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Abstract

We have evaluated the stopping cross-section (SCS) and the energy-loss straggling of rubidium and strontium

targets, for a wide range of proton energies. The calculations are done in the framework of the dielectric formalism,

using a combination of Mermin-type energy-loss functions to describe the behaviour of the outer electrons of the target,

while the inner-shell electrons are described through their generalized oscillator strengths. Our calculated SCSs agree

with the experimental data better than other theoretical and interpolated results, in a wide range of proton ener-

gies. � 2002 Elsevier Science B.V. All rights reserved.
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Despite the importance of the stopping power
of solids for basic and technological research, until
now measurements of the stopping power for
protons only exist in less than half of the elemental
targets. To obtain information for all the other
elements some interpolation in the target atomic
number is necessary. Eppacher et al. [1] did mea-
surements of the stopping power of rubidium and
strontium for protons in order to check the quality
of the several available interpolations [2–4], and
they found differences up to 30% between inter-
polated data and their measurements.

In this paper we shall calculate the stopping
power of rubidium and strontium for protons and
compare them with experimental data as well as

with interpolations and other theoretical models.
Our model is based in the dielectric formalism,
where the electrical properties of the target are
described by a sum of Mermin-type energy-loss
functions (ELFs) for the outer electron excitations
of the target while the inner-shell electron excita-
tions are described by the generalized oscillator
strengths (GOSs) in the hydrogenic approach.

We assume that electronic energy loss and nu-
clear energy loss are not correlated and in the
range of energies we shall consider we neglect the
nuclear stopping [5]. Except where otherwise sta-
ted, in what follows we shall use atomic units:
m ¼ e ¼ �h ¼ 1 (where m and e are, respectively,
the electron mass and the elementary charge; �h is
Planck’s constant divided by 2p).

The electronic energy loss for a proton moving
with velocity v through a target is characterized by
the stopping power, Sp, and the energy-loss strag-
gling, X2. Within the framework of the (linear
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response) dielectric theory, these magnitudes can
be written as [6]
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k and x are, respectively, the momentum and the
energy transferred to electronic excitations of the
target and �ðk;xÞ is the longitudinal dielectric
function of the target.

We describe the dielectric properties of real
targets using a linear combination of Mermin-type
ELFs, Imð�1=�MÞ, for outer electron excitations
[7–9]. The Mermin dielectric function [10], which is
a generalization of the Lindhard dielectric function
[6], provides a more realistic description of the
dielectric properties of the target, because it in-
cludes dissipation effects that happen in real solids
besides to preserve the local number of electrons
in the target. Our procedure consists in fitting
the ELF to the experimental energy-loss spectrum
obtained in the optical limit, k ¼ 0, for a wide
range of transferred energies, that is,
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where the parameters Aj, xj and cj, are related to
the intensity, the position and the width, respec-
tively, of the peaks and other structures observed
in the energy spectrum.

The description of the inner-shell electron ex-
citations is given by a single-atom model through
the GOS; this model is appropriate because the
inner-shell electrons have large binding energies
and show negligible collective effects. The relation
between the dielectric ELF and the GOS is given
by [11]
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where df ðk;xÞ=dx is the GOS per unit excitation
energy and xp0 is the plasmon energy corre-

sponding to one free electron per atom. We use the
GOS in the hydrogenic approach because it gives
realistic values of the inner-shell ionization cross-
sections [12] and provides analytical expressions
for K and L shell ionization [13–15].

The constructed ELF must also verify the f-sum
rule for the effective number of electrons in the
target,

NeffðxÞ ¼ 1
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where n is the atomic density of the material and
Neff is the effective number of electrons partici-
pating in electronic excitations up to a given
energy x. In the limit of high energy transfer
(x ! 1) all the electrons of the atom can be ex-
cited and Neff will be equal to the total number of
target electrons. Note that Mermin dielectric
functions safeguard the verification of the f-sum
rule for all momentum transferred, k, if it is sat-
isfied for k ¼ 0.

The construction of the ELF of rubidium and
strontium requires the availability of the corre-
sponding experimental excitation spectra at k ¼ 0
in a wide range of energies, which unfortunately
is not possible. For rubidium we do not know
any experimental data of the ELF at low transfer
energies x, therefore we shall use ab initio calcula-
tions of the energy-loss spectra made by Aryaseti-
awan and Karlsson [16] along the (1 1 0) direction
within the random phase approximation, which
include band structure effects, core electrons and
local field effects. They found in the ELF of ru-
bidium a maximum at �4 eV corresponding to
plasmon excitations and a shoulder structure at
�7 eV, which arises from interband transitions to
the d band. These calculations were made at dif-
ferent values of the momentum transfer, k (but not
at k ¼ 0).

For strontium target there are experimental
data of the energy-loss spectra from Langkowski
[17], in the range of 2–50 eV, obtained from trans-
mission electron energy-loss experiments. The error
of this determination is estimated to be about 10–
20% caused by the uncertainty in the intensity
measurements of the energy-loss spectrum and
by the separation of the intensity of strontium
and the substrate. The structure of the ELF of
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strontium shows a small peak at �4 eV as a re-
sult of interband transitions, the losses at �8 eV
are due to the bulk plasmon and the higher ener-
getic losses at �29 eV correspond to collective
contribution to the interband transitions.

The ELF of rubidium and strontium for �hx
greater than a few tens of eV can be obtained from
the Henke model based in the X-ray scattering
factors [18,19]. Although the results obtained
would not be reliable for energies corresponding to
the excitation of the valence electrons, they are
usually correct for energies comparable to that of
the inner shells.

In Fig. 1(a) and (b) (left axes) we present the
ELF at k ¼ 0 of rubidium and strontium, respec-
tively. The ELF we will use, obtained through the

fitting with Eq. (3) for the outer electron (M, N
and O shells) excitations and by the GOS for the
inner electrons (K and L shells), is shown by a
solid line. The parameters used in our fitting of the
ELF for the outer electrons are given in Table 1. In
Fig. 1(a) we also represent by a dotted line the
rubidium ELF calculated by Aryasetiawan and
Karlsson [16] for low excitation energies, and open
symbols correspond to the ELF obtained from the
X-ray scattering factors [18,19]. In Fig. 1(b) we
also display by symbols the experimental ELF of
strontium from Langkowski [17] for low excitation
energies and the ELF obtained from the X-ray
scattering factors [18,19] for high excitation ener-
gies. Note that the absence of experimental data
for the ELF at intermediate excitation energies
makes difficult to connect the low and high energy
regions of the ELF because at these intermediate
energies it is not clear whether the X-ray scattering
factors work. The right axes of Fig. 1(a) and (b)
correspond to the effective number of electrons
that participate in electronic excitations at a given
energy, Eq. (5). It can be seen how the inner-shell
electrons contribute progressively to Neff as the
excitation energy x increases, and tend to the total
number of electrons when x ! 1, verifying the
f-sum rule.

As an additional checking to our calculations
we have evaluated also the mean excitation energy
I of rubidium and strontium targets [20],

ln I ¼ 1
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where Ntot is the total number of electrons of
the atom. We obtain IðRbÞ ¼ 298 eV and IðSrÞ ¼

Fig. 1. ELF at k ¼ 0 (left axes) and effective number of elec-

trons (right axes) of (a) rubidium and (b) strontium as a func-

tion of the excitation energy. Solid lines represent our fitting to

the ELF, dotted line is the calculated ELF from [16] and

symbols are (	) from [17] and (�) from [18,19].

Table 1

Parameters used to fit, through Eq. (3), the optical ELF of Rb

and Sr

Target j xj (a.u.) cj (a.u.) Aj

Rb

(q ¼ 1:53 g/cm3)

1 0.144 0.006 1:93
 10�1

2 0.4 0.4 9:38
 10�2

3 0.95 1.06 2:64
 10�1

4 9.7 9.0 3:89
 10�3

Sr

(q ¼ 2:54 g/cm3)

1 0.16 0.1 2:34
 10�1

2 0.3 0.09 2:78
 10�1

3 0.84 0.383 4:07
 10�1

4 10.0 11.0 6:70
 10�3
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374 eV while interpolations [21] give I intðRbÞ ¼
363 eV and I intðSrÞ ¼ 366 eV. For strontium target
the difference between the mean excitation energy
obtained with our model and the interpolated
values is �2% whereas for rubidium target is
�20%. In order to elucidate this discrepancy, ex-
perimental data of the rubidium ELF are neces-
sary, specially at low and intermediate excitation
energies.

Using the previous representations of the ELF
for rubidium and strontium, we have calculated
the corresponding stopping power and energy-loss
straggling for protons by integrating their ELFs
over the k–x plane, as indicated by Eqs. (1) and
(2). Dividing the stopping power of each material
by the corresponding atomic density we obtain
the stopping cross-section (SCS) of rubidium and
strontium, which are shown as solid lines in Fig.
2(a) and (b), respectively. Our results are com-
pared with experimental data from Eppacher et al.
[1], and with semiempirical predictions of SRIM
[22]. A detailed discussion on the differences be-
tween experimental data and several interpolations
[2–4] was made by Eppacher et al. [1]. Calculations
of the SCS based in an uniform free electron gas
approximation using the Lindhard dielectric func-
tion [6] are also depicted, where a plasmon fre-
quency xp ¼ 0:143 a.u. for rubidium and 0.254 a.u.
for strontium was utilized. We also display in Fig.
2(a) and (b) the SCS obtained by the density
functional theory valid for low-energy protons [23];
in this model a non-linear calculation of the trans-
port cross-sections and friction coefficients was
considered.

As can observed in Fig. 2(a), our calculation of
the rubidium SCS agrees roughly with the experi-
mental data [1], although it overestimates �5% the
experimental values at high proton energies; at low
energies, where there are not experimental data,
the agreement with the model based in the density
functional theory [23] is good. Perhaps the dif-
ferences existing between the calculated and the
experimental SCS could be due to the lack of ex-
perimental data of the rubidium ELF. The SCS
obtained by the SRIM code [22] give the correct
value of the proton energy at the maximum SCS,
but they underestimate the height of the maximum
SCS in �10% with respect to experimental data.

Fig. 2. SCS of (a) rubidium and (b) strontium as a function of

the proton energy. The solid lines represent our calculations,

the very thick grey solid lines refer to experimental data fom

Eppacher et al. [1]; the dashed lines are the prediction of SRIM

[22]; the dot-dashed lines correspond to the free electron gas

approximation [6] and the open circles are the results from the

density functional theory [23].
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The uniform free electron gas model clearly dis-
agrees with the experimental values.

Our calculation of the strontium SCS shown in
Fig. 2(b) compares very well with the experimental
data in all the range of proton energies. Besides, at
low proton energies, where there is not available
experimental data, our results compare well with
the predictions of the density functional theory
[23] where a stopping power proportional to the
projectile velocity is obtained. In this case the
SRIM [22] values of the SCS clearly disagree with
the experimental data, because they do not re-
produce neither the correct position nor the height
of the maximum SCS. Again, the model based in
the free electron gas does not agree with experi-
mental data, in both cases, rubidium and stron-
tium because the maximum SCSs are displaced to
low proton energies and their magnitudes are
much smaller than the experimental values.

In Fig. 3 we show the normalized energy-loss
straggling, X2=n, of rubidium (solid line) and
strontium (dashed line) as a function of the proton
energy. At low proton energies we obtain that the
energy-loss straggling is proportional to the pro-
ton velocity and at high proton energies we re-
produce the Bohr’s energy-loss straggling [24],
which gives the high-energy limit: X2

B=n ¼
4pZ2

1Z2e
4, where Z1 and Z2 are, respectively, the

atomic number of the projectile and the target
atoms.

In conclusion, we have been presented a model
to evaluate the proton electronic energy loss based
in the dielectric formalism, where the dielectric
properties of the target are described by a sum of
Mermin-type ELFs for the outer electrons com-
bined with a GOS description for the inner-shell
electrons. Our results of the SCS of rubidium and
strontium agree better than the interpolated values
with available experimental data in a wide range of
proton energies.
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