W-q plane. The latter defines a three-dimensional plot 
also known as the Bethe surface of the material. Equivalent 
descriptions of Eq. (1) are obtained using other materials 
functions such as the dynamic form factor or the general-
ized oscillator strength which bear a direct relation to the 
ELF (Inokuti 1971). For Eq. (1) to hold the incident electron  
energy (T) must be large compared to the binding energy (B) 
of the struck electron; as a rule of thumb T  10 B. For the  
valence electrons, a representative value for B is the (nomi-
nal) plasmon energy of the material, Epl. For liquid water  
Epl ≈ 20 eV, thus, Eq. (1) should hold for T  200 eV. On the 
other hand, the widely-used Tanuma-Powell-Penn (TPP) 
predictive formula (Tanuma et al. 2011) suggests that the 

optical-data method might be reliable down to ∼50 eV.  
Moreover, with the addition of suitable exchange and low-
energy (Coulomb) corrections, the optical-data method is 
routinely used even down to ∼10 eV with reasonable success. 

Optical data
Presently there exist two experimental optical data sets  
for liquid water that extend over a sufficient part of the  
valence excitation spectrum. The first set is that of the Oak 
Ridge group (Heller et al. 1974) that provides, via reflectance 
measurements on liquid water surfaces, the real refractive 
index (n) and the extinction coefficient (k) of the complex 
index of refraction n~ 5 n  ik over the excitation range from 
7.6–25.6 eV. The ELF at the optical limit is then obtained from:
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For more than 25 years the Oak Ridge data were the sole 
source of information on the dielectric response of liquid 
water in the vacuum ultraviolet range. The second set of  
optical data is that of the Sendai group (Hayashi et al. 2000) 
who measured, via inelastic X-ray scattering (IXS) spectros-
copy, the generalized oscillator strength (GOS) of liquid  
water up to 160 eV excitation energy at nearly vanishing  
momentum transfer (q ≈ 0). The ELF at the optical limit is 
then obtained from:
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with df (W, q ≈ 0)/dW being the GOS at q ≈ 0.

Extension algorithm
For a description of the Bethe surface which will enable  
inelastic calculations via Eq. (1) the ELF must be known  
for arbitrary momentum-transfer (i.e., q ≠ 0). Measurements 
at q ≠ 0 have been carried out in the late 1990s by the Sen-
dai group (Watanabe et al. 2000) via IXS spectroscopy in 
the range 0.359  q/h  6.786 Å-1. Since the experimental 
data cover a rather limited q-range, it is the role of theory 
to furnish a description of the ELF over the complete Bethe 
surface. The scheme used for extrapolating optical data to  
q ≠ 0 is known as the ‘extension algorithm’ (Fernández- 
Varea et al. 1992, 1993). In the simplest case, an extension 
algorithm is a dispersion relation, i.e., an analytic expression 
of energy-transfer as a single-valued function of momen-
tum-transfer. The homogeneous electron gas (EG) theory is  
commonly used to obtain a suitable extension algorithm (or 
dispersion relation). Despite being a theory of intra-band 
(rather than inter-band) excitations, the EG theory can be 
used (with negligible error) as an extension algorithm of  
the valence-electron excitations even for materials with a  
finite band-gap (e.g., insulators) since the latter is typically 
much smaller than the incident electron kinetic energy 
(Fernández-Varea et al. 1993). Obviously, the application of 
EG theory to core-electron excitations which have a large 
excitation threshold (typically  100 eV) is problematic and 



24  D. Emfietzoglou et al.

should be avoided in cases where the inner shells play an 
important role (e.g., in stopping power).

Several extension algorithms have been discussed in the 
literature. The earliest one is that of Ritchie and co-workers 
(Hamm et al. 1975, Ritchie and Howie 1977) where central 
role plays the so-called extended-Drude function:
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with Ei and gi denoting the position and width (or damping) 
of the ith Drude peak and Ei (q) and gi (q) their dispersion.  
In the earliest version (Hamm et al. 1975) a modified Drude 
(or Lorentz) model of interband excitations is employed 
leading to the expression:
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where e2 denotes the imaginary part of the dielectric func-
tion and the weighting factors fi (q) can be obtained from  
an empirical parameterization of the GOS of H2O (Hamm  
et al. 1975). In subsequent work (Ritchie et al. 1978, 1991), 
a derivative form of Eq. (4) was employed for improving the 
asymptotic trends at large excitation energies W. The values 
of the model parameters { fi , Ei, gi} at q = 0 are obtained via 
a fit to the experimental optical data, i.e., by the condition  
e2(W, q = 0)model ≈ e2(W, q ≈ 0)exp. The Kramers-Kronig  
relation (Smith 1985) is then used to obtain the real part  
of the dielectric function which, owing to the form of the 
Drude function, can also be expressed analytically. The  
benefit of starting from Im(e) instead of Im(-1/e) is that it  
allows information on the excitation of the free molecule  
to be transferred in the condensed phase given that  
e2(W, q = 0) can be partitioned to the principal absorption 
modes of the system. An alternative version of the extended-
Drude model (Ritchie and Howie 1977) uses a generalized 
plasmon-pole model of ‘bound’ plasmons from different 
sub-bands to express the ELF in the following form:
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with Ai being (non-dispersive) weighting factors for each 
Drude peak. Connection to optical data is now made by the 
condition: Im[21/e (W, q 5 0)]model ≈ Im[21/e (W, q ≈ 0)]exp. 
In both versions the fit to the optical data is made under the 
constraint of the f-sum rule (Smith 1985, Tanuma et al. 1993):
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The extrapolation of the Drude coefficients {Ei, gi} to q ≠ 0 is 
made via dispersion relations commonly based on the ran-
dom phase approximation (RPA) of the EG theory. To that 
end, an important property of the extended-Drude function 
Eq. (4) is that it fulfills the sum rule Eq. (7), independent of  
the dispersion relations, as long as it fulfills it at q = 0. Thus, 

the form of the dispersion is to our disposal. According to the 
RPA, we can write:
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where me is the electron rest mass and aRPA is the quadratic 
dispersion coefficient of the RPA. For liquid water aRPA ≈ 1  
to within a few percent (Emfietzoglou et al. 2009). The  
quadratic dispersion relation Eq. (8) approximates the dis-
persion of the EG at small-q while reproducing the Bethe 
ridge at high-q. In RPA plasmons are undamped at small-q. 
Therefore, it is commonly assumed that the damping con-
stants do not disperse, i.e., gi (q) = gi.

Despite its simplicity, the application of Ritchie’s  
extended-Drude model can be laborious due to the large 
number of Drude functions often required to obtain a good 
fit of the optical data. The models of Penn (1987) and Ashley 
(1988) overcome the need for a parametric fit by replacing 
the summation over a finite number of extended-Drude 
functions (see Eq. 6) by an integration over a model ELF. 
Their origin can be traced to the EG statistical model of  
Tung et al. (1979). In the Penn model one writes:
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where the weighting factors Ai of Eq. (6) have transformed 
to a spectrum density function A(Epl) and the ELF of the  
Lindhard dielectric function eL(W, q;Epl) replaces the Drude 
functions of Eq. (6). It is straightforward to show that connec-
tion with the optical data is made through:
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The use of the full Lindhard dielectric function (Lindhard 
1954) in the Penn model results in a substantial amount  
of numerical work. An important simplification is offered  
by the Ashley model which makes use of the one-mode  
approximation to the Lindhard-ELF leading to the strikingly 
simple expression:
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with Q 5 q2/2me. Historically, it appears that the first  
documentation of Ashley’s model (Ashley 1983) has pre-
ceded the publication of the Penn model (Penn 1987). Note 
that in both models, Eqs. (9) and (11), the f-sum rule is satis-
fied for all q as long as it is satisfied at q 5 0. An approach 
that simplifies the numerical work of the Penn model while  
still reproducing the results of the Lindhard theory without 
resorting to Ashley’s one-mode approximation, is the two-
mode model of Fernández-Varea et al. (1992, 1993). To the 
best of our knowledge, this model has not yet been applied  
to liquid water, perhaps owing to the extra effort required  
in optimizing some model parameters. As mentioned, all 
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gi(q) 5 gi  Ry q (15)

where 1 Ry 5 13.6 eV. Yet another approach has been pre-
sented by Garcia-Molina and co-workers (Emfietzoglou et 
al. 2008) who applied the MELF model (Abril et al. 1998) to  
liquid water. In the MELF model the extended-Drude func-
tions in Eq. (6) are replaced by Mermin energy-loss func-
tions (MELF):
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where eM(W, q;Ei,gi) denotes the Mermin dielectric function 
defined via an appropriate combination of terms that include  
eL(W

~
, q; Epl) with W

~
 5 W  ig (Mermin 1970). Thus, contrary 

to the Lindhard dielectric function eL(W, q; Epl) used in  
the Penn model which assumes an undamped plasmon at  
small q, damping is included into the Mermin dielectric 
function at all q. 

Results

In Figure 1 we present the ELF of liquid water at q = 0 as  
obtained from the reflectance (REF) and IXS data. Also  
depicted are a parameterized Drude model (Emfietzoglou 
and Nikjoo 2005) and recent time-dependent density func-
tional theory (TDDFT) calculations by Tavernelli (2006).

To investigate the influence of the two experimental  
optical data sets on the inelastic electron scattering cross 
section L, we have calculated from Eq. (1) whereby the  
ELF at q = 0 is determined by the two Drude model para-
meteri zations depicted in Figure 1 representing the REF  
and IXS data, respectively. The extension of the ELF to q ≠ 0  
is done in the same way in both sets of calculations.

A comparison of the various methods discussed for  
extrapolating the optical data to q ≠ 0 against the IXS data  
is presented in Figure 2 for two values of q. To investigate  
the effect on the inelastic electron scattering cross section of 
the different extension algorithms (or dispersion relations), 

EG-based extension models (discussed above) are not  
very accurate for inner-shell electrons which have binding 
energies often comparable to incident electron energies. 
For inner-shells the extension algorithm of Liljequist (1983, 
1985) appears to be the most reliable. 

New developments
Dingfelder et al. (1998) revisited the 1975 version of the 
Ritchie model and suggested a new parameterization 
scheme for representing the optical data (i.e., effective at q 
5 0) with improved properties near the ionization threshold. 
In particular, they introduced the ‘truncated’ Drude function 
for ionization collisions which reads:
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where Θ() denotes the step function and Di an empirically 
determined band width. To describe the excitations, those 
authors employed a sum of derivative Drude functions.  
Extension to q ≠ 0 was still made by the replacement  
Ei → Ei(q) using Eq. (8) and the assumption of non- 
dispersive damping constants. This scheme was shown 
(Dingfelder and Inokuti 1999) to reproduce the global  
features of the experimental Bethe surface obtained via the 
IXS measurements. However, certain features remain beyond 
the capabilities of the model, most notably, its Bethe ridge 
has a width that is too small and a height that is too large. 
In an effort to improve this state of affairs, Emfietzoglou et 
al. (2005) parameterized the IXS data for the imaginary part 
of the dielectric function at q = 0 using a sum of normal 
and derivative Drude functions to represent the ionizations 
and excitations, respectively, and proposed new dispersion  
relations for Ei(q) and gi(q) to better comply with the experi-
mentalELF at q ≠ 0. The Emfietzoglou-Cucinotta-Nikjoo 
(ECN) empirical dispersion relations read:
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where g(q) 5 1 2 exp(2cqd) and

gi(q) 5 gi  a q  b q2 (14)

The values of the constants (a, b, c, d) depend little upon  
the parameterization of the optical data (Abril et al. 2010, 
Emfietzoglou et al. 2005). The effect of g(q) is to reduce Ei(q) 
at not too large q, thus, shifting the ELF to lower excitation 
energies while the q-dependent damping constant leads  
to the broadening of ELF. In the context of EG theory, this 
shifting and broadening of ELF is a direct outcome of  
(short-range) electron correlation and exchange effects  
(not considered within RPA) and theoretically predicted by 
the so-called many-body local field correction (LFC). To  
account for general momentum broadening effects in ELF 
Ritchie has suggested using the following simple dispersion 
relation for the damping constant (Dingfelder et al. 2008):

Figure 1. Experimental optical data obtained via reflectance (REF) 
measurements (Heller et al. 1974) and inelastic X-ray scattering  
(IXS) spectroscopy (Hayashi et al. 2000) are compared to ab initio  
time-dependent density functional theory (TDDFT) calculations 
(Tavernelli 2006) and a Drude model parameterization (Emfietzoglou 
and Nikjoo 2005).
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we present in Figure 3 calculations of L via Eq. (1) using diff-
erent representation of ELF at q ≠ 0 but the same represen-
tation at q = 0. Specifically, the optical limit of ELFis based on 
the Drude model parameterization of the IXS data depicted 
in Figure 1 which satisfies the f-sum rule to within 1%. 

Discussion

It is evident from Figure 1 that although the shape of the ELF 
predicted by both sets of data (REF, IXS) is similar, there is 
a sizeable disagreement with respect to the intensity of the 
main excitation peak at ∼21 eV. Specifically, in the IXS data 
the peak intensity is reduced by a factor of 1.5 compared to 
the REF data. A reduction of that magnitude has also been 
observed in the spectrum of water ice in both its hexagonal 
and amorphous form (Kobayashi 1983). This has often been 
used as an argument in favour of the IXS data, especially, in 
view of the fact that amorphous ice has a similar molecular 
layout to liquid water.

With respect to the influence of the two optical data sets 
on the inelastic electron scattering cross section, L, it was 
found that the IXS data lead to smaller L values by 5–10% in 

the electron energy range 200–10,000 eV and up to 25% in the 
range 50–200 eV. The difference increases further at very low 
energies, reaching 40% at 10 eV but, as already mentioned, 
optical-data model calculations below 50 eV may be only 
qualitative.

From the comparison presented in Figure 2 between  
the various extension algorithms and the IXS data follow sev-
eral observations. First, it is evident that the use of the RPA 
dispersion in the Ritchie model results in a sharply-peaked 
ELF, a problem also shared by the Ashley model. The lat-
ter has the additional problem of a pseudo threshold at an  
energy transfer just below the plasmon energy. The sharp 
peak in both models is essentially due to the use of a non-
dispersive damping constant. The Penn model, on the other 
hand, seems to predict well the observed broadening of  
the ELF. This might be surprising given that the Penn model 
uses the Lindhard dielectric function which assumes an  
infinite plasmon lifetime (i.e., neglects damping). However, 
even within RPA a strong momentum broadening effect  
is predicted for q above the Fermi value qF (qF/h ≈ 2.27  
Å-1 for liquid water) where plasmons can decay via individual 
single-particle excitations (Landau damping).

Concerning the new developments it is clear that  
although the ‘damped’ Ritchie model improves its RPA ver-
sion, the overall agreement with the IXS data is still rather 
unsatisfactory. As a matter of fact, in the Ritchie and Ashley 
models at all q as well as in the Penn model at small q, the 
Bethe ridge appears somewhat displaced towards higher  
energy transfer. This is a fundamental problem with the  
RPA due to the neglect of (short-range) electron exchange 
and correlation effects which, in the context of EG theory, 
can be accounted for via the action of the many-body local 
field correction (LFC). This is a complex-valued function of  
energy- and momentum-transfer with its real part reducing 

Figure 3. The total inelastic scattering cross section as a function  
of electron energy calculated by different optical-data models which 
use the IXS optical data for q 5 0 (Hayashi et al. 2000) but different 
extension algorithms to extrapolate them to q  0: Ritchie (RPA) 
model (Ritchie and Howie 1977), Penn model (Penn 1987), Ashley 
model (Ashley 1988), MELF model (Abril et al. 1998), ECN model 
(Emfietzoglou et al. 2005), and the Ritchie damped model (Dingfelder 
et al. 2008) (for details on the models see the text).

Figure 2. Experimental data (symbols) for the energy-loss function of 
liquid water obtained from IXS (Watanabe et al. 2000) at two different  
values of momentum transfer q are compared against different  
optical-data models which use the IXS optical data for q 5 0 (Hayashi 
et al. 2000) but different extension algorithms to extrapolate them to 
q  0 (for details on the models see the text). Panel (a) momentum 
transfer value q/h  5 2.83 Å21 or q 5 1.50 a.u.; panel (b) momentum 
transfer value q/h 5 5 6.79 Å21 or q 5 3.59 a.u.
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